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Foreword

Lobachevsky wrote his Pangeometry in 1855, the year before his death, at a time when
he was completely blind. He dictated two versions of that work, a first one in Russian,
and a second one in French. The Pangeometry is a résumé of Lobachevsky’s work
on non-Euclidean geometry and its applications, and can be considered as his clearest
account of the subject. It is also the conclusion of his life’s work, and his last attempt
to acquire recognition.

In this memoir, after a survey of the foundations of hyperbolic geometry, taken from
his earlier treatises, Lobachevsky presented the bases of a complete theory of differen-
tial and integral calculus in hyperbolic space, and then developed the applications of
this theory to the computation of definite integrals. Computing definite integrals using
techniques from hyperbolic geometry was one of Lobachevsky’s favourite topics, on
which he had worked from his initial writings. It was also the main subject of his
memoir Géométrie Imaginaire, first published in Russian in 1835, and then in French,
in Crelle’s Journal, in 1837. Lobachevsky’s integrals represent areas of surfaces and
volumes of bodies in hyperbolic 3-space. Computing the area or the volume of the
same object in different manners turns out to be an efficient way of finding attractive
formulae for some definite integrals. But besides the intrinsic value of the results ob-
tained, there are several reasons why Lobachevsky worked out these computations.
First of all, using hyperbolic geometry for the computation of integrals was a way of
showing the usefulness of hyperbolic geometry (which at that time was a controversial
subject) in another branch of mathematics, namely analysis. At another level, drawing
consequences of the new axiom system, like finding values of known integrals using
these new methods was a way of checking that the new geometric system was not
self-contradictory, which indeed was a major concern for Lobachevsky.

The Pangeometry has already been translated several times. Two German trans-
lations were published in 1858 and in 1902, an Italian translation appeared in 1867,
and an English translation of a small part of this work appeared in 1929. See [102]
for the exact references.! The present edition provides, to the best of my knowledge,
the first complete English translation of the Pangeometry to appear in print. It is made
from Lobachevsky’s French version. It is accompanied by notes and followed by a
commentary.

There are several reasons for producing the present edition. The first and obvious
one is that Lobachevsky’s Pangeometry is an exposition of its author’s original and
most profound ideas, and it deserves to be widely accessible to the mathematical world
and to historians of mathematics and science. The second reason is that reading this
memoir will also be most instructive for students in geometry. Although the text is
more than 150 years old, it will give most readers a fresh point of view on the subject,
namely, a model-free point of view which is not to be found in most of the more modern
textbooks on hyperbolic geometry. Working with models is fine, and generally very
useful, because it is efficient for making computations, namely, by using techniques

IThe bibliographical references are collected at the end of this volume.



vi Foreword

of Euclidean geometry, including those of linear algebra. Furthermore, models of
the hyperbolic space are also useful in other branches of mathematics. For instance,
Poincaré’s upper-half plane and disk models play essential roles in number theory,
in complex analysis and in the theory of differential equations. Finally, working in
models gives a systematic way of drawing pictures (which generally turn out to be nice
pictures). Despite all these advantages, learning hyperbolic geometry through models
is, in my opinion, intellectually and aesthetically less satisfying than in the model-free
point of view, which requires more imagination and deep thought. I realised this fact
only after having taught hyperbolic geometry for several years, using models as is
usually done, and after I went through some of the ancient texts on the subject. In any
case, the reader will form a personal opinion and choose between the model and the
model-free points of view.

Students in geometry can use the Pangeometry at different levels. They can read this
text at a superficial level, without going into the technical details. This will give them
at least a flavour of the subject. But they can also try to go deeply into Lobachevsky’s
constructions and computations. This will need some investment of time and energy,
but it is worth doing. Indeed, although it is relatively easy to follow the main stream of
Lobachevsky’s ideas, some of the details in the Pangeometry are rather obscure, and
some of the computations are difficult to follow.

Let me recall Gauss’s letter to the mathematician and astronomer C. L. Gerling,
written on 8 February 1844, in which he compared Lobachevsky’s writings to a “jungle
through which it is difficult to find a passage and perspective, without first becoming
acquainted with each tree that composes it.”> Let me also quote Gauss’s letter to the
astronomer H. C. Schumacher, dated 28 November 1846: “In developing the subject,
the author followed a road different from the one I took myself; Lobachevsky carried
out the task in a masterly fashion and in a truly geometric spirit. I consider it a duty to
call your attention to this book, since I have no doubt that it will give you a tremendous
pleasure ...”?

Gauss’s comments concern Lobachevsky’s earlier writings. They show the respect
that Gauss had for Lobachevsky’s work. Concerning the Pangeometry itself, let me
quote G. B. Halsted (1835-1922), a mathematician whose life was entirely dedicated
to the defence and popularisation of non-Euclidean geometry, and in particular of
Lobachevsky’s writings, some of which he translated into English. In his biographi-
cal article Lobachevsky [62], Halsted wrote: “Though Lobachevsky’s Geometric Re-
searches on the Theory of Parallels, published in 1840, of which my English transla-
tion is now in its fourth edition and has been beautifully reproduced in Japan, remains
even today the simplest introduction to the subject which has ever appeared; yet in it
Lobachevsky has not reached that final breadth of view given first in John Bolyai’s

2[die mehr einem verworrenen Walde gleichen, durch den es, ohne alle Biume erst einzeln kennen gelernt
zu haben, schwer ist, einen Durchgang und Ubersicht zu finden.]

3[... materiell fiir mich Neues habe ich also im Lobatschewskyschen Werke nicht gefunden, aber die
Entwickelung ist auf anderm Wege gemacht, als ich selbst eingeschlagen habe, und zwar von Lobatschewsky
auf eine meisterhafte Art in dcht geometrischem Geiste. Ich glaube, Sie auf das Buch aufmerksam machen
zu miissen, welches Ihnen gewiss ganz exquisiten Genuss gewihren wird. ]
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Science of Absolute Space, but also attained in Lobachevsky’s last work Pangéométrie,
which name is explicitly used as expressive of this final view.”

Finally, let me quote J. Hoiiel (1823—1886), another famous defender and translator
(into French) of non-Euclidean geometry texts, who wrote in his Notice sur la vie et
les travaux de N.-1. Lobatchefsky [76] that the Pangeometry is “one of Lobachevsky’s
most remarkable works regarding the clarity of exposition”.

Reading the major texts of our mathematical ancestors is an expression of the
esteem and gratitude that we owe them. This alone is a sufficient reason for publishing
this English translation of the Pangeometry, and making it easily accessible to the
mathematical public.

While I was working on this book, I not only thought about mathematics, but I
also tried to enter into Lobachevsky’s mysterious intimate world, and to understand
his tragic life. This led me to include in this book, besides the mathematical material,
historical and biographical elements. Beyond the particular case of Lobachevsky, I
think that including historical comments in mathematical texts can be very helpful in
making the reader feel the charm of the subject.

I would like to thank Manfred Karbe and Ernest B. Vinberg for their kind interest in
this translation and the commentary, and for the invaluable information they provided
on various editions of Lobachevsky’s works. I am also grateful to Dmitry V. Million-
schikov and Grigory M. Polotovsky for help in the references, to A. S. Mishchenko
who provided copies of the original versions of the Pangeometry, and to Evgenyi N.
Sosov, Daniar H. Mushtari and Yi Zhang who kindly transmitted pictures from Kazan.
The pictures on p. 212 and 216, and the upper picture on p. 214 belong to the museum
of history of Kazan State University, and were published in the book N. Lobachevsky,
in the series “Outstanding scientists and graduates of Kazan State University”.

I'am also grateful to Edwin Beschler and Guillaume Théret for their help in polishing
the final manuscript and to Boris R. Frenkin who translated into Russian part of my
commentary, see [116]. At the occasion of that translation, I discussed with Frenkin
several points in that commentary. I am also grateful to Sergei S. Demidov who read
my notes on Lobachevsky’s biography, corrected inaccuracies, and sent information
which was unknown to me. I am especially grateful to Jeremy Gray for an illuminating
long conversation about this book. Gray also read an early version of the manuscript
and suggested several valuable improvements.

Part of this work was done at the Max-Planck-Institut fiir Mathematik (Bonn) to
whom I am grateful for its hospitality.

Finally, I would like to take this opportunity to thank Norbert A’Campo from whom
I learned a lot of Lobachevsky (model-free) hyperbolic geometry, Marie-Pascale for
her care and patience, and Irene Zimmermann for her excellent work in the final editing.

Athanase Papadopoulos
Strasbourg and Bonn, October 2010
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On the present edition

The present volume contains my translation of the Pangeometry, followed by some
additional material.

The translation itself is accompanied by footnotes. These footnotes mostly concern
the first part of the Pangeometry, in which Lobachevsky briefly reviewed his previous
works. The notes are intended to help the reader who does not know the bases of
Lobachevsky geometry to find his way more easily in the subject.

After this translation, we have reproduced the original French and Russian texts of
the Pangeometry. This will allow the readers of the French or Russian languages to
access Lobachevsky’s original writings directly.

After the translation and the original texts, I have included a translation of a French
biography of Lobachevsky, which was originally written as a preface to the 1886 edition
of his Collected geometric works, published in Kazan. I wrote an introduction to this
1886 biography, and I accompanied the translation by footnotes. The introduction and
the footnotes are intended to update the biography.

After this biography, I have included a commentary on the Pangeometry. It is in-
tended to help the interested reader to get a quick overview on the whole memoir, and to
put this memoir in a larger perspective. The commentary concerns some mathematical
points, as well as historical material and references.

My translation of the Pangeometry is not completely literal. The reason is that,
as I have already said, I think the Pangeometry will be read not only for its historical
value, but also by geometers and students in geometry who want to learn more about
the subject. Therefore I made a few minor formal changes that will make its reading
easier. Apart from the formal changes that are listed below, I tried to be most faithful
to the original text.

Here is the list of changes that I made:

I highlighted certain definitions (angle of parallelism, side of parallelism, limit
circle, etc.) by putting the corresponding words in italics.

* I corrected a few misprints, and I included some small corrections that were done
in the German 1902 edition by Liebmann.

e I added figures to the text. The original text does not contain figures. The
German edition by Liebmann contains figures, and some of my figures are the same as
Liebmann’s.

* Lobachevsky used the word “line” as a generic word denoting a segment, the
length of a segment, and sometimes a distance. It was still common, in nineteenth-
century mathematical writing, to identify a segment with its length.* To render the
text clearer to the modern reader, I used the terms “segment”, “length” and “distance”
when appropriate.

 Likewise, Lobachevsky used the word “surface” to denote “area”, and he some-
times talked about the “value” of a region, to designate its area. I used the word “area”
when appropriate.

4This is also the case in Euclid’s Elements.



xii On the present edition

» Lobachevsky’s sentences in French are often very long. For clarity of exposition,
and since having long sentences is unusual in English, I divided certain long sentences
into several short ones. In particular, I divided long sentences containing several
definitions into shorter sentences, each containing an individual definition. For the
same reasons, I divided some paragraphs into shorter ones, when the same paragraph
deals with several ideas.

* [ sometimes replaced the future tense by the present, when the future was not
necessary. For instance, instead of “the two quantities will be equal”, I wrote “the two
quantities are equal”.

e T added an index (see page 78).

Except for these non-significant details, the terminology and the notation used
in this memoir, which is more than 150 years old, are comparable with those of an
extremely well-written modern mathematical text. This is probably not so surprising,
due to the fact that Lobachevsky was ahead of his time in every sense of the word.
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The notions upon which elementary geometry is based are not sufficient to imply a
proof of a theorem saying that the sum of the three angles of an arbitrary rectilinear
triangle is equal to two right angles,’ a theorem whose validity has been doubted by
nobody up to now, since one does not encounter any contradiction in the consequences
that are deduced from it, and because the direct measurements of angles of rectilinear
triangles, up to the limits of error of the most perfect measurements, agree with that
theorem.

The insufficiency of the fundamental notions for the proof of such a theorem has
forced geometers explicitly or implicitly to admit auxiliary suppositions, which, al-
though they appear simple, nevertheless appear arbitrary, and consequently, inadmis-
sible.® Thus, for instance, we admit that a circle of infinite radius coincides with a
straight line, that a sphere of infinite radius coincides with a plane, and that the angles
of an arbitrary rectilinear triangle only depend on the ratios of its edges and not on the
actual edges, or, finally, as is usually done in elementary geometry,’ that from a given
point in a plane we can draw only one line parallel to another given line, whereas all
the other lines drawn from the same point and in the same plane must necessarily, if
they are extended far enough, cut the given line.® We mean by the expression “a line
parallel to a given line” a line which, however far we extend it from both sides, never
cuts the line to which it is parallel. This definition is not sufficient in itself, in particular
because it does not characterise in a sufficient way a straight line. We can say the same
thing about most of the definitions that are ordinarily given in the Elements of geometry,
because these definitions not only do not indicate the generation of the magnitudes that
are being defined, but also, they even do not show that these magnitudes can exist.
Thus, a straight line and a plane are defined by one of their properties; we say that
the straight lines are the lines that always coincide as soon as they have two common

SIn neutral geometry, that is, in the geometrical system where Euclid’s axioms without the parallel
postulate are satisfied, the statement that the angle sum in an arbitrary triangle is equal to two right angles
is equivalent to the parallel postulate. Let me note right away that in these footnotes and in the commentary
that follows, I include, as part of the Euclidean axioms, the so-called Archimedean axiom, which was
not explicitly stated by Euclid but which was implicitly assumed. This axiom says (roughly, and using
modern terminology) that each line is identified with the real numbers. The axiom was also obviously
assumed by Lobachevsky. A discussion of which results in Euclidean geometry (or in neutral geometry)
use the Archimedean axiom is beyond our scope here. It is well-known that Hilbert, in his work on the
axiomatization of geometry, thoroughly studied this question; we also mention that there is an important
work by Max Dehn on the subject, see [38]. Dehn obtained a result which can be stated as follows: there
exist non-Archimedean geometries in which the angle sum in each triangle is equal to two right angles and
in which the parallel postulate does not hold.

®Lobachevsky is probably talking here about the fact that the erroneous proofs that were given of the
parallel postulate were usually based on auxiliary assumptions that were considered as self-evident, but
which were in fact equivalent to that postulate.

"The meaning could also be: “in the Elements of geometry”, referring to Euclid.

8Each statement in this sentence, under the axioms of neutral geometry (including the Archimedean
axiom) is equivalent to the parallel postulate.



4 Pangeometry

points, and that a plane is a surface in which a straight line is included as soon as the
straight line has two points in common with it.”

Instead of starting geometry with the plane and the straight line, as it is usually
done, I preferred to start it with the sphere and the circle, whose definitions are not
subject to the reproach of being incomplete, since they contain the generation of the
magnitudes that are being defined.

Then, I define the plane as the geometric locus of the intersections of equal spheres'”
described by two fixed points as centres.

Finally, I define the straight line as the geometric locus of the intersections of equal
circles situated in the same plane and having two fixed points in that plane as centres.'!

These definitions of the plane and of the straight line being accepted, all the theory
of planes and of perpendicular lines can be presented and demonstrated with much
simplicity and brevity.

Given a line and a point in a plane, I call parallel to the given line drawn from the
given point a line passing through the given point and which is the limit between the
lines that are drawn in the same plane, that pass through the same point and that, when
extended from one side of the perpendicular dropped from that point on the given line,
cut the given line, and those that do not cut it (Figure 1).

I published a complete theory of parallels under the title “Geometrische Unter-
suchungen zur Theorie der Parallellinien. Berlin 1840. In der Finckeschen Buch-
handlung”.'? In this work, I first presented all the theorems that can be demonstrated

°Tt seems that Lobachevsky is pointing out here that the straight lines and planes, as primary notions, are
only “defined” by their properties, e.g. that two lines coincide as soon as they have two points in common,
that a plane contains a straight line as soon as it contains two distinct points of that line, and so on. This
contrasts with Euclid’s Elements point of view, where primary notions, although they are abstractions, are
nevertheless defined using sensible adjectives. For instance, in the Elements, a point is defined as something
which “has no part”, a line is defined as something which “has length and no breadth”, etc., see [72], Vol. I,
p. 153. Stylianos Negrepontis pointed out to me that this definition of “line" in Euclid’s Elements is due
to Plato, and that it does not apply only to straight lines, but to all lines, which, in the Elements, can be
either straight lies or circles. Aristotle, at several places, gave similar definitions, e.g. “that which is wholly
indivisible and has position is called a point”, cf. the Metaphysics, 1016b25 ([8], Vol. 1, p. 235) and the
Posterior Analytics 87a36 ([9], Book I, p. 155). Despite the fact that Euclid gave such definitions, it is clear
that he considered the primary notions of geometry as abstractions, as we do today. His proofs never use
the fact that a point “has no part” and so on. Euclid’s attempts to “define” the primary notions is certainly
aimed to say that these notions correspond to objects that we can intuitively feel. We also note that Euclid’s
definitions have been criticised by ancient commentators, see for instance Proclus (412-485 A.p.) [122].
Beyond the details of this particular discussion, one notes Lobachevsky’s questioning of the nature of the
primary elements of geometry.

10«Equal spheres” (and, below, “equal circles”), means spheres (respectively circles) of equal radii.

Tn other words, a plane is defined here as the equidistant locus from two points in 3-space, and a line
is defined as the equidistant locus from two points in a plane, but without using the words “distance” or
“equidistance”. The idea of such a definition is attributed by Heath (with some care) to Leibniz who, in a
letter to Giordano, defined a plane as that surface which divides space into two congruent parts, see [72],
Vol. I, p. 174.

12Lobachevsky refers here to his Geometrische Untersuchungen zur Theorie der Parallellinien (Geometric
investigations on the theory of parallels) [100]. At several places of the Pangeometry, Lobachevsky refers
to his Geometrische Untersuchungen, even for results that are contained in his earlier memoirs. The reason
is probably that the previous memoirs were written in Russian, and published in Russia, and Lobachevsky,
who did not get any recognition for his work in Russia, addresses in the Pangeometry the Western-European
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Figure 1. The two dashed lines represent the two parallels through x to the line L. Each of these
parallel lines is a limit line, in the pencil of lines containing x, separating the family of lines that
cut L from the family of lines that do not cut L.

without the help of the theory of parallels.!> Among these theorems, the theorem that
gives the ratio of the area of any spherical triangle over the area of the entire sphere
on which it is drawn is particularly remarkable (Geometrische Untersuchungen §27).
If A, B, C denote the angles of a spherical triangle and if 7 denotes two right angles,
then the ratio of the area of that triangle to the area of the sphere to which it belongs is
equal to the ratio of

1
SA+B+C—n)

to four right angles.

Then, I proved that the sum of the three angles of any rectilinear triangle can never
exceed two right angles (Geometrische Untersuchungen §19) and that if this sum is
equal to two right angles in some arbitrary rectilinear triangle, then it is so in all of them
(Geometrische Untersuchungen $20).'* Thus, there are only two possible assumptions:
either the sum of the three angles of any rectilinear triangle is equal to two right angles,

reader, for whom the paper written in German and published in Berlin might have been more easily accessible.

13The meaning here is: without the use of the parallel postulate.

14The result concerns results in neutral geometry and it is usually attributed to Giovanni Girolamo Saccheri
(1667-1733). The result was not explicitly stated by Saccheri, but it easily follows from his work Euclides
ab omni naevo vindicatus published in 1733 [134], [139]; see Pont [121], pp. 352-368, Gray [55], p. 81,
and Bonola [26], §13 and §15, for a discussion of Saccheri’s work. Saccheri stated that result in terms of
the geometry of quadrilaterals with two opposite edges of equal length meeting a third common edge at
right angles (which Bonola calls two right-angled isosceles quadrilaterals). Besides its two right angles,
such a quadrilateral has two other angles that have a common value. Saccheri studied separately the three
hypotheses: either this common value is equal to 77/2 (a case which occurs in Euclidean geometry), or this
value if > 7r/2 (which occurs in spherical geometry), or this value is < /2, a hypothesis which is valid in
hyperbolic geometry. Proposition VII of Book I of Saccheri’s Euclides ab omni naevo vindicatus says (in
Halsted’s translation) that “if even in a single case the hypothesis of acute angle is true, always in every case it
alone is true”. Saccheri, with a faulty reasoning, thought that this cannot occur. The quadrilaterals involved
in Saccheri’s work are usually called Saccheri quadrilaterals, sometimes birectangles, and sometimes also
Khayyam—Saccheri quadrilaterals (see e.g. Rosenfeld [131] and Pont [121]). The reason for the latter
terminology is that these quadrilaterals were, long before Sacccheri, analysed by the medieval mathematician
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and this assumption leads to the known geometry — or in any rectilinear triangle this sum
is less than two right angles and this assumption serves as a basis for another geometry,
to which I gave the name Imaginary geometry, but which it may be more convenient
to call Pangeometry, because this name designates a general geometric theory which
includes ordinary geometry as a particular case.”

Omar Khayyam (1048-1131 ca.). Omar Khayyam, in Book I of his Commentaries on the Difficulties
encountered in certain postulates in the book of Euclid made (under the axioms of neutral geometry) an
analysis of quadrilaterals with two congruent opposite edges making right angles with a common third
edge. He showed that the two remaining angles are congruent, and he studied the case where this angle is
right, acute, or obtuse. Preceding Saccheri in his analysis, Khayyam also preceded Saccheri in his mistake,
since he (erroneously) refuted the second and third possibility, and he used this to deduce a proof of the
parallel postulate; see [123], p. 324 ff., and [132], p. 467. Besides being a mathematician, Omar Khayyam
was a philosopher and an astronomer. A valuable edition of Khayyam’s work is due to R. Rashed and B.
Vahabzadeh [123]. According to Rashed, it cannot be said with certainty that Khayyam the mathematician
and Khayyam the poet, author of the celebrated Rubayiat (quatrains), are the same person, see [123], p. 5.
Khayyam worked in Samarkand, Bukhara, Ispahan and Merva. See [78] and [123] for the mathematical texts
of Khayyam. The result quoted here by Lobachevsky was rediscovered, after Saccheri, by Johann Heinrich
Lambert (1728-1777) and by Adrien-Marie Legendre (1752-1833). The result was (and is sometimes still)
attributed to Legendre, the first part being called the First Legendre Theorem and the second part called the
Second Legendre Theorem. Some authors attribute the first part to Saccheri and the second part to Legendre.
Bonola (see [26], p. 56) considers that it is a mistake to attribute any of the two parts to Legendre, since both
of them are contained in Saccheri’s work. The reason of that confusion is that Saccheri’s work was forgotten
soon after its publication, and was rediscovered and rehabilitated only in 1889, the year Beltrami published
a paper entitled Un precursore italiano di Legendre e di Lobatschewski [19]. See also the discussion in Pont
[121], who noted on p. 251 that Lobachevsky wrote a proof of both parts of this theorem in his 1816-1817
notes, that is, about 15 years before Legendre gave his proof [94]. Lobachevsky, in his New elements (see
[96], p. 8 of the French translation) wrote that Legendre proved the second part of the statement in 1833,
whereas he himself had already written a proof of that part in his Exposition succinte in 1826. Lambert’s
proof of the theorem of Saccheri was given in his Theorie der Parallelinien [139] written in 1766 and
published posthumously. This proof involves the analysis of quadrilaterals with three right angles, for which
Lambert made and analysed a trichotomy that is analogous to the one Saccheri made for his quadrilaterals.
Lobachevsky’s proof of the second part of the statement that is given in [100], §20, is more direct than the
ones of Saccheri and Lambert. It is also worth noting here that Dehn showed in [38] that the first part of the
statement cannot be proved without some Archimedean axiom, and he gave a proof of the second part of the
statement that does not use such an axiom. Finally, we note that the first part of the statement of the theorem
of Saccheri is contained in the work of Nasir al-Din at-Tusi (1201-1274), see [72], Vol. I, p. 209. Nasir
al-Din at-Tusi, in two treatises, called Treatise that cures doubts in parallel lines and Exposition of Euclid,
also studied the geometry of quadrilaterals with two congruent opposite edges making right angles with a
common third edge, and he made an analysis of the three possibilities for the remaining two (equal) angles
(see [132], p. 468). Nasir al-Din at-Tusi was a Persian philosopher, astronomer, theologian and doctor, and
he was one of the most valuable medieval mathematicians. He translated and commented Euclid, and this
led him to study Khayyam-Saccheri quadrilaterals, continuing the work done by Omar Khayyam; see his
mathematical texts in [78].

150ne should not understand this sentence as saying that pangometry, in Lobachevsky’s sense, designates
neutral geometry, that is, a geometry based on an axiom system that allows both hyperbolic and Euclidean
geometry. The correct meaning of the word “pangeometry” can be understood from the lines that follow
that sentence, where properties that Lobachevsky attributes to pangeometry are properties that are valid
in hyperbolic geometry, and not in Euclidean geometry; cf. for instance the properties of perpendicular
lines that are described a few lines after this statement. The statement that is made here, that pangeometry
includes ordinary geometry as a particular case, should be interpreted in the light of the fact, observed by
Lobachevsky, that hyperbolic 3-space contains a model of Euclidean space, namely, the horosphere. It is
important to stress the fact that Lobachevsky, here and elsewhere in his work, realised the importance of
getting models of one geometry in another geometry, and that one of his aims in emphasising these facts
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It follows from the principles adopted in Pangeometry that a perpendicular p
dropped from a point on a given line to one of its parallels makes with the first line two
angles, one of which is acute. I call this angle the angle of parallelism, and the side of
the first line to which this angle belongs (and this side is the same for all points on that
line) the side of parallelism. 1 denote this angle by I1(p), since it depends on the length
of the perpendicular (see Figure 2). In ordinary geometry, I1(p) is always equal to a

p | TI(p)

Figure 2. The parallelism angle IT(p) corresponding to the segment p.

right angle, independently of the value of p. In Pangeometry, the angle I1(p) passes
through all the values, from zero, corresponding to p = oo, to I1(p) = a right angle,
corresponding to p = 0 (Geometrische Untersuchungen §23). To give the function
I1(p) a more general analytical value, I consider that the value of this function for
negative p (a case to which the original definition does not apply) is determined by the

following equation':

[(p) + (—=p) = 7.

Thus, for any angle A > 0 and < 7, we can find a segment p such that T1(p) = A4,
where the segment p is positive if A < 7. Conversely, there exists for any segment p
an angle A satisfying A = I1(p).

I call limit circle'” a circle whose radius is infinite.'® A limit circle can be drawn

was his attempt to prove the relative consistency of the various geometries with respect to each other.

16This extension of the angle of parallelism function is very simple, but it turned out to be extremely
useful. It was used by Lobachevsky since his published memoirs (see the Elements of geometry (1829) [95],
§8, p. 11 of the German translation).

17The notion of limit circle is already contained in Lobachevsky’s first published memoirs, see the Elements
of geometry (1829) [95], §19, p. 28 of the German translation, and the New elements of geometry (1835)
[96], §112, p. 185 of the German translation. In his Geometrische Untersuchungen §31, Lobachevsky used
the word “oricycle”, composed of the two Greek words “hori” (boundary) and “cyclos” (circle). The word
“horizon” has the same root. The word “horicycle” was later on transformed in the English and French
literature into “horocycle” (for a reason which is unknown to the translator).

18The description given here of a limit circle is rather rough. In §31 of his Geometrische Untersuchungen,
Lobachevsky defined a limit circle as a curve in the plane for which all perpendiculars erected at midpoints
of chords are parallel to each other, see also §112 of his New elements of geometry [96]. Then he established
the existence of such curves, by an explicit construction (§32), and showed in the same section how a family
of circles whose radii tend to infinity converges to a limit circle. We note that Beltrami, in his famous
paper Saggio di interpretazione della geometria non-Euclidea, gave a description of limit circles on his
pseudo-sphere model. He wrote in [16] (p. 26 of Stillwell’s translation): “The geodesic circles with centre
at infinity obviously correspond to the horocycles in Lobachevsky’s geometry (Theory of parallels, nos. 31
and 32). We can therefore say that a system of concentric horocycles is transformed, by a suitable flexion
of the surface, into a system of parallels on the surface of revolution generated by a curve with constant
tangent.” [D’altra parte le circonferenze geodetiche col centro all’infinito corrispondono manifestamente
agli oricicli di Lobatschewsky (1. c. n. 31 e 32). Conservando questa denominazione noi possiamo dunque
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by approximation, by constructing as many points of this limit circle as one wishes, in
the following manner.

Let us take a point on an infinite line, let us call this point the vertex, and let us call
this line the axis of the limit circle. Let us construct an angle A whose value is > 0
and < %, whose vertex!® coincides with the vertex of the limit circle, and of which the
axis of the limit circle is one of the sides. Finally, let a be the segment that satisfies
IT(a) = A and let us construct on the other side of the angle, starting from the vertex,
a segment of length 2a. The terminal point of this segment will be on the limit circle
(see Figure 3). To continue tracing the limit circle from the other side of the axis, one
has to repeat this construction from that other side. It follows that all the lines that are
parallel to the axis of the limit circle can be taken as axes.”’

Axis of the limit circle

H(a) Limit circle
R /
,,,,,,,, j\

Vertex of the limit circle

Figure 3. Construction of the limit circle, using the angle of parallelism: Starting from a line
(which is an axis of the limit circle), and from a point on that line (called vertex of the limit
circle), we take an angle between 0 and 7 (strictly), as shown in the figure. This angle is equal to
IT(a) for some positive a. The point on the side of that angle that is not the axis we started with,
situated at distance 2a from the vertex, is a point on the limit circle. Note that the construction
provides two different limit circles passing through the given point and having the given axis.

The revolution of the limit circle around one of its axes’! produces a surface which I
call a limit sphere,” a surface which consequently is the limit towards which the sphere
approaches as its radius increases to infinity. We shall call the axis of revolution, and,
consequently, any line that is parallel to this axis of revolution, an axis of the limit

dire che un sistema di oricicli si trasforma, mediante una flessione opportuna della superficie nel sistema dei
paralleli della superficie di rotazione generata dalla linea delle tangenti costanti.]

19An angle is defined as two rays having a common origin. This origin is called the vertex of the angle,
and the two rays are called the sides of the angle.

20Each line in the pencil of lines that are parallel (relatively to the right specified direction) to an axis of a
limit circle (respectively of a limit sphere, defined in the paragraph that follows) is also an axis of that limit
circle (respectively of the limit sphere).

2IHere, the hyperbolic plane is considered as being embedded in hyperbolic 3-space.

22In his Geometrische Untersuchungen §$34, Lobachevsky used the word “orisphere”, which was later on
transformed into “horosphere”.
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sphere.?® We shall call a diametral plane®* any plane that contains one or more of the
axes of the limit sphere. The intersections of the limit sphere with its diametral planes
are limit circles. A portion of the surface of the limit sphere that is bounded by three
limit circle arcs is called a limit sphere triangle. The limit circle arcs are called the
edges, and the dihedral angles between the planes of these arcs are called the angles of
the limit sphere triangle.?

Two straight lines that are parallel to a third one are parallel (Geometrische Unter-
suchungen §25).2° It follows that all the axes of the limit circle and of the limit sphere
are mutually parallel.

If three planes intersect pairwise in three parallel lines and if we consider the region
that is situated between these parallels, the sum of the three dihedral angles that these
planes form is equal to two right angles (Geometrische Untersuchungen §28). It follows
from this theorem that the angle sum of any limit sphere triangle is equal to two right
angles and, consequently, everything that we prove in ordinary geometry concerning
the proportionality of edges of rectilinear triangles can be proved in the same manner in
the Pangeometry of limit sphere triangles,?’ by only replacing the lines that are parallel

23 Lobachevsky uses here the fact that the intersection of the limit sphere with any plane containing a line
parallel to the axis of revolution is a limit circle (a fact which is stated a few lines later), and that the limit
sphere is invariant under rotations around such a line.

*In his Geometrische Untersuchungen $34, Lobachevsky calls such a plane a principal plane.

23This terminology of limit sphere triangle, limit circle edge and limit sphere angle that Lobachevsky
introduces here is of paramount importance, because as he explains a few lines after this, these objects are
the elements of a geometry on the limit sphere which will turn out to be Euclidean.

2In the reference given, Lobachevsky proved this statement in full generality for lines in hyperbolic
3-space and not only for coplanar lines.

2"Lobachevsky deduces that the geometry of the limit sphere is Euclidean from the fact that in that
geometry, the axioms of neutral geometry are satisfied and the angle sum of triangles is equal to two right
angles. The last fact was known to be equivalent to Euclid’s parallel postulate. The other Euclidean axioms
are considered to be clearly satisfied in this geometry. This is an interesting instance, first noticed by
Lobachevsky, of a plane embedded in hyperbolic 3-space and which is equipped with a natural geometry
which is Euclidean. We note that Beltrami, in his Teoria fondamentale degli spazii di curvatura costante
[17], obtained a concrete description of limit spheres. As a matter of fact, Beltrami obtained a differential-
geometric description of limit cycles and of limit spheres, Using this description of limit spheres, he gave a
different point of view on the fact that their geometry is Euclidean. Using today’s language, Beltrami’s point of
view says that the length structure induced by the metric of 3-dimensional hyperbolic space on a limit sphere
is Euclidean, whereas Lobachevsky’s point of view (concerning this point) is closer to the axiomatic level.

In a letter to Hoiiel, dated 1st of April 1869, Beltrami wrote: “From the formula ds = const- v d 7712 +d 77%
that I established on page 21 of my last Memoir [Beltrami refers here to his Teoria fondamentale degli spazii
di curvatura costante [17]), we can deduce (or rather, we can check, because this is already contained in
Lobachevsky) that the geometry of the limit sphere is nothing else than that of the Euclidean plane. This is
exactly what I meant when I said that the curvature of this surface is zero. In other words, I meant that all
the metric properties of this surface are the same as those of the ordinary plane, because the linear elements
in both surfaces are identical. [...] For me, I would say that the limit sphere is one of the forms under which
the Euclidean plane exists in the non-Euclidean space, considering the Euclidean plane as being defined by

the property of having zero curvature. [De la formule ds = const - {/d r]12 +d n%, que j’ai établie a la
page 21 de mon dernier Mémoire on tire (ou plutot on vérifie, car cela se trouve dans Lobatcheffsky) que la
géométrie de la sphere-limite n’est pas autre chose que celle du plan euclidien. En disant que la courbure
de cette surface est nulle je n’ai pas voulu dire autre chose. En d’autres termes j’ai voulu dire que toutes les
propriétés métriques de cette surface sont les mémes que celles du plan ordinaire, a cause de I’identité des



10 Pangeometry

to one of the edges of the rectilinear triangle by limit circle arcs drawn from the points
on one of the edges of the limit sphere triangle, and all of them making the same angle
with that edge.?®

Thus, for instance, if p, ¢, r are the edges of a right limit sphere triangle and if
P, Q, 7 are the angles opposite to these edges, we must adopt, in the same way as for
the right rectilinear triangles of ordinary geometry, the following equations:

p=rsinP =rcosQ,

q=rcosP =rsinQ,

T

In ordinary geometry, one proves that the distance between two parallel lines is
constant.

On the contrary, in Pangeometry, one proves that the distance p from a point on
a line to a parallel line decreases on the side of parallelism, that is, on the side towards
which the parallelism angle T1(p) is directed.

Now lets, s, s”, ... be asequence of limit circle arcs bounded by two parallel lines,
serving as axes for all these limit circles, and let us assume that the pieces of parallel
lines bounded by two consecutive such arcs are all equal to a quantity we denote by x.>°
Let us call E the ratio of s to s/,

S _E
S/
where E is some number greater than 1.

Let us first assume that £ = % with m and n being integers, and let us subdivide
the arc s into m equal parts. From the division points, let us draw lines that are parallel
to the axis of the limit circles. These parallels divide each of the arcs s’, s”, ... into
m equal parts. Let AB be the first part of s, A’ B’ the first part of s’, A” B” the first
part of s” and so on, where A, A’, A”, ... are the points situated on one of the given
parallels (see Figure 4). Let us transport the segment A’ B’ and superpose it on the
segment AB in such a way that A and A’ coincide and A’B’ falls on AB.3! Let us
repeat this superposition # times. Since by assumption % = %, it necessarily follows
that nA’B’ = mAB and, consequently, the second endpoint of A’ B’ coincides, after

élements linéaires chez 1'une et chez I’autre. [...] Pour mon compte je dirais que la sphere-limite est une des
formes sous lesquelles le plan euclidien existe dans 1’espace non-euclidien, en considérant le plan euclidien
comme défini par la propriété d’avoir sa courbure nulle.] cf. [23], pp. 87-88. A similar explanation on limit
spheres is contained in Beltrami’s letter to Hoiiel, dated 12 October 1869, [23], p. 87-88.

2L obachevsky explains here how one can construct similar (i.e. homothetic) triangles on the limit sphere,
in a way analogous to the construction of similar triangles in the Euclidean plane. We recall that in neutral
geometry, making the assumption that there exist non-congruent similar triangles is equivalent to adding
Euclid’s parallel postulate.

2This is also an indication that the word “pangeometry”, in the way Lobachevsky used it, does not mean
neutral geometry, since the property stated here does not hold in Euclidean geometry. Thus, pangeometry is
not a geometry that includes, from the axiomatic point of view, both Euclidean and hyperbolic geometry.

30Thus, x is the distance between two consecutive limit circles.

31Such an argument, using the notion of “transport”, would be described today as an “isometry argument”.

10
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Figure 4. Equidistant limit circle arcs (in dashed lines) bounded by two axes of these limit circles.
’ "
The letters s, 5", 5", ... denote the lengths of the arcs. We have &% = 57 = &7 = ---

the n-th superposition, with the second endpoint of s, which is thus divided into n equal
parts. Each of s/, s”, ... is also divided into m equal parts by lines parallel to the two
given parallel lines. But if we imagine that when we perform the above superposition,
A’ B’ covers the part of the plane bounded by this arc and by the two parallels drawn
from the endpoints, it is clear that, at the same time, n times A’B’ covers the arc s
entirely, n A” B” covers the arc s’ entirely, and so forth, since in this case the parallels
must coincide in all their extent. In this way, we get

nA//B// — mA/B/

or, equivalently,

which is the desired result.

To prove the same thing in the case where E is an incommensurable number, we can
employ one of the methods used for similar cases in ordinary geometry. For brevity, I
omit the details. Thus,

11
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With this, it is not difficult to conclude’? that
"=sE7*.
Here, E is the value of % when x, the distance between the arcs s, s’, is equal to one.>
One must note that this ratio £ does not depend on the length of the arc s, and that
itis unchanged if the two given lines are farther away from each other or closer to each
other. The number E, which is necessarily greater than 1, depends only on the unit of
length, which is the distance between two consecutive arcs and which can be chosen
completely arbitrarily.** The property that we just proved concerning the arcs s, s/,
s”, ... remains true for the areas P, P’, P”,... bounded by consecutive arcs and by
the two parallel lines.?> Therefore we have

P = PE™",
If we put n similar areas P, P/, P”, ..., P @D gide by side, the total area is then
1 _ E—nx
p—
1—E—X

For n = oo this expression gives the area of the plane region contained between
two parallel lines, bounded on one side by the arc s, and unbounded in the direction of
parallelism. The value of this area is

P
1—E—x’

If we choose as unit area the area P that corresponds to an arc s which is also of
unit length and to x = 1, then this area becomes in the general case, for an arbitrary
arc s,

Es
E—1

In ordinary geometry, the ratio that we denoted by E is constant and equal to 1.
It follows that in ordinary geometry, two parallel lines are everywhere equidistant and
that the area of the region in the plane contained between two parallel lines and bounded
from one side by a common perpendicular to these lines is infinite.

3The argument can be as follows: Denoting by f* the function that associates to each x the ratio 7 of
two limit circle arcs that are at distance x from each other, with s’ corresponding to the arc that is 1n the
direction of parallelism of the axes (which, as we recall, are parallel lines) with respect to s, this function
satisfies f(x) f(y¥) = f(x + y). This is the functional equation satisfied by the exponential.

33The contraction property of the distance between two parallel lines is already proved in Lobachevsky’s
first written memoir that reached us, the Elements of geometry ([95], §22, p. 32 of the German translation).

3Today, we would say that the constant £ depends on the curvature of the space. If this curvature is
equal to —1, then E is equal to e, the basis of natural logarithms. (We recall that Lobachevsky did not have
the notion of curvature of a surface).

3Lobachevsky now considers the case where the areas of the pieces bounded by the two parallel lines
and the limit circle arcs have a common value equal to x.

36We recall that in neutral geometry, adding the assumption that there exist two equidistant lines is
equivalent to assuming that Euclid’s parallel postulate is satisfied.

12
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Now consider a right rectilinear triangle with edges a, b, ¢ and let A, B, 7 be the
angles opposite to these edges. The angles A, B can be taken to be angles of parallelism
(), T1(B) of segments of positive lengths «, B respectively. Let us also make the
convention that from now on, we denote by a letter with an accent a segment whose
length corresponds to an angle of parallelism which is the complement to a right angle
of the angle of parallelism corresponding to the segment whose length is denoted by
the same letter without accent.3” Thus,

() + (') =

’

1(b) + (V') =

S

Let us denote by f(a) the portion of a parallel to the axis of a limit circle that is
bounded by the perpendicular to that axis drawn from the vertex of the limit circle and
the limit circle itself, if this parallel passes through a point on the perpendicular whose
distance to the vertex is a. Finally let L(a) be the length of the arc from the vertex to
that parallel (see Figure 5).

Axes of the limit circle

Limit circle

Figure 5. The functions f(a) and L(a) are obtained by taking a rectilinear segment of length
tangent to a limit circle at one endpoint and then projecting the other endpoint of that segment
on the limit circle. Then, f(a) is the length of the perpendicular, and L(a) is the length of the
arc joining the initial point to the projection.

In ordinary geometry, we have, for any segment a,

fla)=0
and
L(a) = a.

37 An equivalent form of this convention was already used in Lobachevsky’s first published memoir (cf. the
Elements of geometry (1829) [95], §11, p. 17 of the German translation). This convention turns out to be
very useful in terms of providing economical notation in the trigonometric formulae that follow.

13



14 Pangeometry

Let us draw a perpendicular®® A A’ to the plane of the right rectilinear triangle whose
edges have been denoted by a, b, ¢, this perpendicular passing through the vertex A
of angle TT(«). Consider two planes containing this perpendicular, one, which we call
the first plane, containing the edge b, and the other, which we call the second plane,
containing the edge ¢. Let us construct in the second plane the line BB’ parallel to A A’
and passing through the vertex B of angle I1(8) and let us take a third plane passing
through BB’ and the edge a of the triangle. This third plane cuts the first one in a line
C C’ parallel to AA’.%° Let us now consider a sphere having B as centre and having an
arbitrary radius, but smaller than a. This sphere will consequently cut the two edges
a, ¢ of the triangle and the segment BB’ in three points. We call n the first point, m
the second point, and & the third point. (See Figure 6.)

The arcs of great circles that are intersections of this sphere with three planes passing
through B and connecting pairwise the points n, m, k, form a spherical triangle with
a right angle at m, whose edges are mn = I1(8), km = Il(c), kn = Il(a). The
spherical angle knm is equal to I1(b) and the angle kmn is a right angle. The three
lines being mutually parallel, the sum of the three dihedral angles formed by the portions
of the planes AA’BB’, AA'CC’, BB'CC’ situated between the lines AA’, BB’, CC’,
are equal to two right angles. It follows that the third angle of the spherical triangle is
equal to mkn = TI(a’). Thus, we see that to each right rectilinear triangle with edges
a, b, ¢ and with opposite angles IT(x), I1(8), % corresponds a right spherical triangle
with edges T1(8), I1(c), T1(a) and with opposite angles IT(c"), T1(b), Z.*°

Let us construct another right rectilinear triangle whose perpendicular edges are
o', a, whose hypotenuse is g, whose angle opposite to the edge a is T1(1), and whose
angle opposite to the edge o’ is TT(1t). Let us pass from this triangle to the corresponding
spherical triangle in the same way as the spherical triangle kmn corresponds to the
triangle A BC. Consequently, the edges of this new spherical triangle are

M(w), M(g), M(a)

3Lobachevsky uses here the notion of perpendicularity in 3-space. In non-Euclidean geometry, perpen-
dicularity of a line L to a plane P is defined as in Euclidean geometry: the line L intersects P in a point
p. and it is perpendicular (in the sense of plane geometry) to any line in P passing through p.

FThe fact that CC” is parallel to AA’ (and to (BB’)) is a general result proven by Lobachevsky in
his Geometrische Untersuchungen, §25). Using the present notation, this result says that if two coplanar
lines BB’ and AA’ are parallel and if a plane containing A A’ intersects a plane containing BB’ in a line
CC’, then CC’ is parallel to AA” and to BB’. We note that the three parallel lines AA’, BB’ and CC’
define, together with the triangle ABC a tetrahedron with one vertex at infinity. The perpendicularity
properties between edges make this tetrahedron a birectangular tetrahedron, or an orthoscheme in the sense
of Schlifli, a terminology also used by Coxeter (see [35], p. 156). Birectangular tetrahedra turned out to be
very important objects, and extensive research on the volumes of these solids was revived during the last two
decades of the twentieth century, see e.g. Kellerhals [81] and Vinberg [151].

40This construction of a right spherical triangle whose angles and edge lengths are explicitly given in terms
of those of a right hyperbolic triangle is already contained in Lobachevsky’s first published memoir On the
elements of geometry (1829), cf. [95], §11, p. 18 of the German translation. The construction was repeated in
Lobachevsky’s New elements of geometry, with a complete theory of parallels (1835-1838), cf. [96], §136,
p. 210 of the German translation, and in his Geometrische Untersuchungen zur Theorie der Parallellinien
(Geometrical researches on the theory of parallels) cf. [100], §35, p. 36 of the English translation.

14
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Figure 6. The figure represents the right spherical triangle mnk associated by Lobachevsky to
the right hyperbolic triangle ABC. If the edges of the right hyperbolic triangle are a, b, ¢ and
the corresponding opposite angles IT(«), I1(B), %, then the edges of the spherical triangle are
I1(B). T1(c), I1(a), and its opposite angles IT(c), IT(h), 5. (In this figure, the right angle is at
m, I1(b) is at n and I1(c’) is at k.)

and its opposite angles
o). ne). 3.

Furthermore, this triangle has all its elements equal to the corresponding elements of
the spherical triangle kmn, since the edges of the latter were

I(c). TI(B). I(a)
and its opposite angles
ne). ne). 3.

which shows that these spherical triangles have equal hypotenuses, and an equal adja-
cent angle.
It follows that

w=c, g=p, b=2A/
Thus, the existence of a right rectilinear triangle with edges

a, b, c

and opposite angles
T
N@. 0@, 5

15
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implies the existence of another right rectilinear triangle with edges

and opposite angles
TI(b'). TI(c). g

We express the same thing by saying that if
a, b, ¢, a, B
are the elements of a right rectilinear triangle, then
a, o, B, b, ¢

are the corresponding elements of another right rectilinear triangle.

If we construct a limit sphere with axis the perpendicular AA’ to the plane of the
given right rectilinear triangle and with vertex the point A, we get a triangle situated on
the limit sphere, obtained as the intersection of this limit sphere with the three planes
directed by the three edges of the given triangle. Let us denote the three edges of this
limit sphere triangle by p, g, r in such a way that p is the intersection of the limit
sphere with the plane containing a, that ¢ is the intersection of the limit sphere with
the plane passing by b, and that r is the intersection of the limit sphere with the plane
containing ¢ (see Figure 7). The angles opposite to these edges are: IT(«) opposite
to p, I1(a’) opposite to g, and a right angle opposite to r.*! From the conventions
adopted above, we have ¢ = L(b) and r = L(c). The limit sphere cuts the line CC’
in a point whose distance to C is, according to these same conventions, f(b). In the
same way, f(c) is the distance from the intersection point of the limit sphere with the
line BB’ to the point B.

It is easy to see that we have

fb) + f(a) = f(c).
In the triangle whose edges are the limit circle arcs p, g, r, we have
p =rsinIl(a); ¢ = rcos I(a).
Multiplying both sides of the first of these two equations by E/®), we obtain
pEf(b) = rsin [1(«) E/®),

But we have
PE!® = L(a),

#IThe construction of a right Euclidean triangle whose angles and edge lengths are explicitly given in
terms of those of a right hyperbolic triangle is already contained in Lobachevsky’s first published memoir
On the elements of geometry (1829), cf. [95], §17, p. 26 of the German translation. The construction was
repeated in Lobachevsky’s New elements of geometry, with a complete theory of parallels (1835-1838),
cf. [96], §136, p. 211 of the German translation.

16
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C/
A B

A B

Figure 7. To the right rectilinear triangle ABC whose sides are a, b, ¢ with opposite angles
I(x), TI(B), Z, is associated a Euclidean triangle, constructed on the limit sphere tangent at A
to the plane of the triangle ABC, with sides p = rsin I[1(«),q = r cos [1(«),r = L(c) and
opposite angles TT(cr), IT(c), 5. The three lines AA’, BB’ and C C’ are parallel to each other,
and they define, together with the triangle ABC, a tetrahedron with one vertex at infinity, which
(in a terminology that Lobachevsky did not use) is called an orthoscheme, or a birectangular
tetrahedron, with one vertex at infinity.

and consequently
L(a) = rsin(x) E/®.

In the same way, we have
L(b) = rsinTI(8) E/@.
At the same time, we have
q = rcos [1(x),

or, equivalently,
L(b) = rcosTl(x).

Comparing the two values of L(b), we obtain the equation
cos I[T(«) = sin I1(B) E/@, (1)

Substituting 5" for o and ¢ for § without changing a, which is allowed, according
to what has already been proved, we obtain

cos TI(") = sin T(c) E/@,

17
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or, equivalently, since
M) + 1) = 3.
sin [1(h) = sin(c) E/@.
In the same way, we have
sin [1(a) = sin I (c) E/®,

Let us multiply both sides of the last equation by E/@ and let us substitute f(b)+
f(a) by f(c). This gives

sin (a) E/@ = sin(c) E/©.

But since in a right rectilinear triangle the perpendicular edges can vary in such a
way that the hypotenuse remains constant, we can set in this equation a = 0 without
changing c. This will give, noting that f(0) = 0 and I1(0) = 7,

1 = sinII(c) E/©
or, equivalently,

pro _ 1
sin I1(c)

for any segment c.
Now let us take Equation (1),

cos () = sin [1(B) E/@,

1
and let us replace E 7@ with ————. Then the equation takes the form
sin [1(a)

cos IT(w) sin I1(a) = sin T1(B). (2)
Replacing «, f in this equation with b’, ¢ without changing a, we obtain

sin I1(b) sin I(a) = sin I1(c).
Equation (2) gives, after replacing some letters with others,

cos I1(B) sin T1(h) = sin IT(x).
If we replace B, b, « in this equation with ¢, o/, b’, we get

cos I[1(c) cos IT(a) = cos I1(h). 3)
In the same way, we have

cos I1(c) cos I1(B) = cos I(a). “4)
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Equations (2), (3) and (4) concern a spherical triangle of which, in the sequel, we
shall denote the edges by a, b, ¢ and the angles A, B opposite to the edges «, b, and
Z opposite to c. In these equations, we can put a instead of I1(f), b instead of T1(c),
c instead of T1(a), 7 — A instead of I1(a), and B instead of T1(b). In this way, the
aforementioned equations become

sin Asinc = sina,
cosbsin A = cos B, &)

cosacosb = cosc.

Equations (5) concern a right spherical triangle that can be deduced from a right
rectilinear triangle, and whose edges therefore cannot exceed 7. Let us add that if
we draw an arc of a great circle from the vertex of the angle A perpendicularly to the
edge b, this arc will intersect the arc a or its extension in such a way that each of the
arcs, from the intersection point until b, is equal to 7, and the angle made by these arcs
is b. After that, it is not difficult to conclude that in the right spherical triangle,

ifc<zthena<£andA<
2 2

’

)

ol NS

ifc:zthenazzandA:
2 2

and, finally,

if ¢ > Ethena> zandA> E.
2 2 2

It follows that if we assume a > %, we must at the same time assume ¢ > % and
A > 7. If in that case we extend the edges a, ¢ beyond the side b until they intersect,
we obtain another right spherical triangle whose edges are 7 — a, b, & — ¢ and whose
opposite angles are 7 — A, B, 7, that is, a triangle to which Equations (5) apply. But
Equations (5) keep the same form if in them we replace a with (& —a), ¢ with (7 —c),
and A with (r — A). This proves that Equations (5) apply to any right spherical triangle.

Now let us pass to an arbitrary spherical triangle, whose edges are a, b, ¢ and whose
opposite angles are A, B, C, without assuming that one of the angles is a right angle,
because so far Equations (5) were proved only in that case.

Let us drop from the vertex of the angle C an arc of great circle p perpendicular to
the edge c. The following cases may occur:

— either the perpendicular p falls in the interior of the triangle, dividing the angle
C into two parts, D and C — D, and the edge ¢ into two parts, x, opposite to D, and
¢ — x, opposite to C — D (Figure 8 (a));

— or this perpendicular falls outside the triangle, and it adds an angle D to the angle
C and an arc x to the edge ¢ (Figure 8 (b)).

In the first case, the given spherical triangle is the union of two right spherical
triangles. The edges of one of these triangles are p, x, a, and its opposite angles are

B, D, Z. In the other triangle, the edges are p, ¢ — x, b, and the opposite angles are

19



20 Pangeometry

c-p /17 N

A
A gt B

(a) (b)
Figure 8

A, C — D, 7. Applying Equations (5) to the first triangle gives

sin p = sina sin B,

sinx = sina sin D,

cos psin D = cos B, (A)
cosxsin B = cos D,

COSa@ = COS P COS X.

The second triangle gives in the same manner

sin p = sinbsin A,
sin(c — x) = sinb sin(C — D),

: (B)
cos psin(C — D) = cos 4,
cos p cos(c — x) = cosb.
Comparing the values of sin p given in (A) and (B) gives
sina sin B = sinbsin A. (6)

Dividing both sides of the last equation in Group (B) by both sides of the last equation
in Group (A) gives
cosh

tanx = ——— —cotc.
cosasinc
The combination of the second, third and last equations in (A) gives
tan x = tana cos B.

Comparing these two values of tan x leads us to the equation

cosb — cosa cosc = sina sin ¢ cos B. 7
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Likewise, if the perpendicular p falls outside the triangle and adds the arc x to the
arc c, and the angle D to the angle C, there arise two right spherical triangles. The

edges of one of these triangles are p, x, a and the opposite angles # — B, D, 7, and

the edges of the other triangle are p, ¢ + x, b and the opposite angles 4, C + D, 7.
Applying Equations (5) to the first triangle gives

sin p = sina sin B,

sinx = sina sin D,

—cosB =cospsinD, ©
cos D = cosxsin B,

CcOSa = COS p COS x.

The second triangle, whose edges are p, ¢ + x, b and whose opposite angles are
A, C+ D, %, gives in the same manner
sin p = sinb sin A,
sin(c + x) = sinb sin(C + D),
cos A = cos psin(C + D), (D)
cos(C + D) = cos(c + x)sin A4,

cosb = cos p cos(c + x).

Comparing the two values of sin p in (C) and (D) gives Equation (6) again. We
deduce from Equations (C) and (D) that

cosh
tanx = cot¢c — —,
cosa sin ¢
and from Equations (C) that
tanx = —tana cos B.

Comparing these two values of tan x leads us again to Equation (7), which is thus
proved in complete generality for all spherical triangles, in the same way as Equation
(6).

Equation (7) gives, by replacing some letters with others, the following two equa-
tions:

cosa —cosbcosc = sinbsinc cos A,

cosc —cosacosh = sinasinb cos C.

Multiplying both sides of the last equation by cos b, adding the product to the first
one and dividing the sum by sin b, we obtain

cosasinb = sinccos A + sina cosb cos C.
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22 Pangeometry

Substituting sin ¢ by its value

extracted from Equation (6) and dividing by sin a, we find
cotasinb = cot AsinC + cosbcos C. (8)

Replacing sin b by its value

sin
and then multiplying both sides of the equation by sin A, we obtain

cosasin B =cosbcosC sin A + sin C cos A4,
from which we deduce, by alteration of some letters,
coshsin A = cosa cos C sin B + sin C cos B.
Eliminating cos b from the last two equations leads us to the following equation:
cosasin BsinC = cos BcosC + cos A. ©)

Equations (6), (7), (8) and (9) are those that are usually given in spherical geometry
and which are proven using ordinary geometry.*?

It follows that spherical trigonometry stays the same, whether we adopt the hypoth-
esis that the sum of the three angles of any rectilinear triangle is equal to two right
angles, or whether we adopt the converse hypothesis, that is, that this sum is always
less than two right angles.** This truly does not occur in rectilinear trigonometry.

Before proving the equations that express, in Pangeometry, the relations between
the edges and the angles of an arbitrary rectilinear triangle, we shall investigate, for
any segment x, the form of the function that we denoted up to now by IT(x).

Consider for that purpose a right rectilinear triangle, whose edges are a, b, ¢ and
whose opposite angles are IT(«), I1(B), Z. Let us extend ¢ beyond the vertex of the
angle I1(B) and let us make this extension equal to 8 (see Figure 9 (a)).

The perpendicular to 3, erected at the endpoint of this segment on the side of the
angle which is vertically opposite to the angle I1(), is parallel to a and to its extension
beyond the vertex of T1(f). Let us also draw from the vertex of I1(«) a line parallel to
this same extension of a.

The angle that this line makes with ¢ is IT(c + §), the angle that it makes with b is
I1(b), and we have the equation

I1(b) = I(c + B) + (). (IT)

4The formulae are contained in Euler’s works, see e.g. [46] and [48].

4 At the end of §35 of his Geometrische Untersuchungen, Lobachevsky drew a similar conclusion: “Hence
spherical trigonometry is not dependent upon whether in a rectilinear triangle the sum of the three angles is
equal to two right angles or not” (Halsted’s translation in [26]).
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IT
nw B) 1) (B)
a b a
c B
p
(a) (b)
Figure 9

If we now take a segment of length B starting at the vertex of the angle IT(8), and
on the edge c itself, and if we erect at the endpoint of 8 a perpendicular to B on the
same side as the angle IT1(f), then this line is parallel to the extension of @ beyond
the vertex of the right angle. Let us draw from the vertex of the angle IT(«) a line
parallel to this last perpendicular. Consequently, this line is also parallel to the second
extension of a. The angle that this parallel makes with ¢ is in any case I1(c — ), and
the angle that it makes with b is I1(b) (see Figure 9 (b)). Consequently,

I(b) = T(c = p) — (). (IT)

It is easy to convince oneself that this equation is valid not only if ¢ > f, but also if
¢ = Borifc < B. Indeed, if c = B, we have, on the one hand, IT(c —f) = I1(0) = 7,
and on the other hand, the perpendicular to ¢ drawn from the vertex of the angle IT(«)
is parallel to a. From that, it follows that T1(b) = 7 — I1(«), which agrees with our
equation.

If ¢ < B, the endpoint of the line B falls beyond the vertex of the angle IT(«), at
a distance equal to § — c¢. The perpendicular to 8 at this endpoint of § is parallel to
a and to the line drawn from the vertex of the angle I1(«) parallel to a. From that, it
follows that the two adjacent angles that this parallel makes with ¢ are, for the acute
one, IT1(B — ¢), and for the obtuse one, IT(«) + I1(h). Now since the sum of two
adjacent angles is always equal to two right angles, we obtain

(B —c) + (a) + (b)) = =,

or, equivalently,
o) =x -1 —c) — (x).
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24 Pangeometry

But from the definition of the function IT(x), we have
m—TI(B —c) = Tl(c — B),

which gives
I(b) = M(c — B) — M(a),
which is the equation that we found above, and which is therefore proven in all cases.

The two equations (IT) and (IT") can be replaced by the following equations:

M) = 31 +6) + 5T~ ).

() = %H(C -pB)— %H(c + B).

But Equation (3) gives
cos [1(h)

cos ()

Substituting in this equation I1() and I1(«) by their values, we obtain
cos ($(c + B) + 1T1(c — B))

cos ($(c — B) — ATI(c + B))

From this equation, we deduce

cosIl(c) =

cosI(c) =

tan? l1'[(c) = tan ll'I(c — B)tan l1'I(c + B).
2 2 2
Since the segments ¢ and f can vary independently from each other in any right rectilin-
ear triangle, we can set successively, in the last equation, ¢ = 8,¢ = 28,...,¢ = np,
and we conclude from the equations thus deduced that in general, for any segment ¢
and for any positive integer n, we have

1 1
tan” EH(C) = tan EH(nc).

It is easy to prove that this equation also holds for negative or fractional n, from
which it follows, choosing the length unit in such a way that

1
tan —I1(1) = e_l,
ST
where e is the basis of natural logarithms, that for any segment x,
1 -
tan EH(x) =e *.

This expression gives I1(x) = 7 for x = 0, [1(x) = 0 forx = oo, and [1(x) = 7
for x = —oo, which agrees with what we have adopted and proved above.
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The value found for tan %H(x) gives, for any segment x,*

2
nMx) = — >
sin IT(x) P
X _ ,—Xx
cos I1(x) = c e
ex + e—x
and for two arbitrary segments x, y,
in IT in IT
sin TI(x + y) = sin IT(x) sin IT(y) ,
1 + cos IT(x) cos IT1(y)
in T in IT
sin T (x — y) = sin IT(x) sin TT(y) ’
1 —cos I1(x) cos TT1(y)
I I
cosTI(x + y) = cos IT(x) + cos I1(y) ’
1 + cos IT(x) cos IT(y)
IT(x) —cosIT
cos T(x — y) = cos IT(x) —cos T1(y) 7
1 —cos IT(x) cos T1(y)
in T in IT
an T(x + y) = sin IT(x) sin T1(y)

cos IT(x) + cos TI(y)"

Equations (2), (3) and (4) that we found for a right spherical triangle also hold for
a right rectilinear triangle whose edges are a, b, ¢ with opposite angles I1(«), I1(8)
and 7. Thus, replacing I1(«) by A and T1(B) by B, we obtain for any right rectilinear
triangle whose edges are a, b, ¢ and in which A is the angle opposite to a, B the angle
opposite to b, and 7 the angle opposite to ¢, the following equations:

sin [1(a) cos A = sin B,
sin I1(c) cos A = cos I1(b), (10)
cos I1(c)cos B = cos I1(a).
To these equations we also add the following equation which was proved above:
sin I[1(a) sin T1(b) = sin I1(c). (11)
By a permutation of the letters, the first equation in (10) can be written as

sin [T1(b) cos B = sin A.

Substituting the value of cos B, extracted from the third equation, into (10), we
obtain
sin I1(b) cos T1(a) = sin A cos I1(c).

#There is an equivalent formula in Lobachevsky’s first published memoir, the Elements of geometry
(1829) ([95], p. 29 of the German translation), cot IT(x) = e)(%‘)
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26 Pangeometry

Eliminating sin I1(d) from this equation by using Equation (11), we obtain
tan [1(c) = sin A tan [1(a). (12)

Now let a, b, ¢ be the three edges of an arbitrary rectilinear triangle and let 4, B,
C be the angles opposite to these edges. Let us drop from the vertex of the angle C a
perpendicular p on the edge c.

If p falls in the interior of the triangle, in such a way that it divides the angle C
into two angles D and C — D and the edge ¢ into two parts, x opposite to D and ¢ — x
opposite to C — D, we obtain two right rectilinear triangles. The edges of one of these
triangles are p, x, b and their opposite angles are A, D, 7. The edges of the second
triangle are p, ¢ — x, a and their opposite angles are B, C — D, Z (see Figure 10).

Cc-D

A

Figure 10

Applying Equation (12) to the first triangle gives

tan [1(D) = sin A tan I1(p).
Applying the same equation to the second triangle, we deduce in the same way

tan [1(a) = sin B tan I1(p).

From this we conclude
sin A tan [1(a) = sin B tan I1(b). (13)

Applying Equations (10) and (11) to the first triangle gives

cos I1(b) cos A = cos I1(x),

sin I1(x) sin I[1(p) = sin I1(D).

Applying these equations to the second triangle gives

sin [1(p) sin [1(c — x) = sin [1(a).
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Replacing sin I1(c — x) in the last equation by its value extracted from the general
formula that we found above for sin IT(x — y), we obtain

sinll(a)  sinII(c)sin TT(x)
sin[1(p) 1 —cos II(c) cos IT(x)

from which we deduce, using the following substitutions,

cos [1(x) = cos I1(b) cos A4,
the equation

1 —cosII(b)cosIl(c)cos A = sin H_(b) sin I(e) . (14)
sin [1(a)

Equations (13) and (14) can be checked for A = % in which case the perpendicular
p coincides with the edge b, since in that case Equation (13) amounts to Equation (12)
and Equation (14) amounts to Equation (11), that is, to equations that have been proved
for any right rectilinear triangle.

If the perpendicular p falls outside the triangle, on the line extending c, and if it
adds a segment x to the segment ¢ and an angle D to the angle C, then we get two right
triangles, the edges of one of them being p, x, b and their opposite angles (7 — A),

D, %, and the edges of the other one being p, ¢ + x, a and their opposite angles B,

C+D,7%.
Applying Equation (12) to the first of these triangles gives

tan [1(b) = sin A tan [1(p).
From the second triangle, we obtain in the same way
tan [1(a) = sin B tan I1(p).

Eliminating tan I[1(p) from the last two equations, we again find Equation (13).
Applying Equations (13) and (11) to the first triangle gives

—cos I1(h)cos A = cos I1(x),
sin [1(bh) = sin I1(x) sin I1(p).
From the second triangle we likewise deduce
sin [1(a) = sin I1(p) sin [1(c + x).

Replacing sin [1(c + x) in this equation with its value extracted from the general
formula that we found above for sin IT(x + y), we have

sinll(a)  sinTl(c)sin I1(x)
sinT1(p) 1+ cosTI(c)cosIT(x)
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28 Pangeometry

Making the following substitutions in this equation,

in IT(h
sin[l(p) = M; cos IT(x) = —cos T1(h) cos A,
sin IT(x)
we obtain
sin[T(a) sin I1(c)

sin[I(h) 1 —cosTI(h)cosTI(c)cos A’

an equation which is identical to Equation (14).
Equations (13) and (14) are thus proved for any rectilinear triangle.
Equation (14) gives, by mutation of letters:

sin [1(c) sin T1(a)
sin T1(b)

1 —cos IT(x) cos I1(a) cos B =

Multiplying both sides of this equation with both sides of Equation (14), we obtain
1 —cos I1(c) cos I1(a) cos B — cos T1(h) cos I(c) cos A
+ cos IT(a) cos T1(b) cos? T1(c) cos A cos B = sin® T1(c),
or, equivalently,
cos? IT(c) — cos IT(c) cos IT(a) cos B — cos T1(b) cos T1(c) cos A
+ cos IT(a) cos IT(b) cos® TI(c) cos A cos B = 0.

Eliminating in this equation the common factor cos I1(c), we obtain

cos I1(c) 4 cos I1(a) cos T1(h) cos TT(c) cos A cos B
—cos IT(a)cos B —cosII(b)cos A = 0.

Likewise, we find

cos I1(a) + cos I1(a) cos T1(h) cos I1(c) cos B cos C
—cos I1(b) cos C — cos I1(c) cos B = 0.

Let us multiply both sides of this equation by cos A and then subtract this product
from the product of the equation preceding it by cos C. We obtain:

cos IT(a) (cos A 4+ cos B cos C) = cos I1(c) (cos C + cos Acos B).

Taking the squares of both sides of this equation and then dividing each of them by
cos? T1(c), the equation becomes
cos? I(a)

(cos A + cos B cos C)? = (cos C + cos A cos B)?
cos2 I1(c)
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But Equation (13) gives
1 sin? 4
——— =14+ ——tan’ T1(a).
cos2 I1(c) * sin? C @
1
If we substitute ———— in the penultimate equation by its value given by the last
cos I1(c)

equation, we obtain

.2 2
5 sin“A 5 (cosC +cosBcosA)
IT 11 =
cos” Il(a) + sin> C sin” Il{a) cos A + cos B cos C
and then
. 5 sin? A _ sin? B(sin?> C — sin® A)
sin” [T(@)| 1 — — = .
sin® C (cos A + cos B cos C)?

Dividing both sides of this equation by sin? C —sin? A and extracting square roots,

we find ) )
sin B sin C

cos A + cos Bcos C

with no ambiguity for the sign, since both sides of the last equation are positive. Indeed,
[(a) < 5, B < 7, C < &, from which it follows that the sines of these angles are
positive. Then,

sin[1(a) =

cos A+ cos(B+C) = 2cos%(A + B +C)cos%(B +C —A),
andsince A+ B + C < m,
cos%(A +B+0C)
and :
cos E(B + C — A)

are positive.
Adding to each side of the last equation the positive number sin B sin C we get

cos A + cos BcosC > 0.

Thus, in any rectilinear triangle we have

sin B sin C
cosA+cosBcosC = ——. (15)
sin [1(a)
Multiplying both sides of Equation (14) with both sides of the following equation,
which follows from it by alteration of the letters,

sin [1(a) sin I1(b)

1 —cos I(a) cos IT(h) cos C = sin I1(c) 7

(16)
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we obtain
(1 —cos II(a) cos TI(h) cos C) (1 — cos I1(b) cos I1(c) cos A) = sin” T1(b)
which, after developing the left-hand side, gives
cos? TI(b) — cos IT(a) cos I1(h) cos C — cos T1(b) cos IT(c) cos A
+ cos? T1(h) cos TT(a) cos T1(c) cos Acos C = 0,
or, equivalently, dividing by cos I1(b),

cos I1(b) + cos I1(a) cos T1(h) cos T1(c) cos A cos C

(17)
—cos I1(a)cos C —cos II(c)cos A = 0.

Now we find, from Equation (13),

sin [T(c) sin C

cos I1(c) = SnA

cot I[1(a).
In this equation, we can substitute for sin I1(c) its value extracted from Equa-
tion (16), which gives

sin T1(b) cos IT(a) sin C
(1 —cosTI(a)cos TI(h)cos C)sin A"

cosI[(c) =

Substituting this value of cos I1(c) into Equation (17) gives

cos I1(b)

cot AsinC sin [1(b) + cos C = m.

(18)
Let us collect together Equations (13), (14), (15) and (18) that express the depen-

dence between the sides and the angles of an arbitrary rectilinear triangle, in order to

make their use easier:®

sin A tan I[1(a) = sin B tan I1(b),

in I1(b) sin I1
1 —cos TI(h) cos TI(c) cos A = s ( )sin IT(c) ,
sin I[1(a)

sin B sin C (19)
sinI(a) ’

(b
cot AsinC sin I1(h) 4+ cos C = M.
cos [1(a)

cos A+ cos BcosC =

Starting with these equations, Pangeometry becomes an analytic geometry, and
thus it forms a complete and distinct geometric theory. Equations (19) are useful for

4 Equations (19) are contained in the same form in Lobachevsky’s previous works, e.g. in his Elements of
geometry (1829) [95], p. 21 of Engel’s German translation [45], and in his Geometrische Untersuchungen
zur Theorie der Parallellinien (1840) [100], §37.
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representing curves by equations in terms of the coordinates of their points, and for
calculating lengths and areas of curves, and areas and volumes of bodies, as I showed
in the 1829 Scientific Memoirs of the University of Kazan.*®

It has been remarked above*’ that Pangeometry leads to ordinary geometry if we
assume that the segments are infinitely small. We can now check this assertion.

For any infinitely small segment x, we can admit the following approximate values:

cot IT(x) = x,
sinIl(x) =1— %xz,
cos IT(x) = x.
If we consider the edges of the triangle as infinitely small quantities of the first order

and if we neglect the infinitely small quantities of order grater than two, Equations (19),
after substitution of sin I1(a), sin I1(d) etc. by their approximate values, take the form

bsin A = asin B,

a®> = b% + ¢? —2bccos A,
cos A+ cos(B+C) =0,
asin(A+ C) = bsin A.

The first two of these equations are the well-known equations of ordinary trigonom-
etry. The last two give
A+ B+ C =m.

In order to give an example of the representation of curves by equations relating the
coordinates of their points, let us denote by y the length of the perpendicular dropped
from a point on a circle of radius r on a fixed diameter of that circle, and x the portion
of that diameter between the centre and the foot of the perpendicular y. Applying
Equation (11) to the right triangle whose edges are x, y, r gives

sin IT1(x) sin [1(y) = sin I1(r) (20)

which is the equation of a circle given in the (x, y)-coordinates (Figure 11). If we make
the convention of measuring x starting from the endpoint of a diameter, Equation (20)
becomes

sin [T(r — x) sin IT(y) = sin [1(r),

or, equivalently,

20" +e )= (" F e (e +e7?).

46¢f, Lobachevsky’s Elements of geometry [95].

4TThis remark was already made by Lobachevsky in his Elements of geometry (1829) [95], p. 22 of Engel’s
translation [45], and repeated in his Geometrische Untersuchungen zur Theorie der Parallellinien (1840)
[100], §37 .
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X

Figure 11. In this figure, y is the length of the perpendicular dropped from a point on a circle of
radius r on a fixed diameter, and x is the distance of the foot of this perpendicular to the centre
of the circle. The equation of the circle is then: sin IT(x) sin I1(y) = sin I1(r).

If we divide this equation by e”, and if we then set r = 0o, we obtain the following
identity, which is the equation of the limit circle:

2=(e"+e)e™”
or, equivalently,
1
sin [1(y) = tan EH(x).

It follows from the definition of the limit circle that two axes of that limit circle drawn
from the two endpoints of the same chord have the same slope with respect to that
chord. This property can serve as a definition of the limit circle, and we can deduce
from it the equation of that limit circle, by considering the triangle whose edges are x,
y and the limit circle chord 2a. The angles of this triangle are I1(a) — I1(y), opposite
to x, I1(a) opposite to y and 7 opposite to 2a (Figure 12).

Figure 12. This figure is referred to in the construction of the equation of a limit circle, sin I1(y) =
tan %H(x). The limit circle is represented in dashed lines.

According to Equations (10) and (11), we have in this triangle

sin [T(x) sin [1(y) = sin [1(2a),
sin [T(x) cos (IT(a) — I1(y)) = sin I1(a),
sin [1(y) cos [1(a) = sin (I1(a) — I1(y)) .

The last equation gives

2tan I1(y) = tan I1(a) (21)
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and the first equation can be written as

sin? I (a)

sin H()C) sin H(y) = HTZI_I(a)

Replacing sin? IT(a) and 1 + cos? IT(a) in this equation by their values in terms of
tan® T1(a), and introducing the value of tan? I1(a) extracted from Equation (21), we
obtain

2tan® I1
sin [T(x) sin [TI(y) = an—(y)
1 + 2tan? I1(y)
and then S sin Tl
sin [T(x) = sin I(y)

1 +sin? T(y)’

from which we deduce

(1 4 sin TI(y))?

1
2cos? ~TI(x") = —
2 1 + sin” I1(y)

and
(1 —sin I (y))*
1 +sin?TI(y)
Dividing both sides of the last equation by both sides of the one before it and
extracting square roots, we obtain

1
25sin® EH(XI) =

—sin I1(y)

t H =—"=
an o ) = 1 +sinTI(y)’

hence . )
1 —tan 5 IT(x

sin[1(y) = —21()
1 + tan S T1(x")

The right-hand side of the last equation can be put in the following form:

cos %H(x/) —sin %H(x/)
cos %H(x’) + sin %H(x’)

or, equivalently,

sin (377 — 2T1(x")) _sin 3T (x)
7 — () cosiM(x)

1
= tan 3 IT(x)

cos (4

and consequently
1
sin [1(y) = tan EH(x)

as already found.
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To give an example of the computation of the length of a curve, let us search for the
expression of the length of the circumference of a circle of radius r. Let us draw two
radii, with central angle 27” where 7 is an integer. Let us drop from the endpoint of
one of these two radii a perpendicular p on the other radius. The larger » is, the more
the product np will be close to the length of the circumference of the circle. The right
triangle which has r as hypotenuse, p as one of the sides of the hypotenuse and 27” as
angle opposite to p (Figure 13) satisfies Equation (13):

2
sin ild tan [1(p) = tan I[1(r).
n

/) 0O

Figure 13. Computing the circumference of a circle, as the limit of the value of np as n — oo.

But it is known that
. . 27
lim|7sin— | =2x
n
as n = oo, whereas

1
—tanIl(p) = ——
n an [1(p) n(e? —e=Pp)

and
n(e? —e %) =2np,

with an approximation which becomes more and more accurate as n increases, and,
consequently, as p decreases. From this, we have

Circumference (r) = np = 2 cot I1(r)

or, equivalently,
Circumference (r) = (¢" —e ™ "),

which gives, for very small r,

Circumference (r) = 2nr,

as in ordinary geometry.
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Let us also determine the limit circle arc s in coordinates. Let y be the perpendicular
dropped from the endpoint of the arc s on the axis passing by the other endpoint, and
let x be the portion of this axis bounded by the vertex of the arc and the foot of the
perpendicular. Let ¢ be thle chlord O1f the arc s (Figure 14). Likewise, let ¢y, ¢, c3, ...

be the chords of the arcs 3, 5285 538, .. We already proved (Equation (21)) that

1
cot IT(y) = 2cot H(Ec).

Limit circle axis — = Limit circle

Figure 14. The figure refers to the computation of the length of a limit circle arc s. We find
s = cot IT(y).

Similarly, we have

cot H(

c) = 2cotH(

cl) :2cot1'[( cz),
1
cotH(Ecz) =200tH(

63)
and in general, for any positive integer 7,

1 1
cot H(zcn_l) = 2cot Il (icn)

1
cot TI(y) = 2" cot H(Ec")'

Cl),

| —
| =

| —

cotl'[(

| —
= N

from which we conclude
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If the integer n is very large and if, consequently, the segment ¢, is very small, we
obtain

1
ontl cotH(Ecn) =2"c,.
Since
2"c, =5 forn = oo,
it follows that
s = cot T1(y). (22)

Let us also determine the limit circle arc s in terms of the portion ¢ of the tangent
at the vertex of the axis drawn from an endpoint of the arc s, comprised between the
contact point and the intersection point between the tangent and the axis drawn from
the other endpoint of the arc s (Figure 15). In other words, let us determine the function

Limit circle

Figure 15. The length of the limit circle arc s is cos I1(¢). In this figure are drawn the straight
segment joining the endpoints of the limit circle arc, and a straight segment tangent to this limit
circle arc. The vertical lines represent two axes through the endpoints of the limit circle arc.

that we earlier called L(¢). In the triangle whose edges are ¢, ¢, f(¢) and with opposite
angles TI(t), 7 — H(%c), 7 - H(%c), we find, applying Equation (13),

1
sin I1(¢) tan I1(c) = sin I1 (EC) tan I1(z).
But we already saw (in Equation 21) that

1
tan I1 (Ec) = 2tan [1(y).
Combining this with the remark that

sin? H(%c)

M) = ———=—=,
tan [1(c) 2 cos H(%c)
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we obtain |
cos I1(z) = 2cot H(EC)’

or, equivalently, using Equation (22),
cosIl(¢) = s = L(2).

The equation of a straight line has a rather complicated form, if we want it to be
general, and if we want it to represent the straight line for any possible position of that
line with respect to the coordinate axes.

Let us drop from a fixed point of the straight line a perpendicular a on the x-axis
and let us call L the angle that this perpendicular makes with the line. Let us denote
by y the perpendicular dropped on the x-axis from another point on the given line,
whose distance to the first point is /. Finally, let x be the portion of the x-axis bounded
by these two perpendiculars. Let us draw a straight line between the vertex of a and
the foot of y and let r be the length of the portion of this line bounded by these two
points. We obtain two triangles, one which is a right triangle with edges a, x, r and
opposite angles 4, X, 7, and the other with edges y, r, [ and opposite angles L — X,
C, 7 — A (see Figure 16).

L-X

Figure 16

Applying Equations (10) and (11) to the first triangle gives

sin I1(x) sin [1(a) = sin [1(r),
sin TT(x) cos X = sin A4,

sin [T(a) cos A = sin X,

cos I1(r)cos A = cos IT(x),
cos I1(r)cos X = cos I[1(a).
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From these equations, we deduce

tan A = tan [1(x) cos I1(a),

tan I1(r) = tan I1(x) sin [1(a) cos 4,
tan X = tan I1(a) cos IT(x),

cos IT(x) = cos I1(r) cos A4,

sin X = sin [1(a) cos A.

Applying the last equation in (19) to the second triangle gives

cos I(r)

cot(L — X)cos AsinII(r) +sin4d = ———
cos I(y)
from which it follows that

cos I(r)
cot(L — X)cos Asin TI(r) + sin A

cosI1(y) =

B cos IT(r)(tan L —tan X)
(1 +tan L tan X) cos A sin IT(a) sin IT(x) + sin A(tan L — tan X )

Substituting the value of tan I1(x) in this equation, we obtain

cos I1(y) = cos I1(r) (tan L — tan IT(a) cos I1(x))
= (1 + tan L tan I1(a) cos I1(x)) cos A sin I1(a) sin IT(x)
+ sin A (tan L — tan I[1(a) cos T1(x)) .

Substituting the value of cos I1(r) in this equation we find, after simplifying,

cos I1(a)

COS H(y) = m

—sin I1(a) cot T1(x) cot L. (23)
If the given line is parallel to the x-axis, we have L = II(a) and Equation (23) takes
the following form:

cosIl(a) cosIl(a)

cos I(y) = sin[T(x)  tan I1(x)

or, equivalently,
cos I1(y) = cos IT(a)e™™. (24)

If we denote by s and s’ the lengths of two limit circle arcs bounded by the x-axis
and the line parallel to that axis such that the first arc, s, is tangent to a at the foot of a
and the second arc, s’, is tangent to y at the foot of y, we obtain, from what we have
already proved,

s = cos I[1(a),
s" = cos T1(y),

38



Pangeometry 39

which gives

where x is the distance between the two arcs s and s’. This equation shows that the
constant £ which we introduced above to denote the constant ratio of two limit circle
arcs bounded by two parallel lines whose distance is equal to 1, is equal to e, that is,
the basis of natural logarithms.

If we set @ = 0 in Equation (23) and if we replace L by w — L, we obtain
cos IT(y) = cot IT(x) cot L,

which is therefore the equation of a line passing through the coordinate origin x and
making an angle L with the x-axis. This is consistent with Equation (10).

Now consider a quadrilateral having two edges, a and y, that are perpendicular to
a third edge, x. Let ¢ be the fourth edge and ¢ the angle made by a and ¢, while the
angle between ¢ and y is a right angle.*® Let us draw the diagonal r that joins the
vertex of the angle ¢ to the vertex of the opposite right angle. This diagonal divides
the quadrilateral into two right triangles (see Figure 17). The edges of one of these
two triangles are a, x, r and its opposite angles are 4, X, 7. The edges of the other
triangle are y, ¢, r and its opposite angles are ¢ — X, 5 — 4, 7.

%
o—X
X

r

y a
T_4
A
X
Figure 17

“8Such a quadrilateral with three right angles is usually called a Lambert quadrilateral or an Ibn al-
Haytham-Lambert quadrilateral, see [121] and and [131]. The study of these quadrilaterals, in particular
the monotonicity properties of their side lengths in terms of other parameters, is of paramount importance
in hyperbolic geometry.
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Applying Equations (10), (11) and (13) to the first triangle gives

sin [1(r) = sin I1(a) sin T1(x),
sin A tan [1(a) = sin X tan [1(x),
cos I1(r) cos A = cos TT(x),

cos I1(r) cos X = cos I1(a).

(&)

Likewise, the second triangle gives the following equations:

sin [1(y) sin [1(c) = sin I1(r),

sin [T(y) cos(¢p — X) = cos 4,
cos I1(r) cos(p — X) = cos I1(c),
cos I1(r) sin A = cos I1(y).

(H)

Equation (12), applied to the first triangle, gives

tan I1(r) = sin X tan IT(x), } K)

tan [1(r) = sin A tan [1(a)
whereas the application of the same equation to the second triangle gives

tan [1(r) = sin(p — X) tan [1(y), } L

tan I1(r) = cos A tan I1(c).

Replacing sin I1(r) in the second equation in (K) by its value obtained from Equa-
tions (G), we find

cos TI(r) = sin H(x.) cos I1(a) .
sin A
Substituting this value of cos I1(r) into the last equation in (H), we obtain
cos IT(y) = sin I1(x) cos IT(a). (25)

Dividing both members of the last equation in (H) by both members of the third
equation in (G) gives
cos I(y)
cos IT(x)

Substituting the value of cos IT(y) that we have just found into this equation, we
obtain

tan A =

tan A = tan [1(x) cos [1(a).

Dividing both members of the second equation in (G) by both members of the last
equation in the same group gives

tan X tan I1(x)  sin A tan I1(a)
cosII(r)  cosIl(a)
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Substituting the value of sin A obtained from the last equation in (H) into this
equation, we obtain

I1(y) tan IT
tan X = cos I(y) tan I(a) cot IT(x).
cos [1(a)

Finally, replacing cos I1(y) in this equation by the value found above, we obtain
tan X = cos I1(x) tan [1(a).
The combination of the second equation in (H) with the first equation in (L) gives

tan[1(y)  tan I1(r)

t - X =
an(¢ ) sin IT(y) cos A

or, equivalently, 0 tan T10)
cos IT(y) tan I1(r

cos A

tan(p — X) =
and, replacing tan I1(r) by its value given by the second equation in (K),
tan(¢p — X) = tan A tan I[1(a) cos I1(y).

Replacing tan A and tan X by the values we found above, this equation takes the
form

tan I1(a)
tang = ——. 26
¢ cos IT(x) (26)
This equation shows that x is always real if the angle ¢ is greater than Il(a)
and smaller than a right angle, or if # —¢ > Tl(a), # — ¢ < Z. The value of

cos I(x) is positive if 7 > ¢ > Il(a) and consequently x is also positive. But if
Z > m — ¢ > Il(a), then the value of cos IT(x) becomes negative and the segment x
is situated on the other side of the perpendicular a.

This shows that if two straight lines, situated in the same plane, do not intersect
no matter how we extend them, and if the two lines are not parallel, then they must
be perpendicular to the same straight line. All pairs of straight lines that are in the
same plane, and are neither parallel nor perpendicular to a common straight line must
necessarily intersect. The straight lines that are in the same plane and that necessarily
intersect each other if they are sufficiently extended are therefore only the pairs of
straight lines that satisfy the following property: at each point on these lines, the angle
made by the line passing by that point and the perpendicular dropped from that point
on the other line is smaller than the angle of parallelism corresponding to the length
of this perpendicular. Using the preceding results, it is possible to simplify greatly the
general equation of a straight line (23) in the case where the straight line described by
that equation does not intersect the x-axis.

Let a be the perpendicular dropped on the x-axis from a fixed point that is arbitrarily
chosen on the given line. Let L be the angle made by this perpendicular and the line,

41



42 Pangeometry

and among the two angles we choose the one that is situated on the side of positive x’s.
Let us first find a segment / satisfying

cot IT(l) = tan I1(a) cot L.

This is always possible, provided that L > TI(a), that is, provided that the given
line does not intersect the x-axis. Let us transport this segment / to the x-axis starting
from the coordinate origin, on the side of positive or negative x’s depending on the
sign of /. Then, let us erect at the endpoint of the segment / a perpendicular to the
x-axis, and let us extend it until it meets the given line. Let b be the portion of this
perpendicular that is bounded by the given line and the x-axis. The angle that this
perpendicular makes with the given line is, according to Equation (26), a right angle
(Figure 18). If we now take the foot of the perpendicular b as the coordinate origin,
we have, from Equation (25),

cos [1(h) = cos I1(y) sin IT(x), (27)

which is the general equation of a line that does not intersect the x-axis. We can set
y = a in this equation and x = —/ at the same time, which gives

cos I1(h) = cos I1(a) sin T1(/).

T
I o
Figure 18

Replacing cos I1(h) and sin I1(/) by their values, this equation takes the form

cos IT(y) sin IT(x) = cos I1(a) \/1 — tan? I (a) cot? L.
The right-hand side of this equation becomes imaginary as soon as
tan [T(a)cot L > 1,

that is, for any line that intersects the x-axis.

Using the preceding discussion, we can solve the problem of finding the distance
between two points in the plane, whose positions are determined by their rectangular
coordinates x, y and x’, y’. Let us set, for brevity,

Ax=x"—x, Ay =y —y.
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Let us drop a perpendicular from the vertex of y to y’ and let us denote by ¢ the length
of that perpendicular. Let y; denote the segment of y bounded by the x-axis and the
perpendicular g (see Figure 19).

r ", y")
(x.y)
q
)1
Ax
Figure 19

It follows from Equation (25) that

cos [T(y1) = cos I1(y) sin [T(Ax),
cos I[T(Ax) = cos I1(g) sin I1(y).

After having determined the vales of y; and g from these equations, the distance
between the two points, which we denote by r, is given by the following equation,
which we deduce from Equation (11):

sin T1(r) = sin IT1(y" — y;) sin T1(gq).

If Ax and Ay, and, consequently, ¢ and r, are so small that we can neglect the higher
order powers of these quantities with respect to the smaller order ones, then r represents
the element ds of a curve, and we can find the expression of this element as follows:

1
sinIl(g) = 1 - qu,

1
cosIl(g) =q — 3(13,

1
sin[I(r) = 1 — =r2,
i (r) 2r
. / _ 1 ’ 2
sinTI(y" —y1) =1- E(y —-y1)°.
With this, we obtain

_ Ax
~ sinI(y)
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and®

dx2
ds = |dy? + ——— 2x .
sin” IT(y)

In the case where the curve is a limit circle, we have

X

sinTl(y) =e .

From the general expressions that we gave for sin I[1(a), etc. in terms of a, we
deduce

dTl(a) = —sinIl(a)da.
By differentiating the equation of the limit circle, we find
sin II(y) cos I1(y)dy = e *dx

and
e*dx
VI—e2x

Integrating with respect to x, starting from x = 0, we find

ds =

s = Ve —1
or, in other words,
s = cot I1(y),
which agrees with what we already found.
If we denote by r the segment from a point on a curve to the coordinate origin and

by ¢ the angle made by this segment with the positive x-axis (Figure 20), we obtain,
from Equation (12), in the triangle whose edges are y, x, r,

tan I1(r) = sin ¢ tan I1(y).

X

Figure 20. Polar and rectangular coordinates in the hyperbolic plane.

A formula for the length element ds is also contained in Lobachevsky’s Elements of geometry [95], §29
(p. 38 of the German edition).
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Taking the logarithms of the two sides of this equation and differentiating with
respect to y, ¢, v, we obtain

dr dy

cos I1(r) cotedy + cos I1(y)

From this equation, we deduce

dy = (cot(pd(p + )cos I1(y)

r
cos I(r)
or, substituting cos I1(y) by its value in terms of r and ¢,

cosg cos I1(r)de + sinpdr

dy =
V1 —cos2 ¢ cos? TI(r)

To express dx in terms of r and ¢, let us use (Equation (10)):
cos I1(r) cos ¢ = cos IT(x).

Differentiating with respectto r, ¢, x the logarithms of the two sides of this equation,

we obtain
sin? TI(r)dr sin? TT(x)dx
———— —tangpdp = ——

cos I(r) ~ cosTI(x)

from which we deduce, using the equations
sin I1(x) sin I[1(y) = sin I1(r),

cos I1(r) cos ¢ = cos IT(x),

the following equation, which expresses the desired value:

dx  cosgsinTl(r)dr — dgsing cot I1(r)
sin IT(y) V1 —cos? ¢ cos? TI(r) '

From this we obtain

ds = \/dr2 + dp? cot? TI(r).

Concerning the circle, assuming that the coordinate origin is at the centre, we find,
since dr = 0,
ds = dgcot I1(r).

Integrating from ¢ = 0to ¢ = 7 and multiplying the result by 4, we find the following
expression for the circumference of the circle of radius r:

27 cot I(r)

which coincides with the one we already found.
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If we call s a limit circle arc measured starting from the x-axis, the revolution of s
around the x-axis produces a portion of a limit sphere, and the endpoint of this arc
describes a circle which we can determine on the limit sphere in the same manner as
a circle of radius s is determined in its plane in ordinary geometry. It follows that the
circumference is equal to 27rs. On the other hand, the circumference of the same circle
considered in its plane where the perpendicular y, dropped from an endpoint of the
arc s on the axis of the limit circle which serves as x-axis and passes through the other
endpoint, is the circle radius, is given in Pangeometry by the formula

27 cot I1(y),
from which it follows that
s = cot I1(y),
as was already proved.
dx

Figure 21. Computing plane area using a decomposition by infinitesimally close limit circles
having the x-axis as an axis.

In order to find the area element of plane figures, we divide the plane by limit circles
that all have the x-axis as an axis, in such a way that the distance between each limit
circle and the next one is infinitely small and expressed by dx (Figure 21). Let s be the
arc of one of these limit circles which is bounded by the x-axis and a point on a given
curve whose coordinates are (x, y). Then, let s’ be an arc of another of these limit
circles which is bounded by the x-axis and a point of the given curve whose coordinates
are (x +dx,y + dy).

The infinitesimal area of the plane region bounded by s and s” on the one hand, and

by the curve and the x-axis on the other hand, has the expression™
d
gs = 54X
e—1

0Tn this expression, the term e%l is a normalisation, which is determined by the curvature constant of

the space, or, equivalently, as Lobachevsky puts it, by the choice of a unit of length (recall the computation
of the ratio of the lengths of equidistant pieces of limit circles in the first pages of this memoir, where the

factor % that appears there is here ei] ). See the remark he makes after Equation (24).
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or, using the substitution s = cot I1(y),

e dxcotIl(y)
e—1 '

ds =

As an example, let us determine the area of the limit circle whose equation we found

in rectangular coordinates:
X

sin[I(y) =e .
We have the following expression for the differential of area:
dS = ley cos IT(y) cot TT(y).

e —_—

Integrating this expression starting from y = 0, we find, for the area bounded by
the limit circle arc, the x-axis, and the ordinate y, the expression

¢ 1 (cot I(y) — %JT + H(y)).

We already saw that the area of a plane region bounded by two parallel lines in-
definitely extended in their parallelism direction and a limit circle having these two
parallel lines as axes has the following expression:

es  ecotlIl(y)

e—1  e—1
From this, we find the expression for the area bounded by two parallel lines, one of

which is perpendicular to y, that are drawn from the two endpoints of y and that are
extended indefinitely on the parallelism side:

1
77— ).
Using this formula, we can determine the area of a rectilinear triangle in terms of
the angles of that triangle (see Figure 22). For this, let @, b, ¢ denote the edges of
the triangle and let A = TI(«), B = TI(B) and 7 be its angles. Let us extend the
hypotenuse ¢ beyond the vertex of the angle T1(8) by an amount equal to 8. The
perpendicular to 8 drawn from the endpoint of § is parallel to the extension of a. The
area of the plane region bounded on the one hand by these two parallels indefinitely
extended on the parallelism side, and on the other hand by the segment 3, has the value

%n —I1(B).

Now let us draw from the vertex of the angle A a parallel to the perpendicular,
which will therefore make with ¢ the angle I1(c + ) and which will thus be parallel
to the extension of a. Then the area of the plane region contained between ¢ + 8 and
the two parallels infinitely extended on the side of parallelism is

%JT —I(c + B).
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M)
¢ )

I(c + B)

Figure 22. The quadrilateral used in the proof of the formula giving the area of a right triangle
as angular deficit.

In the same way, the area of the plane region bounded by b, the line drawn from
the vertex A, and the edge a with its extension, is equal to

%n — TI(h).

Then, the sum of 7 — T1(B) and 7 — T1(b), from which we subtract 5 — I1(c + B), is
the expression of the area of the triangle. Thus, the value of this area is

1
27~ I(b) — I1(B) + I1(c + B).
On the other hand, we already proved that
I1(b) = (@) + I(c + P).

Substituting I1(b) in the expression of the area of the right rectilinear triangle by
this value, the expression for this area becomes

S Tl(e) — T1(B),

that is, the area of a right rectilinear triangle is equal to the difference between two
right angles and the sum of the three angles of the triangle.

From this, we also deduce that the area of any rectilinear triangle is equal to the
excess of two right angles over the sum of the three angles of that triangle.’! This

S!n hyperbolic geometry, the area of a triangle is usually defined as the angular deficit, that is, as the
difference between two right angles and the angle sum of the triangle. One can define, more generally, an area
function on plane figures, as a function that is positive on triangles, additive, and invariant under congruence.
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follows from the fact that the area of any rectilinear triangle is the sum of the areas of
two right rectilinear triangles.

It is easy to deduce from what precedes that the area of any quadrilateral is equal to
the excess to four right angles of the sum of the four angles of that quadrilateral, and
that in general, the area of any n-sided polygon is equal to the excess to (n — 2)w of
the angle sum of the polygon.

In particular, consider a quadrilateral, with two edges @ and y perpendicular to a
third edge x, and whose fourth edge ¢ is perpendicular to the edge @ and makes with y
an angle which we shall call o (Figure 23). We already showed (Equation (25)) that
there is the following relation between the constitutive elements of the quadrilateral:

cos [T(a) = cos IT(y) sin I1(x).

X
Figure 23

If we consider x and y as variables and a as a constant, then the area of this
quadrilateral can be expressed, as any planar area, and according to what we proved
before, by the integral

/ dx cot T1(y)

It is easy to see that the angular deficit satisfies these properties. In his Theorie der Parallellinien, written in
1766, J. H. Lambert already made the discovery that under the hypothesis of the failure of Euclid’s postulate,
with the other postulates satisfied, such an area function is unique up to a multiplicative constant. From this,
it follows that in the hyperbolic plane, any natural definition of an area function is, restricted to triangles,
a multiple of the angular deficit function. Lambert, who knew this fact, suspected (but never claimed) that
the hypothesis of the failure of Euclid’s postulate leads to a contradiction. Lambert wrote : “If it were
possible under the third hypothesis to cover a large triangle with two equal triangles, then we could prove in
a simple manner that for every triangle the excess from 180° of the sum of its three angles is proportional
to the area of the surface.” [Wenn es bey der dritten Hypothese moglich wire, mit gleichen und dhnlichen
Triangeln einer grossern Triangel zu bedecken: so wiirde es sich auch leichte darthun lassen, dass bey jedem
Triangel der Ueberschuss von 180 Gr. iiber die Summe seiner drey Winkel dem Flachenraume des Triangles
proportional wire.] ([139], p. 202). Gauss also wrote on that topic, in his notes and in his correspondence.
For instance, in a letter to Gerling dated 16 March 1819, [52], p. 182, Gauss wrote: “The angular deficit from
180° in the plane triangle, for example, does not only get greater as the area gets greater, but it is exactly
proportional to it”. [Der Defect der Winkelsumme im ebenen Dreieck gegen 180° ist z.B., nicht bloss desto
grosser, je grosser der Fldcheninhalt ist, sondern ihm genau proportional.] In a letter to Wolfgang Bolyai,
dated 6 March 1832, [52], p. 220, Gauss wrote a proof of the fact that the area of a triangle is equal to its
angular deficit.
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which, applied to our case and after substituting cot I1(y) by its value, gives the value

dx cos I1(a)
0 v/sin? TI(x) — cos? I(a)

On the other hand, this same area is, as a consequence of the theorem that expresses
the area of an arbitrary plane polygon in terms of its angles,

= -7 —ow.
2
This gives
1 dx
—m —w = cos Il

@[ .

2 0 +/sin® [T (x) — cos2 T1(a)

The angle @ which the edge ¢ makes with the edge y is given by the following
(Equation (27)):

(M)

tan I1(y)
tanw = ———

cos IT(x)"

Writing, in Equation (M), « instead of I1(a), and & instead of I1(x), the equation
becomes

(S1E

T—w / d§
2> " _ ,
cosa Z sin&+/sin® o — cos2 £
where « is a constant.

That this formula is correct can be checked by differentiating. In this way, Pange-
ometry gives a new method for finding approximate values of definite integrals.
Let us consider the integral
/ Adx

where A is a given function of x. To compute the value of this integral, we must set
A = cotTI(y) and determine the values of y’, y”, y””, ... that correspond to x’, x”,
x"" ... taken arbitrarily between the integration limits. Then, we must compute the
lengths of the chords that join the vertices from y’ to y”, from y” to y”” and so on,
and the angles that each chord makes with the extension of the next chord. The sum
of these angles gives an approximate value of the integral.

The area of the plane region bounded by a given segment and two mutually parallel
lines which are drawn from the endpoints of the segment and extended indefinitely
on the side of parallelism is equal to 7 minus the sum of the two angles that the two
parallel lines make with the given segment, since this figure can be considered as a
triangle with one angle equal to zero.

The area of a plane curve can be divided by lines that are all parallel to a given
line, for instance the y-axis. If we draw from the point of abscissa x on the x-axis a
line parallel to the y-axis, this line will make with the x-axis an angle equal to TT(x).>?

32Note that, in hyperbolic geometry, although we can cover the whole plane (as a foliation) by lines that
are parallel to the y-axis, not all of these lines intersect the x-axis.
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Likewise, the line drawn from the endpoint of abscissa x + dx will make with the
x-axis an angle equal to I1(x + dx) (Figure 24). It follows that the area of the plane
region bounded by dx and these two parallels is equal to dI1(x). Now let u be the

AN

(x) I(x + dx)

Figure 24. The area below a planar curve is computed by considering infinitesimally close lines
that are parallel to the y-axis.

length of the portion of the first parallel bounded by the x-axis and the curve. The
area of the region bounded by the two parallels and which is outside the given curve
is, according to what we proved above,

—e *dTI(x).

It follows that the portion of this area that is situated between the curve and the x-axis,
that is, the area element of the curve, is given by

dS = —(1—e*)dII(x).

To compute the area of a circle of radius r, we must take the general expression of
the area element of a curve that we found above, that is, the expression

dS = dxcotII(y),
and substitute the value of cot I1(y) extracted from the equation of the circle
sin I1(x) sin [1(y) = sin I1(r),

where the origin of rectangular coordinates is at the centre of the circle. This gives

)
ds = dx szﬂ 1.
sin” T1(r)

Integrating from x = 0, we obtain

_ 1 . (cosTII(x) . (cotIl(x)
5= sin T1(r) aresin (cos H(r)) —aresim (cot I1(r) )
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For x = r, this gives, for the area of the quarter of the circle,

T 1

2sinfi(r) 27

Multiplying by 4, we find the area of the circle:

1 1 1
| ——— 1) =mn(e2" —e2")2
(sm I(r) ) ( )
If r is extremely small, this expression for the circle area becomes 772, which is
the expression given by ordinary geometry.
The preceding expression of the area of the circle allows us to give the following
expression for the area element of any curve:

1

a5 = d(p(sin I1(r) 1)’
in which r is the radius vector drawn from the coordinate origin to a point on the curve,
and where ¢ is the angle that this radius vector makes with a fixed line that passes
through the coordinate origin.

Applying this formula to the determination of the area of a rectilinear triangle with
edges a, b, ¢ and opposite angles A, B, C gives, taking the angles 4, C and the edges
b, a as variables:

A
1
Area of the triangle = /0 dA(m — 1).

The edge b can be expressed in terms of ¢, A, B using the last equation in (19):

cos I1(c)

cot Bsin AsinTI(c) + cos A = m.

Let us extract from this equation the value of sin I1(), and let us substitute it in

the expression of the area of the triangle. We obtain:

, 4 dA
Area of the triangle = —A.

0 \/ 1 — cos? I1(c)
(cot B sin A sin TI(c) + cos A)?
But we already showed that the area of a triangle is
mn—A—-B-C
where A and B are given angles and C is given by Equation (19):

sin A sin B

C A B=—".
cos C + cos A cos Sin T1(C)
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Comparing these two expressions of the area of a triangle gives

T B_C dA (cot Bsin AsinI1(c) + cos A)

/ A
0 \/(cot B sin A sin TI(c) + cos A)* — cos? TI(c)
For B = 7, this equation gives

T C - /‘A cos AdA
2 0 \/cos? A —cos?TI(c)

After integration, this equation becomes

T . sin A
——C =arcsin| —— |,
2 (sm H(c))

which agrees with the equation that determines C.

From what precedes we can deduce two expressions for the value of the area of an
arbitrary closed polygon, one of them expressed as a definite integral, and the other one
depending only on the sum of the angles of the polygon. The two values of the same
area are equal. This gives us a new way for finding values of several definite integrals,
values which would have been difficult to find by other means.

To give still another example, let us consider a right rectilinear triangle, with x and
y being the sides forming its right angle, and r being its hypotenuse. Let A be the
angle opposite to y, and B the angle opposite to x. Equations (10) and (11) give, for
this triangle,

sin IT(x) sin I[1(y) = sin I1(r),
sin IT(x) cos B = sin A4,

cos I1(r) cos A = cos IT(x),
cos I[1(r) cos B = cos I1(y).

From these equations we deduce

cos IT(x)
cos A

) _ cos IT(x) 2
SIHH(V) = \/1— (W) s

cos l'I(x))2 _ \/ 1 cot? T1(x)

cosI(r) =

’

1
inM(y) = —— /1 - -
sin () sin T1(x) \/ ( cos A sin? [T(x)  cos? A
sin A cos IT(x)
/cos2 A — cos? TI(x) .

cotIl(y) =
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Substituting I1(x) = 7 — w in the last equation, we obtain
sin 4 sin w
Vcos? A —sin? w

But we already saw that the differential of the area is dx cot I1(y), which gives,
when applied to the present situation,

cotIl(y) =

dow tan w
v/cos? A — sin?

From this, integrating from @ = 0, which corresponds to x = 0, and noting that
the area expressed by the integral is also equal to 7 — A — B, we deduce the following:

dxcotIl(y) =sin A4

@ tan wdw

L A—B=sind
2 0 ~cos2A—sin?w

where A is a constant angle and where B is determined by the equation

If o = 7, the hypotenuse becomes parallel to the edge y and the angle B becomes
equal to zero. Thus we have in this case

T _
74 dow tan o

Z _A=sin4 .
2 0 cos? A —sin
One can determine the value of a more general integral by considering the area of
an arbitrary rectilinear triangle, whose edges are a, b, ¢ and whose opposite angles are
A, B, C, by dividing this area into elements by parallel lines. Let us take the vertex
of the angle C as a coordinate origin, and the edge a as an x-axis. Let B = I1(f),
where f is positive if B < 7 and negative if B > 7. Let us draw from the point of
abscissa x a line u parallel to the edge ¢ and let us extend this parallel until it intersects
the edge b (see Figure 25). The angle that this parallel makes with the segment x is
(B — a + x). It follows that the angle that this parallel makes with the extension of
xis [T(a — B — x).
If we take as the area element of the triangle the portion of this area that is bounded
by two parallels u that are infinitely close, we get, according to what has been shown

above, the following expression for that element:

dS = —dIl(a— B —x)(1—e7%).

Let us consider y, x and u as variables and a and § as constants. Equations (19),
applied to the triangle whose edges are x and u and where the angle between these two
edges is I1(B — a + x), give:

cos IT(x)

cotCsinT( —a +x)sin Tl(x) + cos T(B —a +x) = .
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(B —a+x)

Figure 25

From this equation we deduce, setting for brevity [1( —a + x) = o,

cos IT(x)
cos IT(u) = - :
cot C sinw sin IT1(x) + cos w
and then
2u _ cotCsinw sin I1(x) + cos @ + cos IT(x)
cot C sinw sin I(x) + cosw — cos T1(x)
Since

sin I1(8 — a) cosw

sinTI(x) =sinI((B—a) — (B—a+x)) = 1 —cosTI(B —a)cosw’

we find, in the same way,

cosI[1(B —a) —cosw

M(x) = .
cos I(x) 1 —cosTI(B —a)cosw

Substituting these values of sin IT(x) and cos IT(x) in the expression for e2* gives

eZu —

cot C sin® w sin TI(B — a) + cos w (1 — cos I1(B — a) cos w) + cos T1(B — a) — cos w
cot C sin? wsin TI(B —a) 4 cosw (1 —cos [1(B — a) cosw) — cos T1(B — a) + cos w

cot C sin® w sin I1(B — a) + cos I1(B — a) sin?
~ cotCsin®wsin TI(B —a) + 2cosw — (1 + cos2 w) cos I1(B —a)

Then, we find

dll(a—pf —x) = —dI(—a + x) = —dw.
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Now comparing the two expressions for the area of a triangle gives the following
equation:

n—A—B-C =

. /x=" J cot C sin TI(B — a) sin? w 4+ 2cosw — (1 + cos? w) cos TT(B —a)
- ®
cot C sin TT(B — a) sin® w + cos TI(B — a) sin® @

Now if we set I1(8 — a) = «, this equation takes the form

(t—A—B—C+a—TI(B)) Vcot C sina + cosa

o=I(B) 4.,
:/ cot C sina sin? w + 2cosw — (1 + cos? w) cos
wo=a sinw

where the angles A, B and the segment 8 must be computed using the following

equations:
a =TI —a),

B = TI(B)
and
sin B sinC
sin l(a) ’
the last equation being the last equation in the set (19) applied to the triangle that we
are considering.

In Pangeometry, to fix the position of a point, we can use, besides rectilinear and po-
lar coordinates, limit circle arcs. Such a system of coordinates offers several advantages
regarding the simplicity of the formulae.

Let us determine the position of a point in the plane using rectangular coordinates
X, y in such a way that y is the length of the perpendicular dropped on the x-axis from
a point of which we want to determine the position, and x is the distance of the foot of
the perpendicular y from the coordinate origin. Let 1 be the length of the limit circle
arc bounded by the vertex of the perpendicular y and the x-axis, this axis being also
the axis of the limit circle, and let us denote by & the distance from the vertex of the
limit circle, situated on the x-axis, to the coordinate origin (Figure 26). We already
saw that in this case

cos A+ cosBcosC =

n = cot I1(y).
The equation of the limit circle gives

e~ —gin TI(y).

Using these two equations, we can express &, 77 in terms of x, y, and, conversely, x, y
in terms of &, n, which allows us to pass from the equation of a line expressed in
the (x, y)-coordinates to the equation of a line expressed in the (&, n)-coordinates and
vice-versa.
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Figure 26. In this figure, 7 is the length of the limit circle arc whose axis is the x-axis, (x, y) are
the rectangular coordinates, and (&, n) are the limit circle coordinates of the given point.

The differential of planar areas can be expressed in terms of £, by the equation
d?S = d&dn

where S denotes area.
If we consider S as a function of x and y, we obtain
das . ds
dx  dg’
Differentiating with respect to y, we obtain

dzs 1 dzs 1

dxdy ~ sin T(y)dédn  sinTI(y)

which agrees with what we found before.

Let us drop from a point in space a perpendicular z on the (x, y)-plane and let us
draw from this perpendicular a plane that intersects the (x, y)-plane in a line that is
parallel to the x-axis. Let us take this intersection, directed towards the side of paral-
lelism, as an axis for a limit circle that passes through the vertex of the perpendicular
z, and let ¢ be the length of the limit circle arc contained between the vertex of z and
this axis. We have

¢ = cotI1(z2).

The length of the segment ¢ on the parallel to the x-axis drawn from the foot of the
perpendicular z and contained between the endpoint of ¢ in the (x, y)-plane and the
foot of this perpendicular (Figure 27) is given by

e ¥ =sinTI(z).

The length of the limit circle arc drawn from the foot of z, whose axis is the positively
directed x-axis, and which is bounded by this point and this axis, is cot [1(y). The
limit circle arc n, drawn from the intersection point of ¢ with the (x, y)-plane whose
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X

Figure 27. Using limit circle coordinates in dimension three. The vertical plane intersects the
(x, y)-plane in a line which is parallel to the x-axis. The terms cot I1(y), ¢ and 7 are (lengths
of) limit circle arcs.

axis is the positively directed x-axis, and which is bounded by this point and this axis,
is, according to what we have already proved, given by the equation

_cotII(y)
~ sinTI(z)

Finally, if we also denote by & the portion of the x-axis comprised between the
coordinate origin and the arc 7, the equation of the limit circle gives

e — ginTI(y).

From these equations, we deduce, by first varying z and then ¢, which depends on

it,
_dz
~sinI(z)’
By making only y and 7 vary, we obtain
d
dn = — y, .
sin I1(y) sin I1(z)

Finally, by making only & and x vary, we obtain
dé =dx.

It remains, to complete the new geometric theory called Pangeometry, and which is
based on new principles that are more general than those of ordinary geometry, to give
the values of the differentials of areas of curved surfaces and of volumes of arbitrary
bodies, expressed in the coordinates that determine the position of a point in space.
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¢ ¢
y r a
\ A
X
Figure 28

For this, we consider again the quadrilateral having two edges, a and y, perpendic-
ular to a third edge x, and whose fourth edge, c, is perpendicular to y and makes with
a an angle ¢ (Figure 28).

We already found (Equation (25)) that

cos [1(y) = cos I1(a) sin [T(x).

Then, using Equations (10) and (11), and denoting by r the diagonal drawn from
the vertex of the angle ¢ to the vertex of the opposite right angle, and by A the angle
between x and r, we find:

cos I1(r) cos A = cos I1(x)

and
cos A tan I1(c) = tan I1(r).

From these two equations, we deduce
cos IT(x) tan I1(c) = sin I1(r).

But since

sin [1(r) = sin I1(a) sin I1(x),
we obtain

tan I1(c) = sin [1(a) tan IT(x).

If ¢ and x are small enough so that we can neglect the higher powers compared to
the lower ones and take the following approximate values for tan I1(c) and tan IT(x):

1 1
tanI[1(c) = —; tanIl(x) = —,
c X

we obtain
X

~ sin M(a) 28
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The line ¢ joining the vertices of a and of y will not be perpendicular to y ifa = y
in the quadrilateral. But in that case, the line p that joins the midpoint of ¢ to the
midpoint of x will be perpendicular to ¢ and to x. Thus, in Equation (27) we can
replace ¢ by %c and x by %x, which will not change the form of that equation. This
equation is therefore proven even in the case a = y, a case to which the proof that we
gave above does not immediately apply.

The area of a curved surface is the sum of the areas of triangles having all of their
vertices on the surface and forming a continuous lattice. The smaller the dimensions
of the triangles, the more this measure will be precise. The limit of this sum, as the
dimensions of the triangles decrease infinitely, from which the area can differ by a
quantity less than any given quantity, is said to be the mathematical value of the area
of the surface. Let us first determine the area of an arbitrary right rectilinear triangle
in terms of its edges, which we denote by a, b, ¢, and let us denote the angles opposite
to these edges by IT(e), T1(B), 5 respectively.

We already saw that in such a triangle we can substitute for

a, b, ¢, a, B

the segments
a, o, B, b, ¢

respectively.
Besides that, we found that

211(b) = (c + B) + II(c — B).
In this equation, let us substitute &’ for b, B for ¢, and ¢ for 8. We obtain
7 —2I(a) = H(B +c) + H(B — o),

or, equivalently,
2M(ax) = I(c — B) — I(c + B).

In the same way, we find
2II(B) = I(c —a) — II(c + ).

Interchanging the letters in the last equation, as indicated above, we obtain
2T (c) = TI(B = b") = TI(B + b).

In the same way, we have
2T (c) = M(a —a’) — M(x + a’)

from which we deduce, again by the permutation of letters mentioned above,

211(B) = (K —a') — TI(H' + a’).
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Likewise, we have
2M(a) = (a’ — b") — TI(d’ + ).

Adding both sides of the last two equations, we obtain
21 () + 2T1(B) = m — 2T (a’ + D),
from which we deduce that the area of a triangle A is given by the expression
A= g ~ (@) — TI(B) = T(d’ + ).

Then, we have

1 Y 1 1 1 1
tan (—A) =e¢ %™ = tan (—n - —H(a)) tan (—n - —H(b)).
2 P 4772

From this we deduce

1 a_1 eb—1
wn(la) €t ot
2 et +1 eb+1

If a and b are so small that we can neglect the higher powers of @, b and A, this formula
gives

1
A = —ab,
2

as in ordinary geometry.

We know that in an arbitrary right rectilinear triangle we can always choose an
edge ¢ so that the perpendicular dropped from the vertex of the opposite angle C in
the direction of that edge falls on that edge ¢ and not on an extension of it. This
perpendicular divides the edge ¢ into two parts, one of them, x, adjacent to the angle
A, and the other one, ¢ — x, adjacent to the angle B (Figure 29). The area of this

C

cC—X T X

Figure 29

triangle is equal to the sum of the areas of two right triangles which are formed by this
perpendicular, and it is given by the equation
eX—1 el—1 n e -1 el -1
Lo _e¥+1 eh+1 e 41 eh41
tan —S = ;
2 Gt St (eh—1)2
e 41 e 41 \eh 41
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which also takes the form

an Ls = (2" — 1)(e® — 1)
2% T @+ et ) (eh + 12 + 2eh(e* — 1)(ee* — 1)

This formula gives, if we neglect the higher powers of s, &, ¢ and keep the lower
ones,

as in ordinary geometry.
We saw that the expression of the area of a triangle in terms of the three angles A,
B, C of the triangle is
S=n—-A-B-C.

Let us extract the value of A4 in terms of @, b, ¢, from the second equation in (19). This
gives the equation

sin I1(b) sin T1(c)
cos A — sin [1(a)
cos I[1(b) cos I1(c)
from which we deduce
in IT1()) sin I1
1 + cos I1(h) cos I1(c) — - ( ) sin I1(c)
5 sin I[1(a)
2cos” —A =
2 cos I1(h) cos T1(c)
If we substitute in this equation
1 + cos I1(h) cos TT(c)
by its value
sin I1(b) sin I1(c)
sinII(h +¢)
the equation becomes
2cos? L4 = I1(b)t n()( : : )
cos” —A = tan an [1(c — .
2 sinTl(b +¢) sinIl(a)

Likewise, we find

1 1 1
2 sin 2A tan I1(b) tan l'I(c)(Sin OG—c) s H(a))'

From these two formulae, we deduce:
sin? A = tan? I1(b) tan® T1(c)
( 1 — cos? I1(h) cos? I(c) 2 1 )
sin? T1(b) sin? I1(c) sin [1(a) sin T1(b) sin [1(¢)  sin? [1(a)
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or, equivalently,

sin? 4 = —tan? I1(b) tan® T1(c)

x( LI I 2 —1)
sin? TI(a)  sin?TI(h)  sin®TI(c) sinII(a)sin IT1(b)sin I1(c) '

Setting, for brevity,

—1 1 1 2
— — — 1’
\/sin2 [(a) sin?TI(h) sin?II(c) * i I(a) sin T1(h) sin T1(c) *

we obtain
sin A = tan I1(b) tan I1(c) P. (29)

We can also give to P the following form:

— (1 + ! + ! + ! )2
sinll(a) sinII(h)  sinIl(a)

which is symmetric in a, b, c.

Starting from Equation (28) and considering in that equation P as an indeterminate
quantity, we can prove as follows that P is a symmetric function of a, b, c.

Let us multiply both sides of Equation (28) by tan I1(a), let us substitute in that
equation sin A tan I1(a) by its value sin B tan I1(b) extracted from Equation (13), and
finally let us divide by tan I1(b). We obtain:

sin B = tan I1(a) tan I1(c) P.

Let us multiply both sides of the last equation by tan I1(b), let us substitute in that
equation sin B tan [1(b) by its value sin C tan I1(c) extracted from Equation (13), and
finally let us divide by tan I1(c). We obtain

sin C = tan [1(a) tan T1(b) P,

which proves that P is a symmetric function of the edges a, b, c.
We already found that

) sin I1(b) sin I1(c)
sin [1(a)
A=
o8 cos I1(D) cos I(c)
or, equivalently,
A = tan I1(b) tan I1( )( ! ! )
cos A = tan an [1(c — .
sin [1(b)sinI1(c¢) sinIl(a)
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In the same way, we find

1 1
cos B = tan I1(c) tan [1(a) (sin M(c)sin(a) sin H(b))

and

1 1
cos C = tan I1(a) tan I1(5) (sin M(a)sinI1(b)  sin H(C))'

From these values of sin A4, cos A4, sin B and cos B, we deduce
sin(A 4+ B) = sin Acos B 4 cos Asin B

1 1
= tan TI(b) tan” I1(c) tan TI(a) - P (sin M(c)(a)  sin H(b))
1 1
+ tan® [1(c) tan TI(a) tan T1(b) - P (sin I1(b)I1(c) ~ sin H(a))
1 1 1
= tan [1(a) tan I1()) tan? I(c)- P (sin (a) + sin H(b)) (sin I(c) B 1)’
and finally
. _ [ tanTI(a) tan T1(D) - P ( 1 ! )
sin(A + B) = N sin T(a) + sin T1(b) /"
sin I(c)
The third equation in (19) gives
cos A + cos(B + C) = sin BsinC (m B 1) :

Let us substitute sin B and sin C in this equation by their values obtained from
Equation (28). We get

1
cos(B + C) = —cos A + tan IT(c) tan? I1(a) tan H(b)Pz(,— — 1),
sin [1(a)
or, equivalently,
tan I1(b) tan [1(c) P?
cos(B+C)=—cos A+ an [1(b) tan I1(c) .
— +1
sin [1(a) +

Using the preceding formulae, we obtain
cos(A+ B+ C) =cosAcos(B + C) —sinAsin(B + C)

o A4 tan? I1(b) tan® I1(c) P ( 1 1 )
1 1 sin[1(h)sinTI(c)  sinTI(a)
sin I[1(a)
tan I1(h) tan” T1(c) P> 1 1
B L (sinl‘[(b) sinn(c))’
sin [1(a)
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1
ZCOSZE(A +B+C)

. tan® IT(b) tan® T1(c) P2 1 1
= sinA 1 (sin I1(h) sin I1(c) ~ sin H(a))
sin [1(a)
tan? T1(h) tan? I1(c) P2 1 1
B 1 (sin I1(b) * sin H(c))
sin I1(a)

and

1
2cos? E(A + B + C) = tan? T1(b) + tan® I1(c) P>

tan? I1(b) tan? I1(c) P? ( 1 R )
1 sin [1(h)sinI1(c) sinIl(a) sinII(h) sinII(c)
sin [1(a)
_ tan® I1(b) tan? H(c)PZ( 1 I N 1)
sin[1(b) sin1(c¢) sinI1(b) sinIl(c)
sin [1(a)

= tan” I1(a) tan? T1(b) tan? l'I(c)Pz(Sin lll(a) — l) (m — 1) (ﬁ — 1).

But we already proved that the area of the triangle A equals w — A — B — C.
Consequently,

A 1
sin — = — tan I[1(a) tan I1(b) tan I1(c) P
3 = 5 @ Tl@ an (B an T1(e)

X\/(sin lll(a) B 1)(@ B 1)(m B 1)'

If a, b, ¢ are small enough so that we can set, with sufficient approximation,

L4 le L L
sinTl(a) 2 sin T1(b) 27
1 1, ( 1 2)
=14 - ol -
sin I1(c) + 2¢ tan [l(a) = 6
~5(1-5") (1-57)
tan [1(b) = b(l 6b , tanTl(c) = G

we obtain

A ]
sin — = 5\/2(a2b2 + b2¢?2 + c2a?) — (a* + b* + ¢*)
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or, neglecting the higher powers of A,

1
A = Z\/2(a2b2 + b2¢2 + c2a?) — (a* + b* + ¢*).

Let us determine the position of a point in space by three rectangular coordinates:
z perpendicular to the xy-plane, y perpendicular dropped from the foot of z on the
x-axis, and x the portion of the x-axis comprised between the coordinate origin and the
foot of y. Let us take three points on the curved surface of which we want to determine
the area element. Let

X, ¥y, Z

be the coordinates of the first point, let

d
x+dx, y, Z+—de
dx

be the coordinates of the second point, and let
dz
x, y+dy, z+ ——dy
dy

be the coordinates of the third point.

Let us call ¢ the distance between the vertices of two perpendiculars to the x-axis
that are of length y and which bound a segment dx on that axis. Assuming that dx
and dy are infinitely small, we have, from Equation (27),

_dx
~ sinI(y)’

The segment joining the first two points taken on the surface forms a triangle with
the two segments whose lengths are

dx d dZd
and —dx.
sin [T(y) sin T1(z) dx

Because of the smallness of the edges of that triangle, we can consider it as a triangle
whose hypotenuse is the segment joining the first two points on the surface. Thus, the
square of this distance is equal to

dxz(sinz l'I(y)ls.in2 I(z) + (;’Z_)Zc)z)

In the same way, the square of the distance from the first point to the third is equal

to 5
1 dz
Y sin? T1(z) * dy
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and the distance from the second point to the third is

dx? dy? dz dz 2
— — +—— + | —dy——dx) .
sin” [1(y) sin” [1(z)  sin” I1(2)

dyy dx

The area of the triangle whose edges are the segments from the first point taken on
the curved surface to the second, from the second to the third, and from the third to the
first, and whose angle sum is approximately equal to , because of the smallness of
its edges, is given by the following, using the formula that we proved above, and the
values that we found for the squares of the edges>” :

d2s 1 (dz)2+ 1 (dz)2+ 1
dxdy — 2sinTI(z) | \dx sin? TI(y) \dy sin? TTI(y) sin® TI(z)
This is the formula for the area element of the curved surface whose equation is
z=f(x.y).

Let us apply this expression to a sphere of radius r. If the coordinate origin is at
the centre of the sphere, the equation of the sphere gives
dz  cosIl(x)
dx  cosIl(z)’
dz  cosTl(y)
dy  cosIl(z)’

and then
cos I1(r) sin TT(y) sin? T1(x) B d?*s
sin® T1(r) V/sin? TI(x) sin? TT(y) — sin? TI(r) dTI(x)dTI(y)
in I1
Let us multiply by dT1(y) and let us integrate from sin [1(y) = M
sin IT(x)

I(y) = %71’. We obtain

as . cos I1(r)
dH—(x) = 27 8in H(X)m

Let us now multiply by dT1(x) and let us integrate from I1(x) = %n. We obtain

g — 25 cos I1(r) cos IT(x)
B sin? TI(r)

’

33The same formula for ‘;1;7% is obtained, by different methods, in Lobachevsky’s Elements of geometry
[95], p. 42 of Engel’s German translation. The factor 2 in the denominator is missing in that memoir.
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which is the area of the portion of the sphere contained between two planes perpendic-
ular to a common radius, one plane passing through the centre of the sphere and the
other one at distance x from the centre. To obtain the total area of the sphere, we must
set x = r in this formula and take the double of the result. In this way, we obtain the
following expression for the total area of the sphere:

47 cot® TI(r)

or, equivalently,
(" —e )2

If r is so small that we can neglect the higher powers of r, this expression becomes

4 r2,
as in ordinary geometry.
Let us set
cos ¢ = tan I1(r) cot T1(y)

and
cos I1(x) = cos I1(r) sin ¥ sin ¢,

and let us introduce the new variables v, ¢ instead of x, y in the expression of the
surface area element of the sphere of radius r that we have in mind.’*
We obtain

d*S _ cos’II(r) smw\/l—cos2 H(r)sm ¥ sin? ¢
dedy — sinII(r) 1 — cos2 T1(r) sin?

Let us multiply both sides of this equation by 8dydy and let us integrate from
Y =0toy = =, and from ¢ = 0 to ¢ = %, which will give the total surface area of
the sphere. Equatlng this expression of the total area of the sphere with the expression
of the same surface area that we found above, we deduce

b4 B z z smw\/l—coszl'l(r)sm ¥ sin?
2sin TI(r) /0 dw/ 1 —cos2 T1(r) sin? y de (30)

Denoting by E («) the elliptic integral

%
E(a):/ V1 —a?sin® pde
0

where « is the constant that is under the integration sign, we obtain

T _["‘ E(x)dx
2sinT()  Jo (1—w)ar—x?

34The same formula for dd;idS‘ﬁ is 0?tajned, by different methods, in Lobachevsky’s Elements of geometry
[95], p. 43 of Engel’s German translation.
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Replacing, in the integral in (30), I1(r) by %71 — R, we obtain

1 R /jzr /721 sin ¥ sin Rdyrd ¢
—nR = .
2 o Jo \/1 — sin? ¥ sin? @ sin”® R

Integrating with respect to Y between the indicated limits, we obtain

nR=/g .1 log 1+s.ingos.inR J
o sing 1 —singsin R

which, when we replace ¢ by IT(x), becomes

° e?* +1+2e*sinR
R = lo dx
g /0 g(ezx—l—l—ZexsinR)

Integrating by parts, the equation becomes

1 R 0 2x —1e*
/ (e )e*xdx 31)
0

— T — = .
4" sin R e* 4+ 2e2% cos2R + 1

For R = 7, this equation gives

1, [ e xdx
- = .
8 0 er —1
It is easy to prove that Equation (31) remains true if we replace cos R by a number
greater than 1. Indeed, we have

T 1
/ logcot —yrdyr = 0,
0 2

from which it follows that for any number a, we have
i 1
/ log(e® cot =y )dyr = am.
0 2
Let us transform this integral by setting e cot %w = e*. Then we obtain

*© xdx 1
oo €579 + e—x+ta Eﬂa‘

We can easily put this equation in the form
/°° (e —e ™ )xdx 1 ( a )
o e2X | p2a | p—2a | p—2X T o\t _pa

from which we recover Equation (31) by replacing a by a~/—1.

69



70 Pangeometry

If we take coordinates on limit circle arcs as follows, one, ¢, situated in a plane
passing through a perpendicular dropped from the given point on the xy-plane and
passing by a parallel to the x-axis drawn from the foot of this perpendicular and having
this parallel as axis; a second one, 7, situated in the xy-plane, having the x-axis as
axis and passing through the foot of ¢, and as a third coordinate the portion & of the
x-axis contained between the coordinate origin and the vertex of the second arc (see
Figure 27 above), then the volume element P must be d&édnd¢.

Thus, we have

d*P = dedydt.

Let us also set { = cot [1(z), where z is the perpendicular drawn from the given point
on the xy-plane. Then, we obtain

a2p 1
dedndt  sinTI(z)

From the equation of the limit circle, we deduce

e ? =sinTl(z)

where p denotes the distance from the intersection point of the arc ¢ with the xy-plane
to the foot of the perpendicular z.3 Noting that, as a consequence of the equation of
the limit circle and of the length of the limit circle arc in terms of the ordinate, we have

cotII(y) =ne™?
and
5™ = sin T1(2) sin T1(y).

we find
dn 1

E ~ sinI(y)sin T1(z) ;

From that, we deduce®®

dx =dé&.

d3p 1

dxdydz — sinTI(y)sin?TI(z)’

Multiplying this expression by dx and integrating with respect to x, starting from
x = 0, we find

d?p . X

dydz — sinT(y)sin®TI(z)
Multiplying the same expression by dy and integrating with respect to y, starting from
y = 0, we obtain

d?p _cotII(y)
dxdz  sin?T(z)

35The variable p was called g before, and it was denoted by g in the text illustrated by Figure 27.

3These formulae for dxd;ﬁ and‘% are contained in Lobachevsky’s Elements of geometry (1829)
[95], p. 52 of Engel’s German translation.
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Finally, multiplying by dz and integrating with respect to z, starting from z = 0, we
obtain
d?p 1
dxdy ~— 8sinIl(y)
If we multiply both sides of the penultimate expression by dxdz and if we first
integrate with respect to z until the value of z extracted from the equation

(€% 4+ 727 4+ 4z).

sin [1(r) = sin [1(x) sin T1(z)

and then with respect to x starting from x = 0 until x = r, and if we then multiply the
result by 8 to get the volume of the entire sphere, we find that this volume is equal to

1
En(ezr —e 2 —4r),

3

which becomes, for very small r, %nr , as in ordinary geometry.

z

X
Figure 30. Polar coordinates in hyperbolic 3-space.

To express the volume element in polar coordinates, let r be the distance from the
coordinate origin to a point in space, whose rectangular coordinates are x, y,z. Let
q be the distance in the xy-plane from the origin to the foot of z, let 6 be the angle
between r and ¢, and let @ be the angle between ¢ and the positive x-axis. Let us also
set [1(x) = X, II(y) =Y, [I(z) = Z, II(r) = R, and [1(g) = Q. Let us draw a
plane perpendicular to the z-axis and passing through the given point. Let r’ be the line
drawn in that plane from the given point to the z-axis and let us also set IT(r") = R’.
Finally, let us construct a sphere of radius » whose centre coincides with the coordinate
origin. The xy-plane will cut this sphere in a great circle whose circumference is equal,
as we already proved, to

2m cot R.

The portion of this circumference which is bounded by two planes that both contain
the z-axis and that make with each other an angle w is equal to

w cot R.
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The circumference of the circle produced by the intersection of the same sphere with
the plane passing through the given point and which is perpendicular to the z-axis is
equal to

27 cot R,

and the portion of this circumference which is bounded by the two planes that contain
the z-axis and that make an angle w with each other is equal to

w cot R’.
The increment of the last arc, produced by an increment dw of the angle w, is equal to
dwcot R'.

The triangle whose hypotenuse is r, of which one of the sides of the right angle
is r’, and whose angle opposite to 7’ is 5 — 6, gives (using Equation (13))

tan R’ cos 0 = tan R.

From this we deduce
dwcot R = dwcos @ cot R.

The circumference of the circle which is the intersection of the same sphere with a
plane containing the z-axis is equal to

2m cot R
and the length of the circle arc that corresponds to the central angle 6 is
0 cot R,

from which it follows that the increment of that arc corresponding to an increment d6
of the angle @ is equal to
df cot R.

If all the increments are infinitely small, the volume element will be, as in ordinary
geometry, expressed as the product of the three mutually perpendicular segments,

dr, dwcosfcotR, dbfcotR,

since this volume element can be considered as a prism. Thus, we will have the
following expression for the volume element in polar coordinates:

drdwdf cos @ cot> R = d3P,

or, replacing cot? R by its value in terms of r,

1
d*P = Zdrda)d@ cosf(e” —e™")>.
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Integrating first with respect to r, starting from r = 0, we obtain
1
d’P = gda)de cos B(e?" — e 2" — 4r).

For the sphere centred at the coordinate origin, r does not depend on 6 or on w.
Integrating with respect to w from w = 0to @ = 2, and with respect to € from 6 = 0
tof = % and taking the double of the result, we obtain, for the volume of the entire
sphere, the expression -

2
which is the value we have already found.

(le _ €_2r _ 4,,)

Figure 31. A conical surface, bounded by two pieces of limit spheres.

Now let us take a portion S of the surface of a limit sphere bounded by a certain
convex curve, and let us draw from the various points of that curve lines that are parallel
to the axis of the limit sphere. These lines will form a surface which we shall call,
by analogy, a conical surface, which can be indefinitely extended on both sides, but of
which we shall only consider the part situated on the side of parallelism of the axes of
the limit sphere. Let S’ be the portion of a second limit sphere whose axes are parallel
to the axes of the first one and having the same direction, this portion being situated
in the interior of the conical surface. (See Figure 31.) Then, S, S’ and the part of the
conical surface situated between the two limit spheres enclose a volume which is finite
in every direction, which we now propose to determine.

Let us call ¢ the portion of an axis of the two limit spheres which these two spheres
bound, let us take consecutive lengths equal to ¢ on one of the axes of the first limit
sphere that passes through one of the points of the boundary of S starting from the
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point where this axis intersects S, and let us draw from the division points limit spheres
whose axes are parallel to the axes of the first two and directed in the same sense. Let
S”, 8", etc. be the consecutive portions of these limit spheres that are contained in
the conical surface. It follows easily, from what has been proved previously regarding
limit circle arcs that are in the same situation as the portions of limit spheres that we
are now considering, that we again have

S/ — Se—ZC
Sl/ — Se—4C
S/// — Se—GC
and so on.
Likewise, let us denote by P, P’, P”, P", ... the volumes bounded by the conical
surface between S and S’, between S’ and S”, .. ., and let us do things in such a way

that the volumes P, P’, P”, ... are proportional to the areas S, S’,S”, ...
Thus, we must have
P=CS

where C depends only on c.
It follows that

P/ =CS =CSe*,
P =CS"=CSe™*

and so on.
The sum Y 5° P is the volume bounded by the conical surface with basis S and
which is indefinitely extended on the side of parallelism of the generatrices. Let K be

this volume. Then we have
K — CS
1 —e2¢”

This quantity does not depend on ¢, which implies that we have
C=(1-e2)4
where A is an absolute number. Since the volume unit is arbitrary, we shall take
C = l(1 —e %%
2 9
so that the volume P, which is equal to
P = 15(1 —e7%%
2 b

becomes P = ¢S if ¢ is infinitely small, an expression which coincides with the
expression of the volume of a prism of base S and height ¢ in ordinary geometry.
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We can also take as volume element the volume bounded by a conical surface
formed by the axes of a limit sphere, these axes being drawn from all points of the
boundary of a portion of this limit sphere which is infinitely small in all directions.

The large number of different expressions for the element of the same geometric
quantity gives means for comparing integrals, and these means are mostly useful in the
theory of definite integrals.

Having shown in what precedes in what manner we must calculate lengths of
curves, areas of surfaces and volumes of bodies, we can now assert that Pangeometry
is a complete geometric doctrine. A simple glimpse at Equations (19), which express
the dependence that exists between the edges and the angles of rectilinear triangles, is
sufficient to prove that from there, Pangeometry becomes an analytical method which
replaces and generalises the analytical methods of ordinary geometry. It would be
possible to start the exposition of Pangeometry from Equations (19), and even to try
to substitute for these equations other equations that would express the dependencies
between the angles and the edges of any rectilinear triangle. But in that case, we must
prove that the new equations are compatible with the fundamental notions of geometry.
Equations (19), having been deduced from these fundamental notions, are therefore
necessarily compatible with them, and all other equations that we might substitute
for them would lead to results that contradict these notions, unless these equations are
consequences of Equations (19). Thus, Equations (19) are the basis of the most general
geometry, since they do not depend on the assumption that the sum of the three angles
in any rectilinear triangle is equal to two right angles.

Pangeometry, which is based on firm principles and which has been developed in the
preceding pages, provides, as we saw, methods that are useful for the computation of
values of various geometric quantities. At the same time, it proves that the assumption
that the value of the sum of the three angles of any right rectilinear triangle is constant,
an assumption which is explicitly or implicitly adopted in ordinary geometry, is not a
necessary consequence of our notions of space. Only experience can confirm the truth
of this assumption, for instance, by effectively measuring the sum of the three angles of
a rectilinear triangle, a measure which can be done in various ways. One can measure
the three angles of a rectilinear triangle constructed in an artificial plane, or the three
angles of a rectilinear triangle in space. In the latter case, one must give preference to
triangles whose edges are very large, since according to Pangeometry, the difference
between two right angles and the three angles of a rectilinear triangle increases as the
edges increase.

Let r be the radius of a circle and let A be a central angle whose sides bound an arc
subtended by a chord of length r. Let us denote by p the perpendicular dropped from
the centre of the circle on this chord, which is divided into two equal parts by the foot
of this perpendicular. Let us consider one of the two right rectilinear triangles formed
by this perpendicular, the circle radii situated on the sides of the angle A and the chord
(Figure 32). The hypotenuse of this triangle is r, and the two mutually perpendicular
edges are %r and p.
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Figure 32

From the general Equation (13), we have, in that triangle:
o1 1
sin —Atan [T =r | = tan I1(r).
2 2

This equation, combined with the analogous equation

sin? H(%r)

tanI[1(r) = ———=—
") 2 cos H(%r)

gives
1 1 1
sin —A = —sin H(—r).
2 2 2
In ordinary geometry, we have

14
A= —.
3

Let us assume that the effective measure gives

2

A= ,
6+ K

where K is a positive real number.

Then, we would have
n(gix)=50(3)
sin = —sinII{ =r|.
6+ K 2 2

If r and K are known, we can extract from this equation the value of H(%r), and
from this value we can find the angle of parallelism I1(x) of any segment x.

The distances between the celestial bodies provide us with a means for observing
the angles of triangles whose edges are very large. Let o be the geocentric latitude
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of a fixed star at a fixed epoch, and let 8 be another geocentric latitude of the same

star, a latitude corresponding to an epoch where the earth is again in the plane that is

perpendicular to the ecliptic, containing the first position (that is to say, the position

where the latitude of the star was o). Let 2a be the distance between these two positions

of the earth and let § be the angle under which this distance 2a is seen from the star.
If the angles «, 8, § do not satisfy the relation

a=p+34,

then this will be an indication of the fact that the sum of the three angles of that triangle
differ from two right angles.

We can choose the star in such a way that § is equal to zero, and we can always
assume that there exists a segment x such that

I(x) = «.

If § = 0, the lines drawn from the two positions of the earth to the star can be
thought of as being parallel, and consequently we should have

B =TI(x + 2a)
from which it follows, using what has been proved above, that

tan —o = e ¥,
2

1
tan —f = e"¥ 724,
5P

Each time observation gives, for a star with respect to which the angle denoted by §
is zero, two angles « and § that are different, the last two equations will give the values
of x and a, expressed in terms of the segment taken as a unit segment in Pangeometry.
Thus, having the segment x that corresponds to an angle of parallelism IT(x), we can
compute the angle of parallelism IT(y) for any given segment y.
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PANGEOMETRIE.

Les notions sur lesquelles on fonde la géométrie élémentaire
sont insuffisantes pour en deduire une démonstration du théoréme
que la somme des trois angles de tout triangle rectiligne est égale
i deux angles droits, théoréme de la verité duquel personne n'a douté
jusqu’a présent, parcequ’'on ne rencontre aucune contradiction dans
les consequences qu'on en a déduiles et que les mesures directes des
angles des triangles rectilignes s’accordent, dans les limites des er-
rears des mesures les plus parfaites, avec ce théoréme.

L’insuffisance des notions fondamentales pour la démonstration
de ce théoréme a foreé les géométres d'admettre explitement ou im-
plicitement des suppositions ausxiliaires, qui, quelque simples qu'elles
paraissenl nen sont pas moins arbilraires et par consequent inad-
missibles. Ainsi par exemple on admet, qu'un cercle de rayon infini
se confond avec une ligne droite et une sphére de rayon infini avec
un plan, que les angles de tout triangle rectiligne ne dépendent que
du rapport des cotés et non des cdtés eux mémes, ou enfin, com-
me cela se fait ordinairement dans les élémens de géomélrie, que
par un point donné d'un plan on ne peut mener quune seule droite
paralléle & une autre droite donnée dans le plan tandis que toutes
les autres droiles menées par le méme point et dans le méme plan
doivent necessairement, étant prolongées suffisament, couper la droite
donnée. On enlend sous le nom de droite paralléle & une autre droite
donnée une droite qui, quelque loin qu'on la prolonge des deux cotéds,
ne coupe jamais celle a laquelle elle est paralléle. Cette déhinition
est par elle méme insuffisante, parcequ’elle ne caracterize pas assez
une seule ligne droite. On peut dire la méme chose de la plupart
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des définitions données ordinairement dans les éléments de géométrie,
car ces définitions non seulement n'indiquent pas la génération des
grandeurs qu'on définit, mais ne montrent pas méme que ces gran-
deurs peuvent exister. Ainsi on définit la higne droite et le plan par
une de leur propriétés; on dil que les lignes droites sont celles qui
se confondent toujours dés qu'elles ont deux poins communs, qu'un
plan est une surface avec laquelle une ligne droite se confond
toujours dés que la droite a deux points communs avee elle.

Au lieu de commencer la géométrie par le plan el laligne dvoite,
comme on le fait ordinairement, j’ai préféré de la commencer par la
sphére et le cercle dont les définitions ne sont pas sujetles au re-
proche d'étre incomplétes puisqu'elles contiennent la génération des
grandeurs qu’on définit.

En suite je définis le plan comme le licu géométrique des in-
tersections de sphéres égales décrites autour de deux points fixes
comme centres. Enflin je définis Ja ligne droite comme le lieu géo-
métrique des intersections de cercles égaux situés tous dans un méme
plan et décrits de deux points fixes de ce plan comme centres. Ces
définitions du plan et de la ligne 'droite acceplées, toute la théorie
des plans et des droites perpendiculaires peut étre exposée et démon-
trée avec beaucoup de simplicité et de briéveté.

Etant donné une droite et un point dans un plan, jappelle
paralléle a la droite donnée menée par le point donné la droite li-
mite entre celles des droiles menées dans le méme plan par le méme
point et prolongées d’'un coté de la perpendiculaire abaissée de ce
point sur la droite donnée, qui la coupent et de celles qui ne la
coupent pas.

Jai publié une théorie compléle des paralicles sous lo (itre
»Geometrische Untersuchungen zur Theorie der Parallellinien. Berlin
1840. In der Finckeschen Buchhandlung.« Dans ce trayail jai ex-
posé d'abord tous les théorémes qui peuvent étre démontrés sans le
secours de la théorie des paralléles. Parmi ces théorémes, le théo-
reme qui donne le rapport de la surface de tout triangle sphérique
a 1.:1‘ surface de la sphére entiére sur laquelle il est tracé est parti-
culi¢remant remarquable ‘(Gcon.mlnsche Untersuchungen § 27). Si 4, B,
C désignent les angles d'un triangle sphérique et o7 deux angles droits,
le rapport de la surface de ce triangle i la surface de la sphére a
laquelle il appartient sera égal au rapport de

SU+BC—m)

4 quatre angles droils.
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Ensuite je démontre que la somme des (rois angles de tout trian-
gle rectiligne ne peut jamais surpasser deux angles droits (Geometr.
Untersuchungen. § 19) et que, sicette somme est égale & deux an-
gles droits dans un triangle rectiligne quelquonque, elle le sera dans tous
(Geomelr. Untersuchungen § 20). Ainsi il n’y a que deux supposi-
tions possibles: ou la somme des trois angles de tout triangle recti-
ligne est égale & deux angles droits, cette supposition donne la géo-
métrie connue — ou dans tout triangle rectiligne celle somme est
moindre que deux angles droits et celte supposition sert de base a
une aulre géomélrie, & laquelle javais donné le nom de géométric
imaginaire, mais qu’il est peul étre plus convenable de nommer Pan-
géomélrie parceque ce nom désigne une théorie géuméirique géné-
rale, qui comprend la géométrie ordinaive comme cas particulier.
1l suit des principes adoptés dans la Pangéoméltrie, qu'une perpen-
diculaire p abaissée d’un point d'une droite sur une de ses paralléles
fait avec la premiére, deux angles, dont I'un est aigu. Jappelle cel
angle, angle de parallélisme et le coté de la premiére droite ou il
se trouve, coté qui est le méme pour Lous les points de cette droite,
coté du parallélisme. Je désigne cet angle par I (p), puisquil dépend
de la longueur de la perpendiculaire. Dans la géomélrie ordinaire on
a toujours I7(p) = un angle droit pour toute longueur de p. Dans
la Pangéométrie I'angle I7(p) passe par toutes les valeurs depuis zero
qui repond & p=co, jusqu'd I (p) = un angle droit, pour p=o.
(Geometrische Untersuchungen § 23) Pour donner & la fonction 17 (p)
une \.;aleur unalylique.plus générale jadople, que la valeur de cette
fonction pour p negats.l’,- cas auquel la définition primitive ne s'étend
pas, est fix¢ par I'équation suivante

() 4 (—p) ==
ainsi pour tout angle A>o0 et <7 on pourra trouver une ligne p

telle que IT(p)=A, ou la ligne p scra positive si A<§.Rcci[;.-o_

quement il existe pour loute ligne p un angle A tel que A=1II(p).
Jappelle cercle limite le cercle dont le vayon est infini, il pourr)u
étre tracé par approximation en en construisant de la manicére sui-
vante, autant de points qu'on voudra. Prenons un point sur une droite
indéfinie, nommons ce point sommel et cette droite axe du cerele

3 : T .
limite, construisons wn angle 4 >0 et <3, dont le sommel coin-

cide avee le sommet du cercle limite, et dout l'axe soil un des cotés,
soit enfin « la ligne qui donne 77 ()= A ¢t construisons sur le se-
cond coté de I'angle, a partiv du sommet une droite 2a, le point qui
termine cette droite se trouvera sur le cercle limite; pour contin-
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nei le tracé du cercle limite de Vautre coté de Vaxe il faudra ré-
péter celte construction de ce ¢oté, Il s'ensuit que toutes les droites
paralléles & I'axe du cercle limile peuvent étre prises pour axes.
La révolution du cercle limite autour d’'un de ses axes produit une
surface que je nomme sphére limite, surface qui est par consequence
la limite de laquelle la sphére s’approche si le rayon croit & l'infini.
Nous nommerons 'axe de revolulion, et par consequence aussi toules
les droites paralléles a T'axe de révolution, axes de la sphére limite
et plan diamétral fout plan qui contient un ou plusieures axes de
la sphére limite. Les intersections de la sphére limite par ses plans
diamétraux sont des cercles limites. Une partie de la surface de la
sphére limite, limitée par trois ares de cercle limite sera nommée
triangle sphérique limite, les arcs de cercle limite seront appelés les
cotés et les angles diédres entre les plans des ces arcs angles du
triangle sphérique limite. Deux droites paralléles & une troisieme sont
paralléles entre elles. (Geometrische Untersuchungen § 25). 1l sen-
suit que tous les axes du cercle limite et de la sphere limite sont
paraliéles entre eux. Si trois plans se coupent deux a deux en Irois
droites paralléles et si I'on limite chaque plan a la partie qui est si-
tuée entre ces paralléeles la somme des trois angles diédres que ces
plans formeront sera égale & deux angles droils (Geometrische Un-
tersuchungen § 28). 1l suit de ce (héoréme que la somme des an-
gles de tout triangle sphérique limite est égale a deux angles droits,
et tout ce qu'on démontre dans la géométrie ordinaire de la propor-
tionalité des cotés des triangles rectilignes peut par consequence étre
démontré de la méme maniére dans la Pangéométrie des triangles
sphériques limites, en remplacant seulement les droites paralléles &
Jon des eotés du triangle rectiligne par des ares de cercle limite
menés par des points d'un des cotés du triangle sphérique limile et
faisant tous le méme angle avee ce coté. Ainsi par exemple si p, ¢, T

» . . . . ﬂ
sout les cotés d'un (riangle sphérique limite rectangle et P, Q)5

"3?' angles opposés & ces colés il faut adopter, de méme que pour les
triangles rectilignes rectangles dans la géométrie ordinaire les équa-
ilons suivantes

p=rsin P =1rcos Q
=rcosP=rsin Q

Dans la géométrie ordinaire on démontre que la dislance de
deux droites paralléles est constante.

Dans la Pangéométrie au contraire la distance p d’un point d'une
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droite & la droite paralléle diminue du coté du parallélisme, c'est
a dire du coté vers lequel est tourné Iangle de parallélisme I7 (p).

Maintenant soient s, s’,s%. .. .. une serie d'ares de cercle limite
compris entre deux droites paralléles, qui servent daxes a tous ces
cercles limites, et supposons que les parties de chaque paralléle com-
prises entre deux arcs consecutifs soient toutes égales entre elles et
égales & 2, nommons E le rapport de s i s

s

ot E est un nombre plus grand que l'unité.

r n
Supposons d’abord que E =—, m,n etant deux nombres en-

tiers, divisons l'arc s en m parties égales. Par les points de division
menons des droites paralléles a I'axe des cercles limites, ces paral-
léles diviseront chacun des ares s', s” ete. en m parties égales entre
elles. Soit AB la premiére partie de s, A'B' la premiére partie des',
A"B” la premiére partie de s” ete. 4, 4' A".... les points situées
sur l'une des paralléles données et posons A'B' sur AB de maniére
que A et A' coincident et que A'B' tombe sur AB. Répétons cette
superposition n fois de suite. Puisque par supposition 5:% il
faudra que nA'B' = mAB et que par consequence la seconde extremiteé
de A'B' coincide aprés la n'°™ superposition, avee la seconde extre-
mité de s, qui sera divisé en n parties égales; s's”.... seront aussi
divisé en en m parties égales chacun par les droites paralléles aux
deux paralléles données. Mais si I'on imagine, qu'en faisant la su-
perposition indiquée ci dessus A'B' emporte la partie du plan limité
par cet arc et les deux paralléles menées par les extremités il est
clair quen méme temps que n fois A'B’ couvre tout larc s, nd"B’
couvrira tout l'arc s' et ainsi de suite parceque dans ce cas les pa-
ralléles doivent coincider dans toute leur étendue de sorte que l'on aura

nA"B" = mA'B'
ou ce qui est la méme chose
! !

s n
s
ce qu’il fallait démontrer.

Pomr démontrer la méme chose dans le cas que E est an nom-
bre incom mensurable, on pourra employer une des méthodes usitées
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pour des cas semblables dans la géométrie ordinaire; jomets ces dé-
tails pour abréger. Ainsi

4
s ) s

s "
e e T oe .......-._..._E
S: s.’f sf.'l"

Aprés quoi il n'est pas dificile de conclure que
§ -
$=—3 K
N § . A
ou E est la valeur de o pour z, distance entre les arcs s, s' égale
a I'unité.

Il faut remarquer que ce rapport E ne dépend pas de la longueur
de Tarc s, et reste le méme si les deux droites paralléles données
s' éloignent ou se rapprochent l'une de I'autre. Le nombre E, qui
est nécessairement plus grand que l'unité, ne dépend que de lunité
de longueur, qui est la distance entre deux ares conseculifs et qui
reste complétement arbitraire. La propriété que nous venons de dé-
montrer par rapport aux arcs §,s,s’..., subsiste pour les aires.

P,P',P'...., limitées par deux arcs conseculifs et les deux paral-
léles. On a donc.

P=PE

Si nous réunissons n aires semblables P, P, P’.... P*#=') la

somme sera
-T2

1—E
e
1—E

Pour n== 00 cette expression donne l'aire de la partie du plan
entre deux droites paralléles, limitée d'un cdté par larc s, ot jlli-
mitée du colé du parallélisme, et la valeur de cette aire sery

1—E
Si nous choisissons pour unité des aires Vaire P qui répond a
un are s égal aussi & l'unité et & x =1 clle deviendera générale-
ment pour un arc s quelconque
Es
E—1,
Dans la géométrie ordinaire le rapport désigné par I est con-
stant et égal a l'unité; il s'ensuil que dans la géométrie ordinaire
deux droites paralléles sont par-tout équidistantes et que Vaire de

J
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la partie du plan située entre deux droites paralléles et limitée d'un
coté seulement par une perpendiculaire commune & elles, est infinie.

Considérons a présent un triangle rectiligne rectangle dont a, 8, ¢
L ’ H ’ A *
soient les colés et A, B, - les angles opposés & ces cdtés. Les an-

gles 4, B peuvent étre pris pour des angles de parallélisme [T (a),
11 (), correspondant i des droites de longueur &, 8, posilives. Conve-
nons encore de désigner dorénavant par une lellre avec un accent une
droite dont la longueur correspond & un angle de parallélisme qui
est le complément & un angle droit de l'angle de parallélisme, cor-
respondant & la droite dont la longueur est désignée par la méme
lettre sans accent, de maniére & avoir toujours

o)+ () =5

)+ @) =5

Désignons par [ (a) la partie d'une paralléle a un axe de cercle
limite interceplée entre la perpendiculaire a I'axe menée par le som-
met du cercle limite et le cercle limite lui méme si celte paralléle
passe par un point de la perpendiculaire dont la distance au sommet
est a et soit enfin L (a) la Dingueur de I'are depuis le sommet jus-
qu'a cette parallele.

Dans la géométrie ordinaire on a

[@)=0
Lia)=a
pour toute ligne a.

Menons une perpendiculaive AA" au plan du (riangle rectangle
dont les ¢otés ont été désigués a, b, ¢, perpendiculaire qui passe par
le sommet A de V'angle IT («). Faisons passer par celte perpendicu-
laire deux plans dont I'un, que nous appelierons le premier plan,
passe aussi par le coté &, et lautre, le sec_om] plan par le coté e
Construisons dans le second plan la droite BB paralléle & AA" qui
passe par le sommet B de I'angle 1I(/) et [aisons passer un (roisiéme
plan par BB' et le ¢dté a du triangle. Ce troisitme plan cou-
pera le premier en une droite CC' paralléle a AA". Concevons
maintenant une sphére déerite da point B comme cenlre avec un
rayon arbitraire mais plus petit que a, sphére qui coupera con-
séquemment les deux cOlés a, ¢ dutriangle etla droile BB' en trois
points, que nous nommerons. le premier n; le second m, et I? troi-
sieme k. Les arcs de grands cercles, intersections de cette sphére par
les trois plans passant par B, cercles qui reunissent deux a deux les points
n, m, k, formeront un triangle sphérique rectangle en m, dont les
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cOtés seront mn=1II(S), km=1I(c), kn=II(a). L'angle sphéri-
que knm = IT (b) et langle kmn sera droit. Les trois droites étant
paralléles entre clles la somme des trois angles diédres, que les par-
ties des plans AA'BB', AA'CC', BB'CC' situées entre les droites AA',
BB', CC' forment entre elles, sera égal i deux droits. Il s’ensuit que
le troisieme angle du triangle sphérique sera mkn = II(c'). On voit
donec qu'a tout (riangle rectiligne rectangle dont les cotés sont a, b, ¢

et les angles opposés 11 (o), I (), % correspond un triangle sphé-
rique rectangle dont les cotés sont II(4), I (c), IT(a) et les angles
opposés I ('), IT(b), %- Construisons un autre triangle rectiligne

reclangle dont les cotés perpendiculaires entre eux soient ¢, a, dont
I'hypotenuse soit g, dont I7(A) soit I'angle opposé au coté a et IT (i)
I'angle opposé au coté ¢'. Passons de ce (riangle au triangle sphéri-
que qui lui correspond de la méme maniére que le (riangle sphérique
kmn correspond au triangle ABC. Les cotés dece triangle sphérique

seront conséquemment

I (), W g), 1T(a)
et les angles opposés

I(N), me),

et il aura ses parties égales aux parties correspondantes du triangle
sphérique kmn, car les colés de ce dernier étaient

() 1(g) M(a)

(CIR= |

et les angles opposés
i T
(), Ia), %
ce qui montre, que ces (riangles sphériques ont leurs hypotenuses
égales et un angle adjacent égal.

Il s’ensuit gque
m=c; g=p; b=N

et ainsi I'existence d'un friangle rectiligne rectangle avee les cotés
a b ¢ et les angles opposés

M(a) () 3

suppose Uexistence dun autre (riangle rectiligne rectangle avec
les cotés
a o et les angles opposés

) I 3.
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On exprime la méme chose en disant, que si
a, b, c, «, 8
sont les parties d'un triangle rectiligne rectangle
a, a' B, b ¢

seront les parties correspondantes d'un autre triangle rectiligne rec-
tangle. Si nous construisons une sphére limite, dont la perpendiculaire
AA" au plan du triangle rectiligne recltangle douné soit un axe et dont
le point A soit le sommet, nous aurons un triangle situé sur la sphére
limite et produit par son intersection avee les trois plans conduits
par les trois cotés du triangle donné. Désignons les trois cités de ce
triangle sphérique limite par p, ¢, r de maniére que p soit l'inter-
seetion de la sphére limite par le plan qui passe par a, g l'intersection de
la sphére par le plan qui passe par b, r Iintersection de la sphére
fimite par le plan qui passe par c; les angles opposés a ces cotés
seront: I () opposé a p, IT(a') opposé a ¢ et un angle droit op-
posé a r, D'aprés les conventions adoptés ci dessus ¢ =L (b) r = L (¢).
La sphére limite coupera la droite CC' en un point, dontla distance
a O sera, d'aprés ces meémes conventions, f (b); dela méme maniére
nous aurons f (¢) pour la distance du point d'intersection de la sphére
limite avec la droite BB' au point B.

A

Il est facile & voir qu’on aura
f(0)41(@)=F(c)

Dans le triangle dont les cdtés sont les arcs de cercle limite
P, ¢, ¥ NOUS aurons

p=rsin Il (a); ¢g=rcos II (a)
En multipliant la premiére de ces deux équations par EN®) il viendra
p Ef®) = rsin I (a). E"(",
Mais
p EN®) = L (a)
et par conséquence
L (a) = r sio IT{a). E"'®
De la méme maniére on a
L (b) = r sin 11 (B) E(®)

En méme lemps g==rcos Il (x), ou ce qui est la méme chose
L (b) =rcos Il (¢). La comparaison des deux valeurs de L () donne
I'équation

cos I (&) = sin 11 (B). E'(¥ (1)
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En substituant &' & @ et ¢ & £ sans changer «, ce qui est per-
wmis daprés ce qui ¢ été démontré plus haut, nous aurons.

cos II (b') = sin II (c). Et(a)

ou puisque I1 () + I (b') =%

sin I () = sin I1 (c) E"(®)

De la méme maniére on doit avoir
sin IT (a) = sin 1 (c) EN®
Multiplions la derniére equation par Ef(®) ct substituons [ (c) a la
place de f(b) + [ (a); cela donnera
sin IT (a) E"®) = sin Il (c) Ef()

Mais comme dans un triangle rectiligne rectangle les cotés per-
pendiculaires peuvent varier de maniére a laisser 'hypothenuse con-
stante, nous pouvons poser dans celle équation ¢« = o sans changer

T

¢, cela donnera, en remarquant que f (o) ==o0 et II (oj:-,_;—,
1 = sin I3 Eric) ou
1

sin 11 (¢)

Ef(e) —

pour toute ligne c.

Prenons maintenant I'équation (1)
cos I (o) = sin II { ) Er(a)

et substituons y A la place de E/(®), elle prendra la forme

1
sin {1 (a)
suivante
cus 1 () sin U (a) = sin 1 (f5) (2)
En y changeant «, 8, en &', ¢, sans changer a, nous trouyons
sin I1 () sin Il (a) = sin H (c)
L’équation (2) donne en y changeant les lettres
cos I1(8) sin I (b) = sin 11 («)

Si nous changeons dans cette équation 8, b, enc, ¢y i viendra

cos I (c) cos II (@) = cos 11 (b) (3)
De la méme maniére nous aurons
cos 1T (c) cos I () = cos 11 (a) (4)
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Les équations (2), (3), (4) se rapportent & un triangle sphéri-
que rectangle, dont nous désignerons dans la suite les cotés par

a, b, c et les angles A, B opposés aux colés a, b el g- opposé & .

Dans les équations citées nous pouvons melire a a la place de IT(4), b

a la place de IT(c), ¢ & la place de H(a).%—zi ala place I (a), B

i la place de I7(b) de cette maniére les équations citées deviennent.
sin A sin ¢ = sin a.

cos b sin A= cos B. (8)

¢o0s a cos b= cos r.

Les équations (3) se rapportent a un triangle sphérique rectan-
gle, tel quil peut étre déduit d'un triangle rectiligne rectangle, et

T .
dont les cotés ne peuvent par consequence surpasser 3 Ajoulons

que, si nous menons un arc de grand cercle par le sommet de I'an-
gle A perpendiculairement au coté b, eet arc coupera l'arc a ou son
prolongement de maniére que chacun des arcs, depuis le point d'in-

4 . »y :JT » a
tersection jusqua b sera = ) et 'angle de ces arcs sera b. Aprés

cela il n'est pas difficile de conclure, que dans triangle sphérique rec-
tangle si

5T . T T

¢ < — on devra avoir a < —; A< —

9 9 2

T o T

sl = — devra avoir a = —; A= —
sl c= 3 on devra ra 3 5
. o 2 T o

enfin si > g on devra avoir a > 5 A> 5

» . . n -
Il s'ensuit que si mous supposons a>> o, il faudra supposer en

T A
méme temps ¢ > —; 4> . Si nous prolongeons dans ce cas les

cotés a, ¢ au déla du coté b jusqu'a leur point dintersection nous
aurons un autre (triangle sphérique rectangle dont les cotés seront

T, T
T —a, b, T —c et les angles opposés T — 4, B, “E, c'est i dire

un triangle auquel les &quations (5) seront applicables. Mais les
équations (5) ne changent pas de forme si I'on y subslitue (t—a) aa,
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(T—c)ac et (r — A) a A, ce qui démontre que les équations (5)
s‘appliquent a fout triangle sphérique rectangle.

Passons a un triangle sphérique quelconque, dont les colés soient
a, b, c et les angles opposés A, B, U sans supposer qu'un des an-
gles soit droit, parceque les équations (5) sont démontrées pour ce
cas la.

Abaissons du sommet de I'angle € un arc de grand cercle p
perpendiculaire au coté ¢. Il peut y avoir les cas suivants: ou la
perpendiculaire p tombe daps linterieur du triangle, divise I'angle €
en deux parties D, C— D, et le coté ¢ en deux parties, x opposé
a D, et ¢c—x opposé 4 C— D, ou cette perpendiculaire tombe
hors du triangle et ajoute un angle D & l'angle C et un arc 2 au
cOté c.

Dans le premier cas le triangle sphérique donné sera la som-
me de deux friangles sphériques rectangles. Les cOtés d'un de ces

. ﬂ »
triangles seront p, x, a les angles opposés B, D’Tz_; dans l'autre les

colés seront p,c— x, b les angles opposés A4, C — D, —J;— L applica-

tion des équations (5) au premier triangle donne
sin p =sin a sin B
sin & = sin a sin D
cos p sin D = cos B (A)
cos  sin B = cos D
€OS @ = COS P Cos &.

Le second triangle fournit de la méme maniére
sin p == sin b sin 4
sin (¢ — &) = sin b sin (C — D) (B)
cos p sin (C — D) = cos 4
€0s p €08 (¢ — x) = cos b.

La comparaison des deux valeur de sin p en (4), (B) donne ensuite
sin a sin B = sin 4 sin 4 (6)

La derniére des équations (B) étant divisée par Ja derniére des
équations (4) donne
cos b

tang # == ——  —— — cotg ¢
g €0Sacosc &
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mais la combinaison de la seconde, de la troisiéme et de la derniére
des équations (4) donne

tang x = lang a cos B.

La comparaison de ces deux valeurs de tang x nous conduit a
'équation suivante
08 b — cos @ cos ¢ = sin a sin ¢ cos B (1)

Si la perpendiculaire p tombe hors du triangle et ajoute I'arc ,
a l'arc ¢, et 'angle D & l'angle C il se formera de méme deux tri-
angles sphériques rectangles. Les cotés de I'un de ces deux triangles

a ;
seront p, x,a et les angles opposés 7 — B, D, 3 les cotés de lau-

tre seront p,c--«, b les angles opposés 4, C -4 D, g

L’application des équations (3) au premier triangle donne
sin p =sinasin B
sin £ = sin a sin D
— cosB=cospsin D (€)
cos D=cosxsin B

COS (@ == COSPCOS &+
le second triangle, dont p,c- x, b sont les cotés et A, C4 D,?—;Q

les angles opposés, fournit de la méme maniére
sin p = sin b sin 4
sin (¢ - @) = sin b sin (G4 D)
cos A = cos p sin (C4- D) (D)
cos (C+ D) = cos (c 4 ) sin 4
cos b = cos p cos (c - z).
La comparaison des deux valeurs de sinp en (C), (D) donne de
nouveau l'équation (6); nous tirons des équations (C), (D)
cos b

tang x cotg ¢ =— ——-—r
& & €0S @ coS¢

et des équations (C)
tang « = tang a cos B.

La comparaison de ces deux valeurs de tang x mous meve de
nouveau a I'équat. (7) qui est ainsi démontrée de méme que I'équa-
tion (6) I'a été ci dessus pour tous les triangles sphériques en général.
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L’équation (7) donne par des changemens de leltres les deux suivantes

cos @ — cos b cosc=sinbsinccos A
€08 ¢ — ¢0s @ cos b = sin a sin b cos C.

En multipliant la derniére par cos®, en ajoutant le produit &
la premiére et en divisant la somme par sinb

0s @ sin & = sin ¢ cos A - sin a cos b cos C;
en y substituant a la place de sin¢ sa valeur

sin 0,
sin a

sin ¢ = —
sind

conformément & I'équat. (6) et en divisant ensuite par sina il viendra

cotang a sin b = cotang A sin € -~ cos b cos C. (8)
En y remplacant sin & par sa valeur
sin ¢ g g
sin 4’

et en multipliant ensuite I'équation par sin A4, il vient:
cos a sin B = cos b cos € sin A - sin Ccos 4

d'ou nous tirons par un changement de lettres
cos b sin 4 = cos a cos Csin B - sin Ccos B.

L’¢limination de cos b des deux derniéres équations nous con-
duit & I'équation suivante.
cos a sin B sin € = cos B cos €} cos 4 (9)

Les équations (6), (7), (8), (9) sont les mémes qu'on donne or-
dinairement dans la trigonométrie sphérique et quon démontre i I'aide
de la géométrie ordinaire.

Il suit de ce qui précéde que la trigonoméirie sphérique reste
la méme, soit quon adopte la supposition que la somme des trois
angles de tout triangle rectiligne est égale & deux angles droits,
soit qu'on adopte la supposition contraire que cette somme est tou-
jours moindre que 2 droits; ce qui est trés remarquable et n'a pas
lieu pour la trigonométrie rectiligne. Avant que de démontrer les
équations qui expriment, dans la Pangéométrie, les rélations entre
les cdtés et les angles de tout triangle rectiligne, nous allons cher-
cher pour toute ligne z la forme de la fonction que nous avons dé-
signé jusqu'a présent par I7 (z). Considérons pour cela un triangle
rectiligne rectangle, dont les cOtés sont a, b,c et les augles opposés

I (o), IT (58), g{; prolongeons ¢ au de l1a du sommet de I'angle I1(5)
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et faisons le prolongement égal & 4. La perpendiculaire a £, élevée
a lextrémité de cette ligne et du coté de l'angle opposé par le som-
met a [T(f) sera parallile & a el & son prolongement au dela du
sommet de IT(f). Menons encore par le sommet de II (@) une droite
paralléle & ce méme prolongement de a.

L'angle que cette droite fera avec ¢ sera IT (c 4 /) et I'angle
qu'elle fera avee & sera II(b) et on aura I'équation
1(t) =+ f)+ 1 @) ()
Si nous prenons la longueur 2 & partir du sommet de l'angle
I1(B) sur le coté ¢ lui méme et que nous élevons a lextrémité de
A une perpendiculaire & £ du coté de l'angle IT (8), cette droite sera
paralléle au prolongement dl:! a au dela du sommet de l'angle droit.
Menons par le sommet de l'angle IT(a) une droite paralléle & cette
derniére perpendiculaire, qui sera conséquemment aussi paralléle au
second prolongement de a. L'angle de cette paralléle avee ¢ sera
dans tous les cas II'(c — ) et I'angle qu'elle fait avec & sera I7(b),
par conséjuent
Ib)=1(c— ) —(a) (Ir)
Il est facile de se convaincre que celte équation est vraie non
seulement si ¢>> /4, mais aussi si c= 4 et si c< /. En effet si

¢=,, on a dun coté H(c—,@)=ﬂ(o)-_—_-g, de l'autre cdté Ia

perpendiculaire a ¢ menée par le sommet de langle IT (a) devient
paralléle & a d'ou il suit que T (3) =g — II(a), ce qui saccorde

avec nolre équation.

Si ¢ < B lextrémité de la ligne 4 tombera au deld du som-
met de I'angle II (c) a une distance égale & S — ¢. La perpendicu-
laire & £ a cette exirémité de £ sera paralléle 4 a et a la droite
menée par le sommet de 'angle I7 () parallélement a a, d’ou il suit
que les deux angles adjacents que cette paralléle fait avec ¢ seront,
I'aigu égal & (B8 —c), Vobtus égal a Il (a) 4 IT(b). Mais la som-
me de deux angles adjacents est toujours égale & deux droits ainsi

HB—o)+ U@+ Mb)=m

ou Hb)=a—U(B—c)— I (a)
Mais d’aprés la définition de la fonction IT ()
a—I(B—c)=1(c—p)

ce qui donne

()= (c—f)— 1)
c'est A dire I'équation trouvée plus haut, qui est ainsi démontrée
pour tous les cas.
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Les deux équations (I1), (/1') peuvent étre remplacées par les

deux suivantes _
H®)y=3H(c+ B) 41 H(c— f)
Hoy=1U(ec—p)— 1 H(c+ £}
Mais 1'équation (3) nous donne
cos 11 ()
cos Il (¢) = ———;
) cos II (o)
en substituant dans celte équation & la place de II (4), I (a) lewrs
valeurs, il vient f
sonfflejes S0 1 UG 4] LA M (e — 4] !
cos j § (c—pB)—3U(c+B) |
De cette équation nous déduisons la suivante
tang ? § IT (c) =tang } I (c — p) tang 3 II (c 4 fB)

Les lignes ¢ et B pouvant varier indépendemment l'une de I'au-
tre dans tout triangle rectiligne rectangle, nous pouvons poser suc-
cessivement dans la derniére équation c= 8, c=24,....¢c=nhb,
et nous concluons des équations ainsi déduites, qu'en général pour
toute ligne ¢ et pour tout nombre entier positil n

tang * § 11 (c) = tang § IT (nc)

1l est facile de démontrer la vérité de cette équation pour #
négatif ou fractionnaire, d’ou il suit, qu'en choisissant I'unit¢ de lon-

gueur telle quon ait

tang 1 IT (1) = ¢
ou e est la base des logarithmes Népériens, on aura pour toute ligne x

-®
tang } H(a:) =e

Cette expression donne IT (x):—-_g pour z=0 et I (z)==0

pour x =co, II (x) = 7 pour & = ~ oo conformément A ce que nous
avons adopté et démontré plus haut.

La valeur trouvée pour tang } {I (x) donne pour toute ligne z.
2

- -
e4-e

- -¥
cos /1 (z) = e'—- e_ -

R

sin 11 ('E) o
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et pour deux lignes arbitraires, x,y
. sin I (x) sin 11 (y)
oo ety 1 -4 cos (H}(:c) cos(;l (y)
sin 11 () sin IT (y)

1 — cos 11 (z) cos 11 (y)
cos Il (x) -} cos 11 (y)
1 - cos I (z) cos 11 (y)
cos Il (x) — cos I (y)
1 —cos I (x) cos 11 (y)

sin II (x) sin 11
tang 17 (& +- y) = cos 11 (af) -J-|- cos i(f)(y).
Les équations (2), (3), (4) que nous avons irouvées pour un

triangle sphérique rectangle se rapportent aussi a un triangle recti-
ligne rectangle dont les cotés sont a, b, ¢ et les angles opposés I (a),

sin Il (x —y) =

cos Il (z+y)=

cos Il (& — y) =

I (8) et % Donc en remplagant IT (a) par A, II (B) par B nous
aurons pour tout triangle rectiligne rectangle, dont les cotés sont
\ ’ soa ;s T
a, b,c et out A est Pangle opposé a a, B opposé a & et 5 Oppos¢ &

¢, les équations suivantes:
sin IT (a) cos A =sin B
sin I (c) cos A = eos 11 () (10)
cos I1 (c) cos B = cos II (a)
A ces équations nous ajoutons encore I'équation que voici et
qui a été aussi démontrée plus haut
sin I1 (a) sin 1 (b) = sin 11 (c) (11)
La premiére des équations (10) peut, eén y échangeant les let-
tres entre elles, élre écrite ainsi
sin /1 (b) cos B = sin 4.
en y substituant la valeur de cos B, tirée de la truisiéme des équa-
tions (10) il vient
sin id (b) cos 11 (a) = sin A cos II (c)

en éliminant de cette équation sin I7 (6) au moyen de l'équation(u)
nous aurons
tang I7 (c) = sin A tang 1T (a). (12)

Suient maiutenant a, b, ¢ les cotés d'un triangle rectiligne quel-
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quonque et A, B, C les angles opposés & ces cotés. Abaissons du som-
met de l'angle C une perpendiculaire p sur le ¢oté c¢. Si p tombe
dans l'interieur du (riangle, de maniére i diviser I'angle € en deunx
angles D et € — D et le cOté ¢ en deux parties, x opposé a D, ¢ —
opposé a € — D, il se lormera deux triangles rectilignes rectangles.
Les cotés de I'un des ces triangles seront p, z, b, les angles opposés

T 5 »
4, D,—, les cOlés de lautre seront p, ¢ — x, a et les angles oppo-

sés B,C—D, 1—:

Lapplication de l'équation (12) au premier de ces triangles donne
tang IT (b) = sin A tang 11 (p)
du second de ces triangles nous tirons de la méme maniére
tang I1 (a) = sin B tang 11 (p)

d’ou nous concluons

sin A tang IT (a) = sin B tang 11 (3). (13)
L’application des équations (10) et (11) au premier triangle fournit
cos 17 (b) cos A = cos I (x)

sin IT (z) sin I (p) = sin 11 (b)
le second triangle donne
sin 11 (p) sin IT (¢ — x) = sin 11 (a).
En substituant dans cette derniére équation au lieu de sin /I (¢ — )
isla \".ale:lll' tirée delaformule générale trouvée plus haut pour sin /1(z—y),
vien
sin IT (a) __ sin 11 (¢) sin IT (z)
sin 11 (p) — 1 — cos II (c) cos 11 (x)
d’ot nous déduisons en substituant
__sin I7 (d)
~ sin 1 (z)
cos I (x) =cos II (b) cos 4

sin 17 (p)

I'équation suivante

1 —cos I (b)cos II (¢c) cos A = sin IT (b) sin I (c)

sin I1 (a)
N

Les équations (13), (14) se vérifient d'elles mémes si A=—2—

ot la perpendiculaire p se confond avec le cdté b, car dans ce cas I'équa-
tion (13) se réduit & 'équation (12) et I'équation (14) & I'équation (11)

(14,
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¢quations qui ont été démontrées pour tout friangle rectiligne rec-
tangle. Si la perpendiculaire p tombe hors du triangle sur le pro-
longement de ¢, et ajoute une ligne z & la ligne ¢ et un angle D
a l'angle C, il se forme deux triangles rectangles, les cotés de I'un

:T v "
sont p, z, b et les angles opposés (o1 — 4), D, -, les cotés de l'au-

T
tre seront p, ¢, a et les angles opposés B, C -+ D, 5

L'application de I'équation (12) au premier de ces {riangles donne
tang IT (b) = sin A tang IT (p).

Du second (triangle nous tirons de la méme maniére
tang I7 (a) = sin B tang II (p).

En éliminant tang IT (p) des deux derniéres équations on (rouve
de nouveau l'équation (13). L'application des équations (13), (11) au
premier triangle lournit

— ¢0s IT (b) cos A = cos IT (z)
sin IT (b) = sin I (z) sin IT (p);
du second triangle nous tirons de la méme maniére
sin IT (a) = sin II (p) sin I1 (¢ 4 z).

En remplacant dans celle équation sin 77 (¢ - x) par sa valeur

tirée de la formule générale trouvée plus haut pour sin 77 (z --y), ona

sin /7 (a) __ sinJ7(c) sin I7 ()
sin 77 (p) 4 4 cos /7 (c) cos 7 ()

En substituant dans celte équation

. sin 77 ()
: (p) = ——1 s 17 = —cos IT(b A
sin 77 (p) o IT(a) cos 77 (x) cos /7 (b) cos
il vient
sin 77 (a) sin 77 (¢)

sin 77 (b) — 1 —cos /7 (b) cos 17 (c) cos A
équation identique a I'équation (14).

Les équations (13), (14) sont ainsi démontrées pour tout trian-
gle rectiligne

L'équation (14) donne par un changement de lettres
, L B sin 77 (¢) sin /7 (a)
—cos 17 (c) cos IT (a) eos B = sn I7(0)
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En multipliant cette équation membre & membre avee l'équation
(14) nous trouvons
1 — cos /7 (c) cos 77 (a) cos B — cos 17 (b) cos 17 (c) cos A
—+ cos 27 (a) cos 17 (b) cos? I7 (c) cos A cos B = sin” 17 (c)
ou ¢os® J7(c)—cos I7(c) cos /7(a) cos B—cos 77(b) cos 17(c) cos A
~ cos 77 (a) cos 77 (b) cos * 17 (c) cos A cos B =o.

En supprimant dans cette équation le facteur commun cos /7 (c)
nous avons

cos 77 (¢)-cos 27 (a) cos 17 (b) cos 17 (c) cos A cos B — cos 17 (a) cos B
~— c0s /7 (b) cos A =o.
De la méme maniére nous trouvons
cas 77 (@) - cos 77 (a) cos 22 (b) cos I (c) cos B cos C — cos T (b) cos €
—cos I7(c) cos B=o.

Multiplions cette équation par cos A et retranchons le produit
du produit de I'équation préeédente par cos € mous aurons:

cos I1{a) {cosA+cosBcos 0 } = cos /7 (c fcos L—{—cosAcosBI
Elevant les deux membres de cette équation au carré et divi-
sant aprés par cos * /7(c), elle prend la forme suivante

cos e

cos® 17 (c)
Mais I'équation (13) donne

{cosA—]—cosBcosG% = | cos (' cos 4 cos B |*

1 in® 4
- +sm

cos® 17 (c) *C

Si nous substituons dans l'avant-derniére équation au lieu de

tang ? 17 (a)

1 . - »
cos 770) sa valeur donnée par la derniére, il vient
2*4 cos C4-cos Beos 4]
cos® 7 (a 2 i It { A
- (a) —l— o sin® 17 (a) = P i
el ensuite

L S -
Sin“”{a]{l g "1}_5'“ B (sin? € —sin® 4)

sin” C) ~ (cos A+ cos B cos C)’

Divisant les deux membres de cette équation par sin® € — sin® A
et extrayant la racine carrée il viendra

sin B sin C
c0s A - cos B cos €

sin 77 (a) =
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sans ambiguité de signe, parceque les deux membres de la derniére

: ; T
¢quation sont tous les deux positifs. En effet 77(a) < 5 ! B,

C <z, dou il suit que les sinus de ces angles sont positils; ensuit:
cos A +cos (B4 C)=2cos i (A4 B} C)cosy (B4 C— 4]
Mais A 4 B+ C <z, par conséquence
cos}(d+4 B4 ()

cos i (B4 C— A),

en ajoutant i chacun des deux membres de la derniére équation le
nombre positif sin B sin €' nous trouvons

cos A4 cos Beos C> o
Ainsi dans tout triangle rectiligne

sera positif ainsi que

sin B sin €
cos 4 +cosBeos ( =—-r—— (15
+ sin /7 (a) 4]
La multiplication de I'équation (14) membre & membre par I'équa-~
tion suivante, qui en résulte par un changement de lettres
sin /7 (a) sin 17 (b)

1 —cos I7(a) co IT(b) cos C =
¢ 2 ) sin /7 (c) (19)

donne
{ 1 —cos [ {ajcos I7(b)cos O} i 1—cos 77\b)cos /71 c)cos A | =sin’ 77(b)
a laquelle on peut aprés Texéeution de la multiplication indiquée dans
le premier membre donner la forme suivante:
cos® 27 (b) — cos IT (a) cos 71 (b) cos C — cos 77 (b) cos IT (c) cos A
- cos® 17 (b) cos I7(a) cos I7(c) cos A cos € = o.
ou en divisant par cos 77 (b)
cos I7 () + cos 17 (a) cos TT (b) cos 17 (c) cos A cos C — eos IT (a) cos C
— cos I (c) cos A = o. (17)
Mais nous trouvons d'aprés I'équation (13)
cos I7 (¢) = el ,:156) :ln——{; cotang /7 (a)

Dans cetfe équation nous pouvons substituer a sin /7 (c) sa va-
leur tirée de I'équation (16); aprés quoi
cos 77 (¢) = sin 77 (b) cos I7 (a)sin €
YT TT —cos 47(a) cos 17 () cos C | sin 4.
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La substitution de cette valeur de cos 77 (c) dans I'équation (17)
nous donne
. . cos 17 (b)
b S it i
colang 4 sin Csin 77 (b) 4-cos C o8 77 a) (18)
Réunissons les équations (13), (14), (13), (18) qui expriment
les dépendances entre les cOlés et les angles de tout triangle recti-
ligne, pour en faciliter I'application
sin A tang 77 (a) = sin B tang I7 (b) \
sin 77 (b) sin 77 (c)
sin /7 (a)
sin B sin O (19)
sin 77 (a)

colang 4 sin Csin 17 (b) 4 cos O =

1 —cos I7(b) cos I7 (c) cos A =

c0s 4 4 cos Bcos C =

cos /7 (b)
cos 17 (a)

A commencer par ces ¢quations la Pangéométrie devient géo-
métrie analytique et forme de celle maniére une théorie géométri-
que compléte et distincte. Les équations (19) servent a représenter les
lignes courbes par des équations entre les coordonnées de leurs
points; & calculer Ja longueur et les aires des courbes, les surfaces et
les volumes des corps, comme je I'ai montré daps les mémoires
scientifiques de I'université de Kasan pour I'année 1829,

Il a été remarqué plus haut que la Pangéométrie donne la géo-
métrie ordinaire si nous supposons les lignes infiniment petites. Nous
pouvons maintenant vérifier celte assertion.

Pour toute ligne » infiniment petite nous pouvons admettre les
valeurs approchées suivantes:

eotang 17 (2) =
sin I7 (2) =1 — 32
cos 11 (x) = z.

Si nous regardons les cOtés du triangle comme des infiniment
petits du premier ordre et que nous négligeons les infiniment pe-
tits d'un ordre supérieur au second, les équations (19) prendront,
aprés la substitution des valeurs approchées de sin 77 (a), sin /7 (b) etc.
la forme suivante:

bsin A =asin B

a’ ="b"+4¢* — 2bc cos A
cos A 4cos (B4 C)=o0
asin (A4 ') = b sin A.
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Les deux premiéres de ces équations. sont les équations con-
nues de la trigonometrie ordinaire. Les deux derniéres donnent

A—!—B—}—C:.’T.

Nommons, pour donner un exemple de la représentaton des
lignes courbes par des équalions entre les coordonnées de leur
points, y la longueur de la perpendiculaire abaissée d'un point de la
circonférence d'un cercle de rayon » sur un diamétre fixe de ce
cercle, et z la partie de ce diamétre entre le centre et le pied dela
perpendiculaire y. L'application de I'équation (11) au triangle rect-
angle dont les coOtés sont a,y,r donne

sin /7 (z) sin 77 (y) = sin 77 (r) (20)

ce qui est I'équation d'un cercle entre les coordonnées rectangles z, y.
Si nous convenons de compler x & parliv d'une extrémité du dia-
métre, I'équation (20) devient

sin 77 (r — x) sin 77 (y) = sin 77 (v)

E r -r r-z ~r+z ¥ o 4
ou bien 2te )= e )(ete);
r
si nous divisons celle équalion par e, el que nous posons aprés
r = co, nous aurons l'équalion suivanle, qui est I'équation du cer-
cle limite

; ¥ o =Y
3=1[¢-}e )e
ou sin /7 (y) = tang § 11 (x).

Il suit de la définition du cercle limite que deux axes du cer-
cle menés par les deux extrémités d'une méme corde, sont égale-
ment inclinés sur cette corde, propriété qui pourrait servir de défi-
nition au cercle limite et de laquelle on peut aussi déduire I'équa-
tion de cette courbe en considérant le triangle dont les cotés sont a,
y et la corde 2a du cercle limite; les angles de ce triangle seront

ﬂ .
17 (a) — 17 (y) opposé & x, IT (a) opposé a y el — opposé & 2a.
Conformément aux équations (10), (11) on a dans ce triangle

sin /7 (x) sin 77 (y) = sin 77 (2a)
sin 77 (x) cos { 17 (a) — IT(y) } =sin 77 (a
sin 77 (y) cos I7 (@) = sin { 17 (a) — IT (y) I
La derniére équation donne
2 tang 77 (y) = tang 77 (a) (21)
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ct la premiére peut étre écrite ainsi

. L sin* /7 (a)
sin /7 (x) sin 17 (y) = i 5 en I
En substituant dans celte équation au lieu de sin” /7 (a), 1 4-cos* /7/a)
leurs valeurs en tang?® /7 (a) ¢t en introduisant la valeur de tang?® IT (a)

tirée de I'équation (21) il vient

2 tang* /7 (y)
1 | 2tang* /7 (y)

sin 77 (x) sin I7 (y) =
et ensuite
2 sin I1 (y)
i —+sin? 1 (y)

1 4 sin IT (y) |?
1 = sin” U (y)
I —sin IT (y) {*
9 sin” 1 I (2') = { 5fn“ (y) 2
L= sin? I (y)
En divisant la deruiére de ces équations par I'avant-derniére
et exltrayant la racine carrée, nous aurons

. 1 — sin IT
tang } II (=) =Tj}_'m%;
1 — tang 3 1 (z)
1 4 tang § {1 (z')
Le second membre de cette équation peut prendre la forme suivante:
cos 3 I (z') — sin 3 IT (&)
cos 3 U (z') + sin U ()
sin}y1—1H(z")] sinyll(a)
cos | Tt — s U (') ; =sos;ﬂ{.:;j

Si[l H\x} —}
d'ou nous déduisons

Zieos® I'{z) = {

d'or sin IT [y) =

= tang | I (=)

ou
et par conséquence

sin I (y) = tang } IT ()
comme nous avons trouvé plus haut,

Pour donner un exemple de la rectification des courbes, cher-
chons I'expression de la longueur d’une circonférence de cercle de ra—

Ly

» - 'J'T 5
yon r. Menons deux rayons, dont I'angle an centre soit , ou n
n

désigne un nombre entier. Abaissons de l'extrémité d'un de ces deux
rayons une perpendiculaire p sur l'autre. Le produit np différera d’au-
tant moins de la longueur de la circonférence du cerele que n est
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plus grand. Le triangle rectangle, dont p est une cathéte, » V'hypo-

25T
tenuse et — 'angle opposé a p donne (équat. 13).

2:
sin —-;— tang 11 (p) = twng I 'r)
I

Mais il est connu que
_ o aT
lim { nsin — } = o
n
powr n= 0o, tandis que
1 2
- lang II (p) =

n

-p
ne—e )
of n (cp—c p}] = 2np
avee une approximation d'autant plus grande, que n est plus grand
el conséquement p est plus petit. Aprés quoi
circonférence (r) = np = 277 cotg IT [r)
r =r

¢'est 2 dire  circonférence (rj=(e—¢ )T
ce qui donne pour r trés petit

circonférence (rj = 2r
comme dans la géométrie ordinaire,

Déterminons encore l'arc s de cercle limite au moyen des co-
ordonnées: y perpendiculaire abaissée d'une extrémité de I'arc s sur
I'axe menée par l'autre extrémité, x partie de cette axe comprise
entre le sommet de l'arc et le pied de la perpendiculaire. Soit ¢ la
corde de Varce s; soient de méme ¢, c,c, ..... les cordes des ares

2? Ya
1 1 1 . "
Shoaghigeei vue Nous avons démontré plus haut (équat. 21) que

cotg IT (y) = 2 cotg 11 (} c)
sembliblement on a
cotg IT (4 c; =2 cotg I1 (} ¢,)

coty IT(ze)=2cotg I (1 ¢,
cotg IT(je,)=2cotg 1T (j ¢
et généralement pour tout nombre n entier positif
cotg II (1 ¢,,_,) = 2 cotg II (1 c,,)

d'ou nous concluons
cotg IT (y) = 2"*" cotg IT (} c,,)

si n est un nombre trés gr:md et ¢, par conséquent une ligne tres

pelite nous aurons
Qn-a-l COIg {'1‘ c” — 2" C,,
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Mais 2% ¢,, = § pour n==200

d’olr il suit que
s = cotg I (y) (22)

Déterminons encore larc s de cercle limite au moyen de la
partie ¢ de la tangente au sommet de I'axe menée par une extré-
mité de T'arc s, comprise entre le point de contact et lintersection
de la tangente et de I'axe menée par lautre extrémité de larc s,
c¢'est-a-dire déterminons la fonction que nous avons auparavant dé-
signée par L (7). Dans le triangle dont les cdlés sont ¢, ¢, /(1) etles

angles opposés IT (1), ot — IT (5 ¢), -:;-E — 11 (3 ¢) nous trouyons en appli-
quant 1'équation (13)
sin 11 (t) tang II (¢) = sin II (} c) tang I (1).

Mais nous avons vu que (équation 21)
tang IT (3 ¢) =2 tang 11 (y)

a quoi nous ajouterons la remarque que

sin® I (4 ¢c)
lanb H(CJ — m
et il vient
cos IT () = 2 cotg IT (1 c)

Cest-a-dire, en vertu de l'équation (22)
cos I (t) =s= L (1.

L’équation de la ligne droite a une forme assez compliquée, si
I'on veut qu'elle soit générale et qu'elle représente la ligne droite,
quelle que soit sa position par rapport aux axes des coordonnées.
Abaissons d'un point fixe de la droite donnée une perpendiculaire a
sur I'axe des z et nommons L l'angle que cette perpendiculaire fait
avec la droite Nommons encore y la perpendiculaire abaissée sur
Faxe des 2z d'un autre point de la droite donnée dont ! soit la di-
slance au premier point; soit enfin 2 la partie de Vaxe des 2 com-
prise entre les deux perpendiculaires. Menons une ligne droite par
le sommet de a el le pied de y et soit r la longueur de la partie
de cette droite comprise entre ces deux points. 11 se formera deux
triangles l'un rectangle avec les cdlés a, ,r et les angles opposés

4, X,'-g- Iautre avee les cdtés y,r, 7 et les angles opposés L — X,

by 3
C’ 'é_—' Ao
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L'application des équations (10), (11) au premier de ces trian-
gles donme:

sin I (z) sin I (a) = sin II (1)
sin Il (z) cos X = sin A
sin /I (a) cos A =sin X
cosITI (r) cos A = cos Il (x)
cos I1 (r) cos X = cos I (a).
De ces équations nous lirons
tang A = tang IT (x) cos II (a)
tang II (r) = tang II (z) sin I (a) cos A
tang X = tang II (a) cos II (x)
cos II (x) = cos II(r) cos A
sin X = sin /I (a) cos A.

L’application de la derniére des equations (19) au second trian-
gle fournit:

cotg (L — X) cos A sin Il (r) 4 sin A =

d'ou il suit que

cos I (r)
cos I (y)

cos I (r)
cotg (L—X) cos Asin I (r) - sin A
. cos I (r) { tang L — tang X }
i 1+4-1g Ltg X, cos Asinll{a) sin IT(x)+sin 4 }tg L —1g X}
en substituant dans cette équation au lieu de tang X sa valeur il vient

cos Il (y) =

cosII (y) =
cos II (r) I tang L — tang IT (a) cos IT z) f

| 1+tgLiglla)cosIl(z){cosAsinIl(a, sinll(z)+-sin A} tgL—1g(a;coslI(z) ]

Substituons dans cette équation au lieu de cos JI(r), sa valeur;
nous trouverons foute réduction faite que
cosIT (a)
sin IT (x)

Si la droite donnée est paralléle & I'axe des x on aura L= II (q)
et I'équation (23) prendra la forme suivante:

cos 1l{a) cos I (a)
sin IT (x) ~ ¢ ang 11 (z)

cos I (y) = — sin I1 (a) cotg I (z) colg L. (23)

cos I (y) =
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-F

o1 cos IT (y) =cos Il (a) e (24)

Si nous désignens par s, s les longueurs de deux arcs de cercle

limite compris entre l'axe des 2 et la droite paralléle & celte axe

et dont le premier s soil tangent a a au pied de a et le second tan-

gent a4 y au pied de y nous aurons daprés ce que nous avons
démontré

s = cos II a)
s'= cos Il 1y)
aprés quoi
1 -2
§ =—=3s5e

ot z est la distance entre les deux arcs s et s'. Celte équation mon-
tre que la constante E, introduite plus haut pour désigner le rap-
port constant de deux ares de cercle limite compris entre deux pa-
ralleles, dont la distance est égale a l'unité, est égale a e, cest-
a-dire a la base des logarithmes Népériens.

Si nous posons dans I'équat. (23) a = o et si nous posons ;1 — L

a la place de L nous aurons

cos II (y) = cotg IT .z) cotg L
ce qui est par conséquence l'¢quation d'une droite qui passe par
Vorigine des coordonnées z et fait un angle L avec I'axe des x, ce
qui sacc.rde avec l'équation (10).

Considérons maintenant un quadrilatére, dont deux cotés a,y
sont perpendiculaires au troisiéme cOté x. Soit ¢ le quatriéme coté
et ¢ l'angle entre a et ¢ tandis que I'angle entre ¢ et y est droit.
Menons la diagonale r qui passe par le sommet de I'angle @ et par

le sommet de l'angle droit opposé. Cette diagonale divise le qua-
drilatére en deux triangles rectangles. Les cOtés de I'un de ces deux

triangles sont a, x, r et les angles opposés 4, X, g. les cdtés de 'au-
tre sont y,c,r et les angles opposés @ — X, _é:r_r' — A4, g

L’application des équations (10), (11), (13) au premier de ces

triangles donne
sin IT (r) = sin IT (a) sin I ()
sin A tang IT (a) = sin X tang IT () ’ .
cos IT (r) cos A = cos II (x) ﬂ (@
cos IT (r) cos X = cos IT (a) J
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je second triangle [ournit de la méme maniére les équations suivantes:
sin 1 (y) sin 1 (¢c) =sin I (r) )
sin 11 (y) cos (p — X) =cos 4

. . : (H)
cos Il (r) cos ((p — X) = cos I (c) s
cos 1 (r) sin A = cos I1 (y).
L'équation (12) appliquée au premier tiiangle donne
tang I (r) = sin X tang I () )
tong I (r) = sin A tang 17 (a) } (K)

tandis que lapplication de la méme équation au second triangle
fournit

(L)

En substituant dans la seconde des équations (K) pour sin I7(r)
a valeur tirée des équations (G) nous trouvons

tang ! (r) = sin (p — X tang II (y)
tang I1 (r) = cos A tang 11 (¢) }

sin II (x) cos I1 (a)
cos IT(r) = T212) c0s T (0)

La substitution de cette valeur de cos II(r) dans la derniére
des équations (H) donne
cos I (y; = sin IT (z) cos I1 (a). (25)
En divisant membre a membre la derniére des équations (1)
par la troisieme des équations (G} il vient

cos I (

lang;izﬁﬁ (y)
cos [1 (x)

substituons dans cette équation la valeur que nous venons de (rou-

ver pour cos [T (y) a la place de cos IT (y), nous aurons

tang A = tang II (z) cos II (a).

La division membre & membre, de la seconde des équations (G)
par la derniére de ces mémes équations produit

tang X'tang () _ sin A tang IT (a)

cosII(r) ~  cosIl(a)
. En substituant dans cette équation & la place de sin A sa valeur
tirée de la derniére des équations (II) on trouve
cos II (y) tang I (a)
cos Il (a)

cotg IT (x)

tang X =
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Remplagant enfin dans cette équation cos IT(y) par sa valeur
(rouvée plus haut, il vient
tang X = cos II () tang I (a).
La combinaison de la seconde des équations (H) avee la pre-
miére des équations (L) donne encore

tang I'(y)  tang I (7)

sin 1 (y) = Tcsd

cos I (y) tang I (1)
cos A

tang (¢ — X)

ou tang (@ — X) =

et si nous substituons la valeur de tang If (r) donnée par la seconde
des équations (K)
tang (@ — X) = tang A tang IT (a) cos I (y).

Cette équation prend, en y substituant & la place de tang 4, tang X,
leurs valeurs trouvées plus haut, la forme suivante:
tang I1 (a)
cos I ()

Cette équation montre que z est toujours réelle si I'angle @
est plus grand que IT(a) et plus petit quun angle droit ou si

tang p — (26)

T—@>1Ia),s —go(%-. La valeur de cos II () est positive si
g>go>ﬂ (a) et la ligne x est par conséquence aussi positive;

L
mais si 5> T —@> IT(a), la valeur de cos /I (x) devient néga-
tive et la ligne z est située de l'autre coté de la perpendiculaire a.

Cela démontre que si deux droites, situées dans un méme plan,
ne se rencontrent pas quelque loin qu'on les prolonge sans étre pour-
tant paralléles, elles doivent étre toutes les deux perpendiculaires &
une méme droite; toutes les paires de droites qui étant dans Je
méme plan ne sont ni paralléles ni perpendiculaires 4 une méme
droite doivent nécessairement se couper. Les droiles qui étant dans
un méme plan se coupent nécessairement aprés un prolongement suf-
fisant ne seront dont que celles, pour chaque point desquelles T'an-
gle, que la droite passant par ce point fait avec la perpendiculaire
abaissé de ce point sur l'autre droite, est plus petit que l'angle de
parallélisme correspondant i la longueur de cette perpendiculaire.
A laide des résultats précédents il est possible de simplifier beau-
coup l'équation générale de la ligne droite (23) dans le cas ou la droite
a laquelle I'équation appartient ne coupe pas l'axe des .
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Soit @ la perpendiculaire abaissée sur I'axe des z d'un point
fixe, mais arbitraire pris sur la droite donnée, L celui des deux an-
gles entre cette perpendiculaire et la droite, qui est situé du coté
des z positifs. Cherchons d’abord une ligne [ telle que

cos IT (1) = tang II (a) cotg L
ce qui est toujours possible tant que L>>1II(a), cest-i-dire tant
que la droite ne coupe pas l'axe des @. Portons celte droite / sur
I'axe des x a partir de I'origine des coordonnées du coté des 2 po-
sitifs ou négatifs selon le signe de /. Erigeons & Pextrémité de la
ligne [ une perpendiculaire al'axe des x, prolongeons la jusque a ce
welle rencontre la ligne donnée et soit 4 la partie de cetle per-
pendiculaire comprise entre la droite donnée et I'axe des z. L’angle
sous lequel cette perpendiculaire rencontrera la droile donnée doit
étre droit d’aprés I'équation (26). Si nous convenons maintenant de
prendre le pied de la perpendiculaire 4 pour origine des coordonnées,
nous aurons d’aprés I'équation (23)

c0s II (b) = cos IT (y) sin IT (x) (27)

ce qui est l'équation générale d'une droite qui ne coupe pas laxe
des z. Nous pouvons poser dans celte équation y = a et en méme
temps @ = — [ ce qui donne

cos I (b) = cos IT (a) sin IT (1);

cette équation prend, si I'on y subslitue a la place cos I (b), sin I (I),
leurs valeurs, la forme suivante

cos 1 (y) sin 11 (z) = cos II (a) /1

Le second membre de cette 'équation devient imaginaire aussi-
tot que tang I (a) cotg L > 1, c’est-a-dire pour toute droite qui cou-
pe l'axe des 2. Alaide de ce qui précéde nous pouvons résoudre le
probléme de trouver la distance de deux points, dont la position
dans le plan est déterminée par leurs coordonnées rectangulaires x, y
et z',y'. Posons pour abréger

tang * II (a) cotg® L.

Ax=2a —z, Dy=y —y.

Abaissons une perpendiculaire du sommet de y sur y' et dési-
gnons la longueur de cette perpendiculaire par ¢, tandis que y, dé-
signe la partie de y' comprise entre l'axe des z et la perpendiculaire ¢.

En conséquence de I'équation (23) nous aurons

cos I (y,) = cos II (y) sin Il (A z)
cos IT (q) = cos I (A z) sin I (y,)-
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Aprés avoir déterminé les valeurs de y,, ¢ a1'aide de ces équations,
la distance cherchée des deux points, désignons la par r, sera don-
née par l'équation suivante, qui se tire de I'équation (11).

sin IT (r) = sin II (y' — y ) sin I1 (q).

Si Ax et Ay el par conséquence ¢,r sont (rés pelits de sorte
qu'on puisse négliger les puissances supérieures de ces quantités de-
vant les inférieures, » veprésentera 1'élément ds d'une ligne courbe
a4 lexpression duquel on parvient en prenant

sindl () =1—1¢
cosll () =q—1¢°
sinfl(r) =1 —11?

snll(y' —y)=1—j(y'—y,)

aprés quoi il vient
Ax
=
sin 11 (y)

de®
ds = l/] " =P
Yt I
Pour le cercle limite on a
-
sin Il (y) =e .
Des expressions générales qui déterminent sin I (a) elc. en fonc-
tion de a et qui ont été données plus haut, on tire
d Il (a) = — sin 11 (a) da
aprés quoi on trouve en différentiant I'équation du cercle limite

sin 1 (y) cos I (y) dy = ¢
_ dxe”
Yr—es’

et ds

en intégrant par rapport & x depuis 2 =0 on trouye

s§=1/e** <1
ou aulrement s = cotg I1 (y)
comme nous l'a_vons’ trouvé plus haut. Si nous désignons par r la
dlstance'd un point d'une ligne courbe & I'origine des coordonnées et
par @ langle que cette distance r fait avec I'axe des z positifs,
nous aurons dans le triangle, dont les cotés sont y,x, r daprés
I'équation (12)

tang I (r) = sin ¢ tang 11 (y).
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~ En prepant les logarithmes des deux membres de cette équa-
tion et en différentiant par rapport & y,,v, il vient

dr dy
cos 11 () = — 50l g 8P+ cos I (y)
De cette équation nous tirons
dy = { cotg o dp —l—c——%d;”r) } cos I1 (y)
ou en y substituant & la place de cos II(y) sa valeur en r et @
cos @ cos I (r) dgp 4+ sin @ dr
Y1 —cos* @cos® I (1) )
Pour exprimer dx en r et ¢ prenons (équat. 10)
cos II (r) cos p = cos II (x).
La différentiation par rapport & r, @,  des logarithmes des deux
membres de cette équation fournit
sin? I (r) dr sin? I () dx
T;h%— — gy op= “Ti%
d’o0t nous tirons, 4 l'aide des équations
sin I7 (x) sin 11 (y) = sin II (v)
cos Il (r) cos o = cos II (z),

(fy —_—

I’équation suivante, qui exprime la valeur cherchée
de  cos @ sin I (r) dr — dg sin ¢ cotg I (r)
sin I (y) V1 —cos?@cos® I ()
aprés quol

ds =)/dr* 4 dp” cotg* I (r).
Pour le cercle, en supposant que l'origine des coordonnées est au
cenlre nous trouvons, puisque dr =o,
ds = dp cotg II (r);

» . - - y :T . H ’
en intégrant depuis @ =0 jusqua @ = 5 et en multipliant le résul-

tat par 4 nous trouvons l'expression suivante de la circonférence du
cercle de rayon r
27T cotg 11 (r)

qui coincide avec celle que nous avons trouvée plus haut.

Si nous appelons s un arc de cercle limite compté depuis l'axe
des z, la révolution de s autour del'axe des & produira une partie de
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sphére limite et I'extrémité de cet arc décrira une circonférence de
cercle, qui se détermine sur la sphére limite de la méme maniére
quune circonférence de rayon s est déterminée dans son plan dans
la géométrie ordinaire, d'our il suit que la circonférence doit étre
égale & 2:Ts. De l'autre coté la circonférence du méme cercle con-
sidérée dans son plan ou la perpendiculaire y, abaissée d'une extré-
mité de l'arc s sur l'axe de cercle limite qui sert d'axe des z et
passe par l'autre extrémité, est le rayon du cercle, sera donnée dans
la Pangéométrie par la formule

. 27T cotg 11 (y)
d’ou il suit que
s = cotg I (y)

comme il & été démontré auparavant.

Pour trouver l'élément des aires planes nous divisons le plan
par des cercles limites qui tous ont pour axe l'axe des z de ma-
niére que la distance de chaque cercle limite au suivant soit infini-
ment petite et puisse étre exprimée par dx. Soit s I'arc d'un de ces
cercles limites compris entre lI'axe des 2 et un point d'une ligne
courbe donnée dont les coordonnées soient x,y. Soit encore s' l'arc
d’un autre de ces ces cercles limites compris entre I'axe des x et un
point de la courbe donnée, déterminé par les coordonuées z - dz,

y -+ dy.

La partie infiniment petite du plan comprise entre s et s’ d'un
coté et entre la courbe et I'axe des = de l'autre coté aura pour
expression

es dx

e— 1

ds =

ou, en subslituant s = cotg II(y),

__edxcotg 11 (y)
- e—1

ds

Comme exemple déterminons l'aire du cercle limite pour lequel
nous avons trouvé l'équation en coordonnées rectangulaires

sin Il (y) = e~*

a l’z}ide de lequelle nous trouvons I'expression suivante de la diffé-
rentielle de l'aire cherchée

e
dy= g dy cos 11 (y) cotg I (y).
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En intégrant cette expression depuis y = o, nous trouvons pour luire
comprise entre I'arc de cercle limite 1'axe des @ et I'ordonnée y

e
s=i:ﬂwm3@—qn+nm}
Nous avons vu que la partie d'un plan comprise entre deux
droites paralléles, prolongées indéfiniment du cdté du parallélisme et
limitée par un arc s de cercle limite auquel les deux parailéles servent
d'axes, a pour expression
es e cotg IT (y)
e—1  e—1

Aprés quoi nous trouvons pour laire comprise entre deux droi-
tes paralléles, dont V'une perpendiculaire & y, mendes par les deux
extrémités de y et prolongées indéfiniment du coté du parallélisme,
la formule

yor —1(y).

A Vaide de cette formule nous pouvons déterminer l'aire d'un
triangle rectiligne en fonction des angles de ce triangle. Soient pour
cela les cotés du triangle a, b, ¢ et les angles opposés A=1I(a),

7T :
B=11(f), 5 prolongeons I'hypotenuse ¢ au deld du sommet de

I'angle II(/5) et faisons' le prolongement égal 4 4. La perpendicu-
Jaire 4 B menée par lextrémité de A sera paralléle au prolonge-
ment du ¢dté a et I'aire de la partie du plan comprise entre ces
deux paralléles prolongées indéfiniment du cdté du parallélisme et
limitée de I'autre cOté par la ligne A aura pour valeur

s — 1 (f)

Si nous menons maintenant par le sommet de l'angle 4 une
paralléle & la perpendiculaire qui sera par conséquence inclinée sur
¢ sous l'angle IT(c 4 S) et sera aussi paralléle au prolongement de

a, la valeur de la partie du plan entre ¢ £ et les deux parallé-
les prolongées a linfini du cdté du parallélisme sera

yr — I (c+ B)

De la méme maniére la partie du plan entre b, la droite me-
née par le sommet de A4 et le coté a avec son prolongement est

=i — I ).
Aprés quoi la somme de & — I (8) et de 5 — I (¢) dimi-

[l n 2 - L - -1
nuée de .= II (¢ 4 ) sera l'expression de l'aire du triangle, qui
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aura ainsi pour valeur

s o — I (b) — I (8) 4 I (c + B)-

Mais nous avons démontré que

() = I (&) 4+ U (c+ B).
En substituant dans I'expression de l'aire du triangle rectiligne
reclangle cette valeur a la place de IT(b), I'expression de cette aire
prend la forme suivante

17— I () — H (B)

¢'est-d-dire que V'aire d’un triangle rectiligne rectangle est égale a la
différence entre deux angles droils et la somme des trois angles du
triangle; d'ou il suit encore que l'aire de tout triangle reetiligne est
égale & l'excés de deux angles droits sur la somme des trois an-
gles du triangle. Cela suit de ce gue V'aire de tout triangle rectiligne
est la somme des aires de deux triangles rectilignes rectangles.

Il est facile de déduire de ce qui précéde, que laire de tout
quadrilatére est égale a l'excés de quatre angles droits sur la
somme des quatre angles du quadrilatére et en général que laire
de tout polygone de n cotés est égale & lexcés de (n—2)7r sur la
somme des angles du polygone.

Considérons en particulier un quadrilatére, dont deux cdtés a, y
sont tous les deux perpendiculaires au troisieme c¢Oté x, et dont le
quatriéme colé ¢ est perpendiculaire au e6té a et fait avec y un an-
gle que nous désignons par 2. Nous avons démoniré plus haut
(équation 25) qu'entre les parties constituantes d'un tel quadrilatére
il existe I'équation suivante

cos II (a) = cos I (y) sin II (z).

Si nous considérons z,y comme variables et a comme constan-
te, l'aire de ce quadrilatére s exprime, comme toute aire plane, d'aprés
ce qui a été démontré plus haut, par Iintégrale

S da cotg IT (y)
qui appliquée au cas qui nous occupe, donne, en substituant la va-
leur de cotg IT (y), la valeur suivante de l'aire

J“ dx cos 11 (a)

o y/sin® I (z) — cos” 1 (a)
tandis que cette méme aire est, en conséquence du théoréme qui ex-
prime l'aire de tout polygone plan en fonction des angles

=3 — &
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ce qui donne
dx
> eos* I (z) — cos* I (a)

L'angle @, que le cdté ¢ fait avec le coté y, est douné par
I'équation suivante (équation 26)

(M)

i1 —@=cosll (a)

tang 11 (y)

cos Il (z) °

nous écrivons dans l'équation (M) o au lieu de //(a) et & au licu
de Il (z), elle deviendera:

tang & =

IT—6® ds
cos & 7rsin & /sinjo—sin?§

ol o est une quantité conslante.

La justesse de la valeur trouvée pour cetle intégrale peul etre
vérifiée par la différentiation. La Pangéométrie indique ainsi une
nouvelle méthode pour trouver les valeurs approchées des intégrales
définies.

Soit donnée l'intégrale

S Adx

ou A est une fonction donnée de x; pour calculer la valeur de cetle
intégrale il faut poser A =cotg II(y) et déterminer les valeurs
de y',yy y" elc. qui correspondent & a',x, 2"'... prises arbitraire-
ment dans les limites de I'intégration; aprés il faut calculer la lon-
sucur des cordes qui réunissent les sommets de y" & y, dey” ay'” ete. el
ainsi de saite, et les angles que chaque corde fait avec le prolon-
gement de la corde suivante. La somme de ces angles donnera la
valeur approchée de l'intégrale.

L'aire de la partie du plan, comprise entre une droite donnée
et deux droites paralléles entre elles, menées par les extrémités de
la droite donnée et prolongées indéfiniment du cdté du parallélisme
sera égal & ;r moins la somme des deux angles que les deux paral-
léles font avec la droite donnée, parce que cette figure peut-étre re-
gardée comme un triangle dont un des angles serait nul.

L'aire d'une courbe plane peut-étre divisée en éléments par des
droites toules paralléles a une droite donnée par exemple alaxe des y.
Si nous menons par l'extrémité de I'abscisse @ une droite paralléle
a l'axe des y, cette droite fera avec I'axe des » un angle = I (z);
la droite menée par l'extrémité de labscisse # 4 dz fera de méme
avec l'axe des z un angle égal a II (x4 dx), d'ou il suit que Iaire
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de la partie du plan comprise entre dz et ces deux paralléles sera
égale & — d Il (z). Soit maintenant u la longueur de ia partie dela
premiére paralléle comprise entre I'axe des x et la courbe, la par-
tie de l'aire comprise entre les deux paralléles qui est hors de la
courbe donnée sera d'aprés ce qui a été démontré plus haut:

— e % d Il (z)
d’on il suit que la partie de celle aire qui est située entrela courbe
et I'axe des x, c'est-a-dire I'élément de l'aire de la courbe, aura

pour expression:
dS=— (1 — e *)d Il (z).

Pour caleuler I'aire d'un cercle de rayon r, il faut dans l'ex-
pression générale de I'élément de l'aire d'une courbe trouvée aupa-
ravant, expression qui élait

dS = dz cotg II (y)
substituer la valeur de cotg I (y) tirée de I'équation du cercle
sin II () sin II (y) = sin Il (1)
ou l'origine des coordonnées rectangulaire est au centre du cercle,
cela donne

sin? II (x) )

sin® I (r)
en intégrant depuis = o0, nous trouvons

dS=dx

. rcos I (x . reotg I (z)
§= ) are sin (c_ogf((—r%) — are sin ((_:BTE_I__IE?‘))
Pour z =r, cela donne pour Yaire du quart du cercle
g
2sin 1 (r) S

en multipliant par 4 nous trouvons pour l'aire du cercle
ir -ir

2::{35%(;3—1}:91‘(0 —e ).

Si r est extrémement petit cette expression donne Vaire du eercle
= r?, ce qui est la méme expression que la géométrie ordinaire
fournit pour laire du cercle.

L’expression précédente de l'aire du cercle nous permet de don-
ner a I'élément de l'aire de toute ligne courbe encore l'expression
suivante:

1
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ou r est le rayon vecteur mené de l'origine des coordonnées & un
point de la courbe et @ I'angle que ce rayon vecteur fait avec une
droite fixe, qui passe par l'origine des coordonnées.

L’application de cette formule A la détermination de Iaire d'un
triangle rectiligne, dont les c6tés sont a, b, ¢ et les angles opposés
A, B, C donne, si nous regardons les angles 4, C et les cOtés b, a
comme variables

A

1
"ai 1ancle — . —_— 1
l'aire du triangle _uf d4 { sn 1T(3) }
le coté & s'exprime en fonction de ¢, 4, B 4 l'aide de la derniére
des équations (19)
; y cos 11 (c)
B I A=—H"
cotg B sin A sin II (c) 4 cos cos 11{5)
Tirons de cette équation la valeur de sin I7 () et substituons la dans
l'expression de l'aire du triangle, il viendra

dA

4
J‘ - —A,
’ ]ﬂ . cos* IT (c)

(cotg® Bsin Asin I1(c) - cos A)*
Mais il a ét¢ démontré que laive du triangle est

I'aire du triangle = S =

= T — A — B — U
ou A et B sont des angles donnés et C est donné par I'équation (19)
c _ sin 4 sin B
cos U~ cos 4 cos B STl OB

La comparaison de ces deux expressions de I'aire du triangle don-~
ne ensuile:
A

e dA § cotg B sin 4 sin IT(c) 4 cos 4 } .
° V/(cotg B sin A sin 11 (¢) + cos A)* — cos® 11 (c)
Si B =a_'2f celte équation donne
A

‘Z—-C= I dA
2 o ycos® A — cos® I (¢)
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équation qui, aprés I'intégration, prend la forme

T ‘ gin 4
& = C = arc sin oIl (c))

ce qui est d’accord avec I'équation qui détermine C.

On peut déduire de ce qui précéde deux etpressmns de la va-
leur de laire de tout polygone fermé, I'une exprimée par une in-
tégrale définie, I'autre dépendant seulement de la somme des angles
du polygone. Les deux valeurs de la méme aire doivent étre égales
entre elles, on a de cette maniére un nouveau moyen de trouver la
valeur de beaucoup dmtegrales deﬁmes, valeurs qu’il serait souvent
difficile de trouver d’une aulre maniére.

Pour en donner encore nn exemple considérons un triangle rec-
tiligne rectangle, qui a pour cotés de I'angle droit z,y et pour hy-
pothenuse . Soit A I'angle opposé & y et B langle opposé 4 x. Les
équations (10), (11) dounent pour ce friangle

sin II () sin I1 (y) = sin II ()
sin IT (z) cos B = sin 4
cos I (r) cos A = cos I1 (x)
cos I (r) cos B = cos II (y)

De ces équations nous déduisons

cos 1T (x)
cos ) ="cosa
sin IT (r) = ]/1 gos H{zpy
cos A
H(x cotg’ 1 (x)
H V cos V
i = sin H' ( cos A ) sin* Il (z cos® 4
A
- .sm cos IT () '
Vsin® A — cos® I (x)
En substituant dans cette derniére équation I7 (x) = g ~— @, nous
trouvons ) .
cotg I (j) = sin 4 sin @

Vsin® A —sin® @
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Mais nous avons vu que la différentielle de l'aire est dix cotg I (y)
ce qui donne, étant appliqué au cas actuel

de tang ©
ysin® A —sin® &
d’'ott nous concluons, en intégrant depuis & =o, ce qui correspond
a x=o0, et en remarquant que laire exprimée par lintégrale est

dx cotg II (y) = sin A

: i T
aussi exprimée par —2——.4—}3, que

&)

tang & dw

A .
—~—A—B-.::smAJ
2 o /sin* 4 —sin* @

ou A est un angle constant tandis que B est déterminée par I'équation
sin A

Si 0 =g, I'hypothenuse devient paralléle au coté y et Pangle B
sera ¢gal & zero. On a donc dans ce cas
-
4 -A
T o A f do tang @
¢ y/sin® A —sin® @

On peut déterminer la valeur d'une intégrale plus générale, en
considérant l'aire d’un triangle rectiligne quelconque, dont les cotés
sont a, b, c et les angles opposés A4, B, (' et en divisant cette aire en
éléments par des droites paralléles entre elles. Prenons le sommet
de l'angle € pour origine des covrdonnées et le coté a pour axe
des abscises . Soit B=1II(8) ou A est une ligne posilive si

T < . T : - .
B<§ et négalive si B>E_f' Menons par lextrémité de labscisse x

une droite u paralléle au edté ¢ et prolongeons cette paralléle jusqu'a
ce qu'elle coupe le coté b, L'angle que celte paralléle fait avee I'ab-
scisse z sera II(B —a 4 ) dou il suit que I'angle que cette pa-
ralléle fait avec le prolongement de x sera II(a — £ — x).

Si nous prenons pour élément de l'aire du triangle la partie de
cette aire qui est comprise entre deux paralléles w inliniment voisi-
nes nous aurons, d’aprés ce qui a été démontré plus haut, l'expres-
sion suivante pour cet élément

dS = —dll (s — B — z) (1 —e~¥).
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Regardons y, z et u comme variables et a et B comme con-
stants. Les équations (19) appliquées au triangle dont les cdtés sont z,
v et l'angle entre ces deux cotés II(f — a - x) donnent

. cos IT (z)
t —_ ) sin 7 (x g — =
cotg Csin IT (8 — a - &) sin I (z) 4 cos I (B — a4 =) sl T’

de cette équation nous tirons en posant pour abréger I1(f—a+2)=0@©

cos 11 (z)
cotg Csin o sin Il (x) -} cos 6

cos I (u) =
puis
__cotg Csin @ sin IT (z) 4 cos @ - cos IT (z)
"~ colg G sin @ sin I (z) + cos @ — cos I (z)’

e’

Mais
A
sin IT(z)=sin 11 (5 —a) —(f—a~+-a)|= :LSEf(ﬂi)wa ‘

de la méme maniére nous trouvons

cos I (B — a) — cos @
1 —cos II (8 — a) cos @

cos II () =

La substitution de ces valeurs de sin I (z), cos II (x) dans I'ex-
pression de ¢** donne

2
e“

ctgCsin® @sindl( f—a)-+-cosc } 1—cosll(f—a)cosw } ~+cosll( f—a)—cosw
ctgCsin® @sindl( f—a)-4-cos | 1—cosll( f—a)cose> { —cosll( f—a)+-cosc
. ctg Csin® @sinll( f—a)-}-cosll{ f—a)sin® &

~ elglsin®@sindl(A—a)4-2c0s— | 1-4-c0s*c jcosll(f—a)

el nous trouvons ensuite
dll(a—B—2a)=—dl(f—a+2)=—dw

aprés quoi la comparaison des deux expressions de l'aire du trian-
gle dobne I'équation

T—A4A—B—C=—0w4

r=a
i cotg Usin [1(f—a)sin® 242 cos ©—(1 - cos* @) cosll( f—a)
o=o cotg Csin /I(f—a)sin® &+ cos I (f—a) sin® |
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Si nous posons encore II (8 —a)=o, cctte équation prendra la
forme

[T — A — B — (] [cotg Csin ot 4 cos a] =
o=1(4)
f sl Vcotg Csin 0 sin® 6 -+ 2 cos @ — (1 +-cos” ) cos &

sin @
Q=U
ou les angles 4, B et la ligne £ doivent étre calculés au moyen des
équations
a=1II(B—a), B=1I()
sin B sin €
sin I (a)

dont la derniére est la derniére des équations (19), appliquée au trian-
gle que nous avons considéré.

On peut employer dans la Pangéométrie pour fixer la position
d’un point, hormis les coordonnées rectilignes et polaires, des arcs
de cercles limite et ce dernier systéme offre méme beaucoup d’avan-
tage sous le rapport de la simplicité des formules.

Déterminons la position d'un point dans un plan par des coor-
données rectangulaires z, y de maniére que y soit la longueur dela
perpendiculaire abaissée du point, dont on veut déterminer la posi-
tion, sur l'axe des z et x la distance du pied de la perpendiculaire
y de l'origine des coordonnées. Soit 7 la longueur de l'arc de cercle
limite compris entre le sommet de la perpendiculaire y et I'axe des
a, qui est en méme temps l'axe du cercle limite et nommons & la
distance du sommet du cercle limite, qui est situé sur l'axe des «,
i l'origine des coordonnées. Nous avons vu que dans ce cas

n = cotg 1)

cos A 4 cos B cos C =

ensuite I'équation du cercle limite donne
e~(@- &) = sin IT (y)

a l'aide de ces deux équations on peut exprimer &, 7 en fonction
de z, y ou inversement z, y en fonction de &, », ce qui permet de
passer de l'équation d'uue ligne exprimée en &, y a I'équation de
celte méme ligne exprimée en £, 7 ou inversement.

La différentielle des aires planes s'exprime en ,7 par l'équation
'S = d dn
o S est l'aire.
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Si nous regardons S comme fonction de z,y nous avons

((!S')
puis en différentiant par rapport a y
d*S 1 d*S 1
dz dy sin 1l (y) d& d‘r sin 11 (y)

ce qui saccorde avec ce que nous avons trouvé plus haut.

Abaissons d’un point dans l'espace une perpendiculaire z sur le
plan des coordonnées z, y et menons par celte perpendiculaire un
plan qui coupe le plan x, y en une droite paralléle & I'axe des z.
Prenons cette intersection, dirigée du coté du parallélisme pour axe
d'un cercle limite qui ]_J:ISSG par le sommet de la perpendiculaire z
et soit ¢ la longeur de lI'arc de ce cercle limite compris entre le
sommet de z et cet axe. On a

¢ = cotg I1(z);

la partie ¢ de la paralléle & l'axe des # menée par le pied de la
perpendiculaire z et comprise entre le sommet de Z et le pied de
cette perpendiculaire, sera donné par I'équation

e~? = sin II (z).

Larc de cercle limite mené par le pied de z de maniére a avoir
l'axe des z dirigé du coté des « positifs pour axe et compris
entre ce point et cet axe aura pour longueur cotg IT (y) et Iarc 7 de
cercle limite, mené par le point d’intersection de Z avec le plan des
z, y ayant l'axe des x dirigé du coté des x positifs pour axe et
compris enfre ce point et cet axe sera, en vertu de ce qui a été
démontré, donné par I'équation

__cotg Il (y)

T osinll(3)”
Si nous appelons encore & la partie de l'axe des x comprise
entre l'origine des coordonnées et I'are 7, I'équation du cercle limite

donne
e=2+&+9 — qin I (y).

De ces équations nous tirons en ne faisant varier d’abord que z
et Z qui en dépend
dz

~sin Il (z)
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En ne faisant varier que y et 7, il vient
d
dn = — M .
sin 11 (y) sin 11 (z)
Eofin en ne faisant varier que & et a, il vient
dé = dz.

Il ne reste, pour compléter la nouvelle théorie géométrique dé=
signée Pangéométrie, et qui est basée sur des nouveaux principes
plus généraux que ceux de la géométrie ordinaire, qu'a donner les
valeurs des différentielles de I'aire d'une surface courbe et du volume
d'un corps quelconque éxprimées & l'aide de coordonnées qui déter-
minent la position d’'un point dans 'espace.

Considérons dans ce but de nouvean le quadrilatére dont deux
cOtés a,y sont perpendiculaires au troisitme x et dont le quatrieme
coté ¢ est perpendiculaire & y et fait avec a l'angle ¢.

Nous avons trouvé (équation 25)

cos II (y) = cos I (a) sin II (z).

Puis nous trouvons & l'aide des équations (10), (11) en nom-
mant r la diagonale menée Jdu sommet de l'angle ¢ au sommet de
I'angle droit opposé et A V'angle entre z et r

cos II (r) cos A = cos II ()

cos A tang 7 (¢) = tang II (v).

De ces deux équations nous (lirons

cos 11 (x) tang IT (c) == sin I (r).
Mais

sin IT (r) = sin II (a) sin 11 (z)
et par conséquence

tang 11 (c) = sin II (a) tang II (x).

Si ¢ et = sont si petils qu'on puisse négliger les puissances su-
périeures devant les inférieures et prendre pour valeurs approchées
de tang II (c), tang II (x) les suivantes

tang IT (¢c) == % ; lang I (x) =}
on trouve
e e = (27)
sin 17 (a)
La droite ¢ qui joint les sommet de a et de y ne sera pas per-

pendiculaire & y si a =y dans le quadrilatére. Dans ce cas la dr?i-
te p qui joint le milieu de ¢ au milieu de x sera perpendiculaire ac
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et & . Nous pouvons donc remplacer dans I'équation (27) ¢ par §c¢
et @ par ya ce qui ne change pas la forme de cette équation. Elle
est ainsi démontrée méme pour le cas a =y, cas auquel la démon-
stration donnée plus haut nest pas immédialement applicable.

Les aires des surfaces courbes ont pour mesure la somme des
aires des triangles, qui forment un reseau continu dont tous les som-
mets sont situés sur la snrface. Celle mesure sera d'autant plus exacte
que les dimensions des triangles seront plus petites.

La limite de laquelle cette somme sapproche indéfiniment si Jes
dimensions des triangles diminuent indéfiniment et de laquelle elle
peut différer d’une grandeur moindre que toute grandeur donnée est
dite la valeur mathématique de laire de la surface Déterminons
d’abord laire d'un triangle rectiligne rectangle en fonction des cotés,
que nous désignerons par a, b, ¢, nommons les angles opposés & ces

T

cotés respectivement I (a), I1(p), o

Nous avons vu qu'on peut, dans un tel triangle, subslituer &
@, b, ¢, ¢ty B

les lignes
@ Cl', lgt b" ¢

respectivement.
Outre cela nous avons trouvé que
2 1(3) = (c+ B)+ I (c — B);
substituons dans cetle équation o’ & b, 83, a ¢ et ¢ a B, il viendra
a—2M0(a)=H(p+c)+H(f—¢)
ou 211 (@) = II (¢ — fB) — Il (c + B).
De la méme maniére nous Lrouvons
2N (B)=MH(¢c—a)—I(c+ a)

En échangeant dans cefte derniére équation les lettres comme il a
été dit plus haut on aura

20 (o) =1(8—b)—1(8+)

De la méme maniére on a
2 (¢) =1 (e —a')—H(a+4a)

d’ou nous déduisons par l'échange de lettres indiqué plus haut
QI (f)=H b —a')— I 4a)

126



— 325 —

De la méme maniére on a
20l () = I (' —b') — Il (' + ¥');

en ajoutant les deux derniéres équalions nous lrouvons
2l (a) 421l (B)=ma—21(a' + b)),

aprés quoi l'aire du triangle A est donnée par l'expression suivante:

A=Z— 1T (a)— 1 (8) =1 (d+b)

et en suite
tang 1 A = e~ e ¥ =
=tang [3or — 3 I (a)] tang [ s o7 — § I (3)]

d’ou nous tirons enfin
e —1 & —1

@ +1 1

Si @ et b sont trés petits, de sorle qu'on puisse négliger les
puissances supérieures de a,b et A cetle formule donne
A=jad

tang 1 A =

comme dans la g}‘:omélrie qrflinaire. On sait qu'on peut toujrurs
choisir dans un triangle rectiligne quelconque le coté ¢ de maniére,
que la perpendiculaire abaissée du sommet de I'angle oppos¢ € sar
la direction de ce colé, tombe sur le eoté ¢ lui méme et non pas sur
son prolongement; celle perpendiculaire divise le colé ¢ en deux par-
ties, l'une z adjacente alangle A, l'autre c—z adjacente & 'angle B.
Laire § de ce triangle sera égale a la somme des aires des deux
triangles rectangles formés par cette perpendiculaire et sera donnée
par l'équaticn

e —1 ek—i_l_e""—l Py |

1 ef4-1 7 Pl B
T e —1 e 1 1N

e G

Rl ] 25 Nt
équation a laquelle on peut donner la furme
(¢ — 1) (¢ — 1)

(e° 4 1) (e - 1)* - 2¢% (e — 1) (e¢-% — 1)’
cette formule donne, si l'on néglige les puissances supérieures de
s, h,c vis & vis des inférieures

S=4jch

tang 4 §

lang?,S:

22
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comme dans la géométrie ordinaire. Nous avons va que l'expression
de I'aire d'un triangle en fonction des trois angles 4, B, ¢ du trian-

gle était
S=m—A—B—ZC(.

Tirons la valeur de A en fonction de a, b, ¢ de la seconde des

équations (19) Cela donne I'équation
g sin 11 (b) sin 17 (c)

sin 11 (a)
cos {1 (b) cos I (c)

cos A —

de laquelle il suit
sin 11 (b) sin I (c)
t - cos I1 () cos I (¢) — 5
2c08” i A=
cos 17 (b) cos 11 (c)
Si nous substituons dans cette formule & la place de
1 - cos IT (b) cos I (c)

sa valeuar
sin [T () sin IT (c)

sin I (b—¢)

elle prend la forme

2, 1 1 .
2cos” } A = tang I1 (b) tang I1 (c) {sinﬂ' ks anille } ;

de ]Ja méme maniére on trouve

— 2 sin® § A = tang 11 (b) tang IT

, : 4

(¢) Jlsin 1T (b— c_) ~sin I (u)} ;

de ces deux formules nous déduisons

t — cos? IT () cos® I (c)
sin® I (b) sin® 11 (c)

sin” 4 = tang® IT (b) tang® I1 (c) { o

2 1
+ sin I1 (a) sin I (b) sin Il (¢) — sin® 1T (a) }

ou
sin® 4 = — tang® IT (b) tane? I1 (} {____1.__% i 1
B gt g deg sin® I (a) + sin® 11 (b) + 5w 1 (c)

2
T Sol(a) s (G sndl) }
En posant pour abreger

; —1 S | i £
O A N TS S SN T
sin? I (a)  sin® 1T (8) sin® I (c) sinll(a) sin 1(b) sindl(c)
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on a sin A == tang II (b) tang 11 (c) P. (28)
On peut aussi donner a P la forme suivante:

p==21-1+m}{1+m”‘+ﬁ?)}

1 1 1 2
- { It ame Tamip T aiy }

symétrique par rapport a a, b, ¢

En partant de I'équation (28) et en y regardant P comme une
quantité indéterminée on peut prouver de la maniére suivante gue P
doit étre une fonction symélrique par rapport a a, b, c

Multiplions 'équation (28) par tang IT (a), substituons y &
sin A tang I (a) sa valeur sin B tang I1 (b) tirée de l'équation (13) et
divisons aprés par tang IT(b), il viendra

sin B = tang IJ (a) tang I (c) P.

Multiplions cette derniére équation par tang IT(b), substituons y
a sin Blang I1(h) sa valeur sin Ctang IT(c) tirée de l'équation (13)
et divisons aprés par tang IT (¢), nous aurons

sin €= tang I (a) tang IT (b) P,
cela démontre que P est une fonction symétrique des cotés a, b, c.

Nous avons deja trouvé

sin IT () sin IT (c)
o sin /1 (a)
cos 11 (b) cos I (c)

cos A =

ou ce qui est la méme chose

1 1
os A = tang 11 (b) tang 11 (¢) T ‘
cos A ang I1 (b) tang I (¢ { sin [I (b) sin M (¢)  sin 1 {a) {

de la méme maniére on trouve

# i 1
B o ‘r { . I 1 ——
cos tang IT (c) tang 11 (a) { sin I1 (c) sin I (a)  sin 1L (b) }
2 -~ 5 1 1
cos €= tang IT (a) tang I (1) { sin I (a) sin 11 () sin 1 (c) } .
22"
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De ces valeurs de sin A, cos 4, sin B, cos B nous déduisons
sin (A 4 B) = sin A cos B - cos A sin B
== tang 77 (b) tang®77(c) tang (a) P

i 1
{ sin 77(c)sin 77(a) ~ sin /Z(b) }

1 1
+ tang* LR} g T (g} tang /TS 7 { sin Z7(b) sin ZZ(c)  sin 11{a) }

1
sin /7 () + sin77(0) {sinIT(c) ! ‘

== tang I7(a)tang 77{b)tang I7(c) P {
et enfin

sin (A+ Bj e

tang 77 (a) tang I7 (b) P { 1 1 }
1 ‘ } sin /7 (a) T sin 77 (b)
Py ks

La troisiéme des équations (19) donne
cos A 4 cos (B + 6‘)=sinBsinC{

1
—1
sin /7 (a) \
Substituons dans cetle équation & la place de sin B, sin C leurs va-
leurs tirées de V'équation (28), elle donnera
—11

cos {B—+-C) = — cosA--lang I7(c) tang> /7 a) tang IT\b) P ;

sin//{a) |
ou ce qui est la méme chose
cos (B + €)= — cos 4 4228 H(f;) tang 77 c) P>
sio 2T T

A T'aide des formules précédentes nous trouvons
cos (A 4~ B+ C) = cos 4 cos (B 4 C) — sin 4 sin (B4 ()

— —cos? A 20g" 7718) tang> 77 () P* { 1 R }

41 sin/7(b)sin£Z(c)  sin71{a)
sin /7(a)
tang® 77 () tang® 17 (c) P? 1 1
R Y {s*" e s }
" tg* Ib)tg*11(c) P 1 1
g 2, I I g ) =
2¢c0s” } (4--B—-Cj==sin" A 3 ry {sm sl sinH(a.]}
sindl(a)
__tang® J7(b) tang* /7 (c) P { 1
1 +1 sinﬂ{bj-l—sinﬂ(c) j
sin /7 (a)
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2 cos § (A4 B+ C) = tang® I7 (b) tang® 17 (c) P*

: tang’!ﬁb)tang“ﬂ(c}P”{ 1 1 1 t
: 1 2 g sinZ7(b)sin/1c) sinma)“s"iﬁﬁ'f})"‘si..fr(c)]i
sin// a)
__tang® 77(b) tang® I7(c) P* | 1 .. & 1___+1 }
T 1 \sinZZ(b)sin /Z(c) sinff(b) sini(c)
sin 77 (a)

- q 1 i
=tg‘IHa}tg“mbitg’mc)‘m(sinma) i)(sinﬂ'r_'b) 1)(sim"f(c]

Mais il a été démontré que laire dutriangle A=7— 4 — B —C,
par conséquence

A
sin — = -—1: tang Il {a) tang IT &) tang I (c) P><
2 V2

) 1 : :

Si a, b,c sont (trés petits de maniére qu'on puisse poser avec une
approximation suffisante

1
= tg?; ——— =1 v
1+‘a'sinff{b} +3

sin 11 (a)
|

= .__.______=i 1 . . P — e 3

0 1 (o) —+ iy tang I (a) = ( ta’)

tngﬂ{b}:i{l—{&");langﬂ{c)=g{i_;_c’)

il viendra
- 1/&‘ 40" 4
sin A =1} C

ou en rejetant les puissances de A supéricures 4 la premiére

i
A==

! 2 4

. V‘:’. ye' + 6+
Déterminons la position d'un point dans I'espace par trois co-
ordonnées rectangulaires: s perpendiculaire au plan de zy, y per-
pendiculaire abaissée du pied de z sur laxe des @ et x partie de
l'axe des = comprise entre I'origine des coordonnées et le pied de y.
Prenons sur la surface courbe, dont il s'agit de déterminer I'élément
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de l'aire, (rois points et soient les coordonnées du premier point
z,Y, 5, les coordonnées du second point

-dz
x—+ dx,y, 3 -} (EE;) dx

et les coordonnées du troisiéme point

dz
z,y+ dy, 54 (@) dy.

Nommons ¢ la distance entre les sommets de deux perpendicu-
laires a I'axe des x égales & y, qui interceptent entre elles une
partie dx de cet axe. En supposant dz, dy infiniment petits nous
aurons en vertu de I'équation (27)

; dx
~sinll(y)
La distance des deux premiers points pris sur la surface courbe
forme un triangle avec les droites dont les longueurs sont:

dx fr?:.-)d
= — — ) dx.
sin I (y) sin I (z) ' \dz-

Nous pouvons considérer ce triangle a couse de la petitesse de
ses cOtés comme un triangle dont V'hypoténuse est la distance entre
les premiers deux points pris sur la surface. Nous aurons donc pour
le carré de cette distance

2 1 J ]
s { sin® I (y) sin* 11 (z) + (fﬁ) }

De la méme maniére nous trouvons pour le carré de la distance du
premier point au troisiéme

i (e + () |

et pour la distance du second point au troisiéme

dz? dy* dz dz $
siu’H(y)sin"H(z)+sin"If{zj+z (Fr‘yj dg— d:r) d"’} '

L'aive du triangle, dont les ¢dtés sont les distances du premier
point pris sur la surface courbe au second, du second au (roisiéme
et du troisitme au premier et la somme des trois angles duquel
sera sensiblement égale & o1, & raison de la pelitesse des colés, sera
en vertu de la formule démontrée plus haut et des valeurs que nous
avons trouvées pour les carrés de ses cotés
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) 1 ]/ dz~* 1 dzn* 1

dedr ™ 2sinll(s) (&1) T II (y) (33) + o 11 y) sin® I (z)

ce qui est 'élément de laire de la surface courbe dont I'équation est
g={ (%,9)

Appliquons cette expression a une sphére de rayon r. Si l'ori-
gine des coordonnées est au centre de la sphere, l'équation de la
sphére donnera:

d_z) . cos H ()
dx cos I (z)
-dzN  cos Il (y)
\iy) = et
et ensuite
cos 11 (r) sin 17 (y) sin” I () . da* s _
sin® 11 (r) " y/sin® 1 (z) sin® I (y) — sin® 11 (r) ~ ddla)d H{(y)
sin M1 ()
sin 1 (z)

Multiplions par d II'(y) et intégrons depuis sin Il (y) =

jusqu'a H(y) =1, il viendra:
ds . cos Il (r)
- = 9—-" ey T R |
PN T Rk oy T
Multiplions encore par d II (z) et intégrons depuis /I (x) = | 7T nous
aurons:
§— 27t cos II (r) cos 11 (x)
T sin” I7 (r)

ce qui est l'aire de la surface du segment de sphére compris entre
deux plans perpendiculaires 4 un méme rayon, dont I'un passe par
Je centre de la sphére et I'autre i une distance x du centre. Pour
avoir l'aire de la surface de la sphére entiére il faut mettre dans
cette formule x =71 et doubler le résultat. De cetle maniére on a
pour l'aire de la surface de la sphére entiére 'expression

4zt cotg?® I (r)
ou T —eT);

si r est si petit qu'on puisse rejeter les puissances supérieures de r,
cette expression se reduit a
4T r?

comme dans la géométrie ordinaire.
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Posons
cos v = tang Il (r) cotg I7 (yj
cos I (x) = cos I1 (r) sin 1 sin ¢
et introduisons les nouvelles variables v, @ au lieu de x,y dans

Vexpression de I'élément de la surface de la sphére de rayon r que
nous avons en vue.

Nous trouvons

d’S  cos I (r)siny /1 —cos® Ul (r) sin® y sin® @
dpdy —  sinll (r) { —cos® I (r)sin®yp
Multiplions cette équation par 8 dyw dp et intégrons depuis

- y by - . 2 e :
Y =0 jusqua y = = depuis @ = o, jusqu'a @ = 5 ¢ (qui nous

donnera la surface de la sphére entiére. En égalant cette expression
de la surface de la sphére entiére & I'expression de la méme surface
que nous avons trouvé plus haut, nous concluons que

4
a sinyy/1 — cos® I (r) sin® y sin* @ B
sin [ (r) f d"”-[ i 0

1 — cos® Il (r) sin® @
Si nous désignons par E () lintégrale elliptique
17
E(a) = fdga V1i—a’sin’ @

ou o est la constante qui se trouve sous le signe intégral nous
ayons

—_— e

sinfl (r) % (1 — &) ]/a——., — .-1:“.
1r—R & la place de I7 (r) il vient

re f“ dz E (a)
=

En posant dans l'intégrale (30

¥ g

a

%ﬂ'R=ff dy do sin 1 sin R .
° % /1 —sin* 1 sin® @ sin® R

j

wig

Effectuant Tintégration par rapport 4 v dans les limites indiquées nous

frouvons
T

deq: 1 4 sin@sin R
TR= | ——log
‘!Sln¢ - (1 — sin @ sin R)
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ce qui, en mettant IT (x) a la place de ¢, prend la forme
o0
% |- 1 —[—Qe‘sinh‘}
TR= ) d .
T '!‘ wlog{e”—{—l—ﬂe“’sinR

L’integration par parties reduit cette équation a
0

. R J (e*® — 1) e®. x dx
*Tsin R 4 "+ 2e°7 cos 2 R 1

(31)
a 2
Pour R=§ celte équation donne

20
®zde
L = ) ——.
& T
Il est facile de démontrer que I'équation (31) reste vraie quand
méme on met a la place de cos R un nombre plus grand que I'unité.

En effet on a
T

J dy log colg y v = o
o

d'on il suit que pour tout nombre a
w

J dy log (e® cotg § v) = a .

Transformons celte intégrale en posant e®cotg jy = €%, il viendra

+ 00

' x dw

@ feaa 1T ®
A e ! e-
-co

On peut donner facilement a celle équation la forme suivante

(e® —e %) xdx __ [ a )
R e e N N
d’oi l'on revient A I'équation (31) en remplacant « par a y/— 1.
q P p

Si nous prenons pour coordonnées des arcs de cercle limite, I'un 7
situé dans un plan passant par une perpendiculaire abaissée du point
donnée sur le plan ay et par une paralléle a 'axe des = menée par
le pied de cette perpendiculaire et ayant cette paralléle pour axe,
Vautre 7 situ¢ dans le plan xy ayant I'axe des x pour axe et pas-
sant par le pied de Z et si nous prenons pour troisiéme coordonnée
la partie ¢ de l'axe des z comprise entre l'origine des coordoniées
et le sommet du second arc, I'élément du volume P doit étre di dn d7.
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On a done
d* P = d¢ dn dZ.
Posons encore ¢ = cotg II (z) ou z est la perpendiculaire abais-
sée du point donné sur le plan zy, nous aurons
aeap 1
a7 dnds ~ sin 1 (z)
De V'équation du cercle limite nous tirons
e~P =sin Il (z)

ot p désigne la distance du point dintersection de l'arc J avee le

plan xy au pied de la perpendiculaire z. En remarquant que, en con-
séquence de I'équation du cercle limite et de la valeur de larc de
cercle limite en fonction de I'ordonnée, on a

colg I (y) =neP

ef-% — sin 11 (z) sin 11 (y)
on trouve

dn i

dy — sin I (y) sin 11 (z)

s dr=dg;
d’ol il suit que
apP 1

dxdydz  sin Il (y) sm® 1 (z)
En multipliant cette expression par da et en intégrant par rapport
4 x depuis # = 0, nous trouvons

d’* P x .

dydz— sin Il (y) sim* 11 ()
en multipiant Ja méme expression par dy et en intégrant par rap-
port & y depuis y =o

> P colg I(y)

de dz ™ sin® 11 (z)
et enfin en multipliant par dz et en intégrant par rapport & z de-
puis z =0

d* P 1

= b ik 5
rr T oy e s

Si I'on multiplie 'avant derniére de ces expressions par da dz
que l'on intégre d’abord par rapport & z jusqu'a la valeur de z tirée
de T'équation

sin II (r) = sin II () sin II (z)
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et puis par rapport 4 @ depuis 2 = 0 jusqua =1 et que I'on mulli-
plie le resultat par 8 pour avoir le volume de laZsphére entiere,
on trouvera le volume de la sphére entiére = T | €7 — =" — 4y
ce qui donne pour r trés petit #o7r*, comme dans la géométrie
ordinaire.

Soit pour exprimer I'élément de volume en coordonnées polaires,
r la distance de lorigine des coordonnées a un point de 'espace,
dont les coordonnées rectangulaires sont r,y, z. Nommons ¢ la droite
menée dans le plan ay de Torigine des coordonnées au pied de
z,( Tangle entre r et q, @ langle de g et de l'axe des z posilifs.
Posons encore I (z)=X, Il (y)=Y, Il (z)= Z, lH (r) = R, I (¢) = Q.
Menons un plan perpendiculaire & l'axe des z et qui passe par le
point donné. Soit »' la droite menée dans ce plan du point donné
a I'axe des z et posons encore II(r')= R'. Construisons enfin une
sphére de rayon r dont le centre coincide avee l'origine des coor-
données. Le plan xy coupera cette sphére dans un grand] cercle
dont la circonférence sera égale, d'aprés ee qui aété démontré plus
haut, a

27 colg R

la partic de cette circonférence interceptée par deux plans qui pas-
sent tous les deux par laxe des z et inclines 'un sur l'autre sous
Fangle & doit étre

@ colg R.

La circonférence de cercle, produite par intersection de Ia méme
sphere par le plan qui passe par le point donné et qui est perpen-
diculaire a l'axe des z sera égale &

27T colg R'
et la partie de cette circonférence, interceptée par les deux plans qui
passent par laxe des z el sont inclinés I'un sur l'autre sous l'angle

¢ doit étre
o cotg R'.

L'acroissement de ce dernier are, produit par laccroissement
de) de l'angle ¢ doit étre
de colg R

Le triangle, dont U'hypoténuse est r, l'un des cotés de l'angle
droit r' etdont l'angle opposé & v’ est 7 — @, donne (d’aprés 1'équa-
lion 13)

tang R' cos A = tang R
d’ou il suit que
dey eotg R' = de cos 6 eotg R.
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La circonférence du cercle qui est I'intersection de la méme sphére
par un plan mené par l'axe des z est égale a

277 cotg R
et I'arc de ce cercle qui correspond & I'angle @ au centre doil étre
f cotg R

d’ou il suit que I'accroissement de cet arc qui correspond a un ac-
croissement d@ de l'angle € doit étre
dé cotg R,

Si tous les acroissements sont infiniment petits I'élément du vo-
lume sera, comme dans la géométrie ordinaire, exprimé par le pro-
duit des trois lignes perpendiculaires entre elles

dr, de cos 0 cotg R, dé cotg R

par-ce qu'il peut étre consideré comme un prisme; on aura donc
l'expression suivante de I'élément de volume en coordonnées polaires

drdo df cos O cotg” R=d’ P
ou en substituant pour cotg® R sa valeur en r
d’P=1drdc>dfcos 0 (¢" —eT).
En intégrant d’abord par rapport a r depuis r ==o il vient
d* P=1do d0l cos 0 ("7 — e=*" — Ar).

Pour la sphére dont le centre est & l'origine des coordonnées r
ne depend pas de @ et ¢. En intégrant par rapport & @ depuis
¢ =0, jusqud @ =27 et par rapport a € depuis € =0 juqu'a
@ = Tet en doublant le résultat il vient pour le volume de la sphére
entiere 7 (¢’ —e~°" — 4r) comme plus haut.

Prenons maintenant une partie S de la d'une surface sphére li-
mite terminée par un contour rentrant sur lui méme, menons par
les diférents points de ce contour des droites paralléles & I'axe de
la sphére, ils f rmeront une surface que nous nommerons par ana-
logie conique et qui s'étend indéfiniment des deux eotés, mais dont
nous ne considérons que la partie située du coté de parallélisme des
axes de la sphére limite. Soit §' la partie d'une seconde sphére limite,
dont les axes sont paralléles aux axes de la premiére et dirigés en
méme sens, parlie qui est située dans Vintérieur de la surface conique.
S, S «t la partie de la surface conique située entre les deux sphéres
limites renferment un volume fini en tout sens que nous nous proposons
de déterminer. Nommons ¢ la partie d'un axe des deux sphéres in-
terceptée entre elles, appliquons une longueur égale & c¢ plusieurs fois
sur un des axes de la premiére sphére qui passe par un des point

138



— 337 —

du contour de S & partic du point ou cet axe perce S et menons
par les points de division des sphéres limites, dont les axes soient
paralléles aux axes des deux premiéres et dirigés en méme sens,
Soient S, S"' etc. les parties de ces sphéres limites consécutives com-
prises dans la surface conique. 1l suit facilement de ce qui a été
démontré plus haut par rapport aux ares de cercle limite située com-
me le sont les parties de sphére limite que nous considérons main-
tenant qu'on aura toujours

S = Se-?¢
S’l — S e-fec
§"= S e~ et ainsi de suite.

"

Nommons de méme P, P', P{ P"" etc. les volumes interceptés
par la surface conique entre S,S'; entre S, S” et ainsi de suite et
faisons attention 2 ce que les volumes P, P/, P" elc. doivent éfre
proportionnels aux surfaces S, S, S ete.

Nous devons donec avoir
P=CS

ou C est une fonction de ¢ seule; il suit de la que
P=CS =CSe?*
P'—=(CS'=(CSe* et ainsi de suite.
La somme cEOP"’” sera donc le volume compris dans la surface

. [
conique, dont la base est S et qui est indéfiniment prolongée du cété
du parallélisme des génératrices. Soit K ce volume, nous aurons

cS
==
cette grandeur ne doit pas dépendre de ¢, ce qui exige qu'on ait
C=(1—e>)A
on A est un nombre absolu, et comme I'unité de volume est arbi-
traire nous prendrons
(=1} (1. e e"")
dans le but que le volume P, étant
P = 4 [1 e e..gc}
devienne P =cS si ¢ est infiniment petit, expression qui coincide
avee l'expression du volume d'un prisme de base § et de hauteur ¢

dans la géométrie ordinaire. On pent encore prendre pour I'élément
de volume le volume compris dans une surface conique formée par
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les axes d'une surface de sphére limite, axes qui sonl menés par
tous les points du contour d'une partie de cette surface infiniment

petite dans tout sens.

Le grand nombre d’expressions différentes pour I'élément de la
méme grandeur géométrique donne des moyens pour la eomparai-
sons des intégrales, moyens qui sont surtout utiles dans la thécrie
des intégrales définies.

Ayant montré dans ce qui précéde de quelle maniére il faut
calculer la longueur des lignes courbes, l'aire des surfaces et le vo-
lume des corps, il nous est permis d'affirmer que la Pangéométrie
est une doctrine géométrique compléte. Un simple coup d'oeil sur
les équations (19) qui expriment la dépendance exislante entre les
cOtés et les angles des triangles reclilignes est suffisant pour démon-
trer qu'a partir de la la Pangéométrie devient une méthode analy-
tique qui remplace et généralise les méthodes analytiques de la géo-
métrie ordinaire. On pourrait commencer I'exposition de la Pangéo-
métrie par les équations (19) et méme essayer de substituer & ces
équations d'autres équations qui exprimeraient les dépendances entre
les angles et les cotés de tout triangle réctiligne; mais dans ce der-
nier cas, il faudrait démontrer que ces nouvelles équations s'accordent
avec les notions fondamentales de la géométrie. Les équations (19)
ayant été déduites de ces notions fondamentales s'accordent donc né-
cessairement avec elles et toutes les équations qu'on pourrait vouloir
leur substituer doivent, si ces équations ne sont pas une suite des
équations (19), conduire i des résultats contraires & ces notions. Ainsi
les équations (19) sont la base de la géométrie la plus générale puis-
qu'elles ne dépendent pas de la supposition que la somme des trois
angles de tout (riangle rectiligne est égale & deux angles droits.

La Pangéométrie, qui est fondée sur des principes cerfains et qui
a 6té développée dans ce qui précéde donne, comme on a vu, des
méthodes propres & calculer la valeur des différentes grandeurs géo-
métriques et démontre en méme temps que la supposilion, que la
valeur de la somme des trois angles de tout triangle rectiligne est
constante, supposition adoptée explicilement ou implicitement dans la
géoméirie ordinaire. n'est pas une conséquence nécessaire de nosno-
tions sur l'espace. 1l n'y a que I'expérience qui puisse confirmer la
vérité de celte supposition, par exemple par la mesure effective des
truis angles d'un triangle rectiligne, mesure qui peut étre effecluée
de différentes maniéres. On peut mesurer les (rois angles d’un tri-
angle rectiligne construit sur un plan artificiel ou les trois angles
d’un triangle rectiligne dans I'espace. Daps ce derniér cas on devra
préférer les triangles dont les cdtés sont trés grands, puisque d'aprés
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la Pangéométrie, la différence entre deux angles droits et la somme
des trois angles d'un triangle rectiligne est d’autant plus grande que
les cotés sont plus grands.

Soit r le rayon d'un cercle, A un angle au centre dont les cotés
comprennent un arc soustendu par une chorde égale ar. Nommons
p la perpendiculaire abaissée du centre du cercle sur cette chorde,
qui est divisée en deux parties égales par le pied de la perpendicu-
laire. Considérons un des deux (riangles rectilignes rectangles formés
par cette perpendiculaire, les rayons du cercle situés sur les cotés
de I'angle A et la chorde, triangle dont I'hypoténuse sera r et les

cotés perpendiculaires entre eux 7, p.
D'aprés l'équation générale (13) on aura dans ce triangle
sin A tang II (1 r) = tang 11 (r)
équation qui, combinée avec l'équation indentique
; sin® I (5 7)
tang Il (1) = —+—
g 1) 2¢cos Il (37)
donne
sin A= j3sin Il (11).

Dans la géométrie ordinaire on a

A= ?—T.
Supposons que la mesure effective donne

e

T K

ott K est un nombre positif,

On deyra done avoir
sin (a—:‘;—ﬁ) = §sin 11 (i1).

Si r et K sont donnés ou peut tirer de celte équation la va-
leur de /1 (3 7) & I'aide de quoi on peut trouver l'angle de parallélisme
I (z) pour toute ligne x. Les distances entre les corps célestes nous
fournissent le moyen d’observer les angles de (riangles dont les cotés
sont tres grands. Soit ¢ la lalitude géocentrique d'une étoile fixe a
une ¢époque fixe et £ une autre latitude géocentrique de la méme étoile,
latitude qui correspond & I'époque ot la terre se trouve de nouveau
dans le plan perpendiculaire & I'écliptique, mené par sa premiére po-
sition (c'est-d-dire la position o la latitude de T'étoile était «); soit
2a la distance entre ces deux positions de la terre et 0 I'angle sous
lequel est vu la distance 2a de I'étuile.
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Si les angles 0, £, & ne satisfont pas a la rélation

o= ﬁ —|— i)
ce sera un signe que la somme des trois angles de ce triangle dif-
fére de deux angles droits

On peuat choisir 'étoile de maniére que d' soit égal a zéro et
on pourra toujours supposer quil existe une ligne x telle que

{l (z) = a.
Si 0 =0 les droites menées des deux positions de la terre a
I'étoile peuvent éire ceusées paralléles et par conséquence on devra
avoir
B=1II(x - 2a)

d’out il suit, d’aprés ce qui a été démontré plus haut que
lang 1o =e¢ "
tang § S=e 72,

Toutes les fois que l'observation aura donné pour une étoile
par rapport a laquelle Uangle désigné par &' est zero, deux angles
a, /3 différents les deux derniéres équations donneront = et a expri-
més au moyen de la ligne prise pour unité dans la Pangéoméirie.
Ayant ainsi la ligne = qui correspond 4 un angle de parallélisme
I1 (2) on pourra calculer Vangle de parallélisme IT(y) pour toute
ligne y donnée.
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ERRATA.

Page 291 ligne 4 en remontant au lieu de tanga cos B lisez — tang acosB
Page 291 ligne 6 en remontant au lieu de tg zcot c— lisez tg & =cot ¢ —

1 1
Page 303 ligne 13 en remontant au lieu de 5 lisez — s

23
Page 307 ligne 4 en remontant au lieu de tg Xtg (z) lisez tg Xtg I (z)
? dx*
Page 310 ligne 15 en descendant au lieu de lisez

sin I (y) sin® [ (y)
Page 310 ligne 11 en remontant au lieu de ™2 lisez ™% da
Page 315 ligne 2 en descendant au liea de cos® 17 (z) lisez sin® I (z)
Page 313 ligne 8 en descendant au lien de sin ¢ lisez sin® &
Page 333 ligne 4 en descendant au lieu de } o7 lisez 27T,
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HAHTEOMETPIA.

Bacayoe. Ipogieccopa H. H. JoGunescrato.

Ionarin, ¥a KOTOPLIXB OLHOBLIBAKTE HAYAJA TEOMETPiN HEIOCTATOMHBI ¥TO6E OTCIOiA
THIBECTH AOKAJATEILCTBO TEOPEMBI: CYMMa Tpex’h Yrionh NPAMOJHHEHHAro TpeyroJbHHKa pap=
0a ABYMB NPAMBINE; TEOPEMA , Bh COPADeLIMBOCTH KOTOpPOMl MHKTO 10 CHXB HOPE me coMub-
BAICH , UOTOMy 9T0 He erpbdaiors mm gakoro nporusopbuia BB JaKJOUEHIAXB, KOTOPBIA
0TCI0XA BHIBOAATCA W WOTOMY 9To mamkpemie yruoph, BT NPAMOAuueilHbIXE TpeyroIbHMEAXT
corzacyeten vs npeabraxs ommGors cambixs Tounbixs wawhpeniii ¢b sroii Teopemoif. Hexo-
CTATOYHOCTE HAMAJIBHEIXS HOHATIH f1a° 10KAIATEILCTBA TPUBEACRNON TEOPEMbI NPUHYAUIA Teo=
MeTPOBH AOMYCKATs NPAMO XM KOCBEHHO BCIHOMOTATEIbHDIA TOJOKEHIA, KOTOPbA Kakh BR
npocThl KaskyTes, Thwe me mewbe mpomssoasusiu exbiosareanno gomymenb: ObITh HE MOLYTS.
Tars manp. NPUEEMAOTH: 49T0 KPYTE ¢Bb GeIKOHEUHO BEIMEMMD NOJYNONEPETHHEOME Hepexo=
AUTH Bh NPAMYIO JHHIO, a epepa €b Ge3KOHEUNO BeJMKNMT MOJYNONepeMHHKOMT BT ILIOC—
KOCTH; 4TO YLIBI NPAMOJMUEHHACO TPeyroJbHNKA BABHCATE TOALKO OTH COAepikania GOKOBE,
0O HE OTDH CaMBbIXh GOROBE, WM HAKOHEI'b, KAKB 3T0 OCHIKHOBEHHO NPHEMMAIOTE BB HATd—
JaXB TEOMETPiM, YTO HID Aaumoii TOURM BB ILIOCKOCTH He MOKHO nposectH Goxbe, oamoil
npsaMoil MapasIeabHoll €5 AaHHOM MpAMOIO BB TOM e MLIOCKOCTH, TOPJa RAKE pels apyria npa=
MbUT , MPODEACHHBIA WFL TOH e TOUKM U BH- Tolf jKe IIOCKOCTH, JO.KHBI He0GXOIUMO Mo
Z0CTATOMHOMT Mpojo.nkenin nepechrars sammyio npasyo. [oxs uuiero napasieapuolf Apy-
roif, pasymbiors npmMyo aumiio , KOTOpag CROALKO Ol HE HPOIO.LKAIACE BE oGE cTopomns,
mexorsa me perpbuaers Ty, ¢ wovopoil oma mapaxreasma. Jro ompexbiemie cauo mO

Ruwye, I, 1855 1. i

147



S

ee6b megocTaToUHO, MOTOMY 90 OHO He YKAGIDACTH HA eINHCTReHHYo xunio. Tomke MOXKHO cKa-
zath o Goxnwoil wacri onpexbaeuil, AapneMbIXs BE HAMAIAXE TEOMETPIN, MOTOMY HUTO ITH O-
opexbaenis, He TOALKO He YRAILIBAIOTT HA MPOHCXOASIeNie FeONETPHIECKol BeIHUNHbI, KOTOPYIO
xotaTs onperbants, mo AmKe He AOKAIBIBAIOTTS , YTO TAKLL BEMYHHBI CYUECTBOBATL MOTYTH.
Takmws o0pazons onpexbimors mpaMyio aumiio m miockoers WHROTOPbIMI mX'B cBOiicTBAMI;
FOBOPATH 9TO HPAMBLA JLMHIK CYTH Th, KOTOPBLA CIMBAIOTCA, Kak®s cRopo y Hux's Agk ofimin Tou-
RH; 970 ILIGCROCTH €6Th TAROTO PO HOBEPXHOCTE, Bh KOTOPOH npaMas JuHif JeHRHTH BesA, Raks
ckopo mpopesena upedn apb Tourm paarein ma miockocerw. Bahero roro, wrofpr mawmmats reo-
MeTpito HPAMOIl JuHiel0 ¥ ILIOCKOCTLIO, KaKh 2T0 ALIa0TE OGBIKHOBeHHO , # TpeAnoYe.ysh Ha-—
qaTh Caepoii M KPYroars, KOTOphIX®: onperbienie ne moxiemuyh ynpery »% uenoauorh, mo-
TOMYy 4TO BB OTHXD onperbieniaxn sagmowacres cmocofb KAKHMB OGPAIONT HTH BeJMHHILL
npomwsxoxars. Hotows a omperbaato mioeroceTs, KarD mopepxmocts Ik mepeckraores panmoin
CoepLI, ONUCAHHBLT OKG.I0 ABYXT nocroaunbixd vouyews., Haxoweus onpexbamo mpamyio auuiio,
Kiks nepechuenie pasHLIXB KPYTOBS: Bh ILIOCKOCTH, OMHCANHMBIXG OKOJO ABYX'B NOCTOARNBIXE
TOUeKs TOH ke mioewoctw. JonyeTuss Takin onpexbaenin, e Teopin npaMmbixs m miockocteii
OepPUeHAMKYJAPHBIXS MO#ETD ObITh MAIOMEHA CTPOFO €% JErKOCTHIO M KpaTkocrsio. Hpamyio
OPOBEICHNYIO MIB AQHHOH TOUKM BH ILIOCKOCTH, # HAajbibal0 Maparielbuolo Kb Aamnoil mpa-
MOl BB TOM iKe IOCKOCTH, KaKB C€KOPO OHA €OCTABLACTS rpamumy Memay THMm mpmymiv,
HPOBEJCHHLIME H3B TOH jKke TOUKHM BB TOHf ke miockocrs, koTopei mepechkaors sammyio
OPAMYIO 1O AOCTATOYHOMY OpPOIOLKeHI0 u THX® worophin me mepeebkators cxoapko Gbr me
npotoaxamucs. Ty eropemy, 8% Koropeii nepechdenie NPOMIXOIUTS, A HAILIBAIO CTOPOHOK M~
passessnocti. Sl WALANE MOMNYIO TeOPiO MAPALIEILUBIX' MOXE dariasiews «(Geomelrische Un~
tersuchungen zur Theorie der Parallellinien. Berlin 1840. In der Finke'schen Buchhandlung.»

Bn orows cowmmeniu s maiomurs Jokasatexsersa Bebxn mperioeuiii, me KOTOPBIXE He
By#HO wpeShiraTs KB momoum naparietsnbixs Junii. Meway oTIMu mperaokemiaMm 1o, Ko
TOpOe ACTH OTHOUIEHie NOBEPXHOCTH CHEPIIeCKaro Tpeyroasumka ko seeii cvepl, ocoGemno
aocroiino gaybuania. (Geomelr. Untersuchungen §27.) Ecan A, B, € oamauaiors yrast coepuue—
CKArO TPEYOALHME, TO COACpikaHie MOBEPXHOCTH OTOIO COEPUILCKATO TPEYTOJLHUKA Kb LOBepPX~
mocTi Beell coeprr, Koropoll owE mpuHAAteAMIT, GyAeTH PabHO COxepEaNilO

S A4-B4C—m),
KB 9eTLIPEMTD MPAMBIMG yraaws. 3abes 7T qamavaers Asa NpAMBIXD yrad.

Horoms & 10Ka3bIBAI0, 4TO CYMMA TPEXS YTIORS BS HpANOJHHEiinoNs Tpeyrossmnkh me wmo-
aers Gbits Goalie Apyxs npamsixs yraows (Geometr. Unters. § 19), mecau oxa cymma pasma 1vyms
UPAMBIMG Yr1aMb B KAKOMS HRGYb UpAMOIMHEHOM S TpeyroasankT, To ona yoxxua ObITs Takona
80 Bchxs npavouneiinnxs Tpeyroasuukaxs (Geometr, Unters. § 20). Mraxs 4pa 104uk0 npeamo.so-
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J07eHiA BOAMOIKHBI: ILIN CYMMA TPEX® YUIOBH BO BOAKOMB NPAMOIHHENHOMT Tpeyroasnukh
paBia  ABYME  TPAMBIMG YPAAME. — OTO NPEANOJOKEHie COCTABIACTT OGGIKHOBENHYIO Yeo-
METPIO—ILIN HO BCAKOMT npamoanueiinoys vpeyroisuukh ota cymma menbe apyx’s HPAMBIXE
1 9T0 mocxbanee npeinpaoacenie CAyKNTS ocHosamiems ocoGoill reomerpim, XKotopolf a Aaaxm
nagpanie BoofpakacMedi reoMeTpiN, HO KOTOPYIO Momer® ObiTh npnawypbe Hasnath Haureomer—
piei, HOTOMY wro 9TO HABANIE 0IMAYACTEH reomeTpilo ¥ obympuoms puxk, rab oGbiKuoBen-—
Has reoxeTpin Gy1eTh vactabii cayuail.

o npuuATLIXE HAYALE BB OaHreoMeTpin cabiyers, Wwro NMEPNeHANKY.YH p, OMYLUCHMEIH
u3b om0l TOWRM mnpaMoil JURIE HA wApaisebHy® KB neil, afiaers €n mepsoii auuiedl iBa
yrda, 036 KOTOPHING OMHE ocTphifi. fl mMashipalo 9TOTHE YroaT YraoMEh TMAPATIEILHOCTH, A
CTopouy mepsoii ML HTHXE MPAMBIXG Jumid, TAL ocTpLil yroxn HaxoauTes, i KOTOpAs OCTAET—
e Tagke Aan pebxn Towers ma wpamoii, evopomoii mapartersmocTi. Sl 0JHAYAK VTOTHE YIOAE
II(p), motomy 4T OWE JABUCHTEL OTH AJMHBI Neprepausysa p. Bn o0bikHoBeHHOI reoMetpid
Il (p) =7 aan sesgaro p. Bs naureomerpin yray I (p) npunatrexars seb snavenin ore o, Ko~
Topoxy coorsbTeTRyeTH p = CO,.20 T .KoTOpOMY cooTRETCTBYETT p = 0. (Geometr. Unters. § 23).
Yroter oyurmin I (p) zary awamraveckoe smatenie Goake ofwee, s mpUHEMAI0, UTO AXA OTPH=
HATEABHBINE P, Cayudii Ha RoTopeui nepsoe: onmperbiemie me pacnpoerpamnercd, suavenie 9Tol
SYHRUIE XAeTCA ypaBHeHIeMb: #H (p) = U (— p) =T,

Urags aan poakaro yraa A~ o u< g1, wowwo maiine ammio p raxs, wro IT(p) = 4,
vab ammin p wosommressua ecamn 4<C7. O6patno A1n pesxoii- Jusiy p eymecrsyers yroxn 4
Takn, aro A = I {p).-

A magpsaro npexbILHBINE EPyroMs Takoill Kpyrs, KOTOPATO: HOJYHONEPLYHART MPUHEMII0
GeaROHEMIIO. BEMHKINE ;- ONh MOKeTs GpITh HAYEPIeN’h NOCTENEHHO TOYKAMM KD HeMy NpHHAI-
xesaunnns.- Bepews TOuKy Wa Jaumoll npAMOIl , HAIBIBAENMT 9TY TOWKY BepumiHofi , a cawmyio
HPAMY 1000510 tpexhasiaro Kpyra; NOCTPORMS Ha HTOIH upmoli yroan A Zon T T, BepulIEA KO-
TOparo’ Coprtajaers b bepmmunow uperbasmaro Kpyra, n KOTOparo OAHA MFE CYOPOHE COBMAIA~
eTh OB OEHI0, NYCTh MAKOHENS a4 Jumin , Koropas- xactn [I{e)= Aw xidiews na Apyrok
Gokm yraa A orh sepumubt npayyo 2 a, komeus dToli npavoil Gy1ers Jemary ua npexrbasnoss
kpyrh;. wrolsr npogorsuTs npexbapusii KpyFs no apyryw eropouy. oc, HFI00H0 HOBTOPHTH
roike noerpoemie ma srofi cropomb ocw. OTcoxa BLANO , ure Beh mpAMDUI napaLIesLEBIA CB
ocpto mpexbasmaro Kpyra MOryThb PaBHO MOMMTATLCA 32 OCH npexbasnaro kpyra.

OGpamenie npeibapmaro Kpyra o000 OANOI UYL €ro oceif NPOMIBOANTL MOBEPXHOCTE,
KOTOPY®0 A HAILIBAIO NPeOMALRAR CfiePpa , MOBEPXHOCTH , KOTOPAA cibiopareasno Gy1e1s rpa-
HENA npuOanKenis A4 CLepsl ¢b BOB)ACTAHIEMD NMOJYIOTIEPEIHMEORD 10 (e3ROuaTHOCTHE,

Msr magomess oc ofpamewmin, a cxbrosareqmo m sch. Jumin mipalrcILEBIA €B OCHIO
l.
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ofipamenia, 0CLI0 npez%.nnoﬁ cwepbl, a momepeunolf miockocTiiO GyleMT HA3BIBATE ILIOCKOCTL,
55 KoTopol JesuTh oxma maa mhewoasko oceif ofpameniz. Ilepechuenie mpexbupmolf caoepnr
¢p momepewHoil mIocKOCTHIO zaers wpexbanmpri mpyrs. ‘lacrs nomepxmocrn ma npexbas-
moii coeph, orpamwmennas Tpeyn ayramn mpexbapmaro kpyra, magmaercs nperbarHbIME cve—
PHIECKHMB TPEYTOILHMROME , Ayru mperbanmaro wmpyra OyayTs maspmatien Gosawu npexbai—
HAr0 CHEPHYECRArO TPEYrOBHHKA, a IIOCKOCTHBIE YLALI M1y miockoereil, rak aesmars ayrm
mpexrbapuaro spyra Gyxyrs HasbmaThes yraasu nperbanmaro coepmueckaro TpeyroJnmmka.

Jwh npaybIa napaLIe HHBIA TPeThell Hapa.Le Lubl ety cofoio (Geometr.Unters, § 25). Or-
cioaa exbixyers, uro neh ocu npexbasuaro kpyra n npexbasnoii crepl napaLie LB MeRLy COGOI0.

Ecan tpu nmaockoetn mepechrarorca no ash BB Tpex® naparielsBpIXG NPAMBIXG, W ecam
KLKAAA [LIOCKOCTh OrPANHYEHA MEKAY ARYXD MAPATICALHBING, TO CYMMA TPeX'h ILIOCKOCTHBIXD
yPAOBS, ROTOPBIE OTH ILIOCKOCTH COCTARIMOT'S MO HOPAJKY OAHA ©F Apyroii, pasua AByMDH mps-
spivh yraaws. (Geometr. Unters. § 28).

Map oraro npersomenin cxbiyers, wTo eymma Tpexs yraons uwn nperbasiows coepuie—
CEOMS TpeyroJiHuk’t pasna ANyws HpAMBIME YLMAMT, W Wro Beé To, WTO B OGBIKHOBeHHOI
FEOMETPIN J0KasbIBAIOTE O COfepauin GORONH HPAMOJIHIEHNAIO TPeYrOALHNEA, MOKETH ObITL
nopropeo u JokasaHo sk Ilanreomerpin xam Gokows mpexbasmaro coepudeckaro TpeyroLHi-
Ea, CTOUTDH TOABKO 3aMGHHTE MAPALICIBHDIA OPAMbIL € OJHUNMD W3%h GOKOBD TPEyTOJBHHEA,
Ayrawu nperhienaro mpyra, DpoBEICHEBIMI WPesh TOUKH HA OAHOMD W3E Gokows mpexbapma-
£o COePRILCKATo TPEYTOJLHWEA TMOXL OAHMME YrIoMs ¢h oTuMbh Gokows. Taws manp. ecau
p, ¢, r. Gosa mpexbabmaro coepmueckaro OpAMOYroasHare tpeyroawanka u P, @, ¥ yrasi mpo~
THEE OTHXE (OKOFS, TO HAXO6HO NPHHNMATE TaKXKe KAKB LU NPAMOYTOJREANO MPAMOINHeii-
UAro TPeyroJLmmRa BB ofpIkHopeduod reomerpin exbayromin ypasuenin,

p=rsin P=rcos @
g=rcos P=rsin Q
P+ Q=

B ofmmoneunoii reoMeTpiu JORASBIBAIOTE, WTO PAICTOANIE ABYXT MAPALICILHBING npa-—-
unixh Be3xkh oxusaroso, we Ilaureomerpin mampoTuws , pascrommie p TOWEKD OAHO npawoi
40 MapaIIeILHOH €T Welo ymempmiaerca wa cropowh mapariessmocrs, T. e, ma cropond »E
kotopylo ofpawens yrows mapaiiexsuocrn I (p). Teneps myer. S, §'S",. wr. A paas ayrs
MpexbIHBIXE KPYTOBE MEy ABYXD MAPALICILHBIX'S IPAMBIXE KOTOPBIA CAY/RATS OCAMI OTHMS
npexbILubING RPYraws, mpesnosoKuME, 9TO JACTH NAPALIEIEUBIXE MEKAY YT Hocab1oBate. -
HLIX'D, PABHDT MeRIY c00010 u mambpaiorea BIauMuBINE pascToaniess ABYXs noc.rb 10BATE ILHBIX T
ayrs z; #asbBaews E cogzepmanie S ws S woraa o pasno exmpnnb Aanust

=k

~

@)t

150



r
rak E sucao nogomureasnoe n Goxbe eauuunsr Iyers Temeps uncio E puipassaeTtcs cosepmanions
n
ABYXH WHABIXS UnCeNT N KB m, Taks yro E = ;; pasxbasens xyry S ma m papaRixs Yacreii; upess
3 3 B

Toukn rhaenia Be1eM s NAPALICIBHBIT €1 ocaMu npexfIBEBIXE KPYroBh. JTH HAPATIC bHBLI Pas—
abaare ayrn §' §”. . .Racayio wa m pasusixs wacreil, Hepernoemes miomass veway xyrs S, 87
HA TIOMIAAL MewAY AT $, 8" m moaaran ayry §' ma S, a cabaopatemsuo ayry S” ma §'. uo-
BTOPACMD AYTY —; OHA XONKHA YRIAIIBATECA 1 Pash B% ayrk S.

v

Maparsenoers mmilf gacTapagers Ayry S, YRIaIbmaTicA TaKKe n pass no ayrk 8

cabosateanno,
5. N
§=§.'
Ytober aokasats Tome camoe wh cayuab mecomswhpmmoctn smcaa B, moimno npuGhriyTs
kB ThMs e enocofass, KOTOphie OOHIKHOBHHO YNOTPeGJIAIOTCA BB TeoMeTpinm BE moAol—
HLIX'E CAYHAANE; 4 14 KPATROCTH Bhl]‘ly{}lﬁ;llﬂ aTH HOAPOGHOCTH. H'ﬂlﬂ'}b.

- s [t SF . Sl’ o .
gr—- 5 '_"S_” s —H
1o Tpebyers, urolnr xut Beaxol ammin o
S=85E*

rab E npescramaners umeio papmoe cogepwaniio S k5 S mota z= .

Haxo6uo sambrurh, wro cotep:amie E me 3aBucHT®: OTH AIumnl Jyrm S u ocTaeTes To-
A, ecam Aph AaHHBUI NPAMBEL NMAPAITEIBUBUL COIMRAOTCA M YALIMOTCA APYT'H OTH APyra,
ocTapancs napassessnbnm ucao F, xoropoe meoGxomyo Goxh egnmimsl, 3apucHTs TOILEO 0TS
Toif npavojl awmin, KoTopas Bmifpama sa exummuny ue wambpenin npAMBIXE Jmuili 1 ROTOpaA MI-
ahpseTs pascronmie ey ABYXH n0CrbIOBATCALHBINE AYTH, W MOMKETT ObiTh BOATA NPOMIBOIL—
no, CpolicTBo KOTOpOe MBI JOKAZAIM BE OTHOmenin Kb syraws S, 8 §".....octaeres m aan
nyomazeii P, P'P’. ... orpanmuenunixs mocabrosaTespHBIME AYTaMu H H3PALILHBIME NPAMbI-

un. Hrars
P =P E™
Ecam mp1 coesumaeMt n moxofHBIXB TMIOmaxed cpagyy, To cymya OyLers
i — E—Nl
e
S s

Jaa n=00, 370 BLIpAiKeBie AIETE MAOINAXL MCHAY ABYX S NAPALICILHLIXS OTPAHHUEHANOMH ¢
oxnoif eropompr Ayroii § mpeorpasutenBOil €O CTOPOHBI Mapaifeiddma; smauenie aroil miomia-

au Oyzers cabaopareasno:
P .

{—E"
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Ecanm mafnpaews 3a eimnmuy miomageil Ty miomagr, Kotopas orsbuaers ayrk S={ u
pascroamiio & = 1, To HaiizenHoe BbIpakenie xaa miomwaiw Abaaerca xia pearoi ayru $
_E 8§
—F—1
Bs oOsisnoseutoii reoMetpin yueso E nocroanuo u pasmo exunnirh; noeark wero vs ofniknosenoi
reomerpiu anh npfmbn; NAPATTRIBHBIA OTCTOATH TNOBCIOLY PABUO APYIEs OTH Apyra, a4 ILio-
MATL MedIy ABYMA TAPALICHHBIME , OTPAmMNEHHAA TOJLKO CB OXUOH cTOpoubl ofmuns mep-
HQHANKY.IOMB KB HIE, (e3KOHEYHO BEINEA.-

PasuarpusaeMs Tenepn npaMo.nneiinbiii npanoyrom.umii TPeYIrOJsuNED, KoToparo a, &, ¢,

=
Gora, a A, B, == yrant npotusonoaoknsie atuxh Gokaws. Ocrpute yrapr A, B aoryrs Guirs

2

npmmyaess sa yrast napaxexsnoern I (a), IT (/) cootsbrerrenunie xpyws upmnis ¢, 2

HOJXOKATEILHBINE §- YGIOBHMCA ellle’ O3HAMATEH VAApeHiess HAXs OyKBOil Ty HpAMYIO, 11i KOTO-

poif yroxhb NapALIEIEHOCTH CAY/RHTT AONOJHEHIeMT 10 NPAMATO yria, yrIy NapaLieluuocti,

KOTOPbIH orpfiyaers npaxoii, osmagenupli TOW ke 63'1:5011 0esn yzapeuiu.- Tarnyus ofpason..
e+ 1) =T

1 (5) + TF (§) =7,
2

Tpeacrananens ce6h meprenmkyss a k5 ocu mpexbmmaro wpyra s pepmumh sroil ocu.
Ypesn sepmmmy HepIEHANKY.Ia 4 BEIEWE HPAMYIO, TAPALICILHYI0 ¢ 00LI0 Ha eropowk napai-
aeasgocti. Osnauaent [ (a) wacrn 7ol naparsessnoil Meacly BepUIMHON NEPHEINKYJa U Ay—
ro10,- opsasaens: L (a) axmmy ayrn nperbasnaro xpyra orphsamnyo napaasessnoii auuieli k5 sep—
i npeahasuaro xpyra. B o6nikmosennoii reosmerpin L (¢) = a; [ (a) = 0 114 pedroil aumiy a.

Boscrazanews nepmenauryss A4’ kB ILI0CROCTH mpAMOJMSENHATO W IPAMOYIOALIANO Tpe—
yroavumka, sotoparo Goka massaiw a, §, ¢ n mysts nepuesxakyxs A4’ npoxormrn wpess
sepmmny yraa A. lposoinys upess 9ToTH mepmen uiyss Iph miockocti: oxuy, KOTOpyIo ua-
sopews mepsoii upess GOKD b, a APyrywo, KOTOPYI® HA30BeMB BTopoii miockoerio upests Goxs C.

Begens Bo sropoii miockocTn wpesn wepumuny B yraa H () npawyio BB, naparseasuyio
¢» AA\. Tpersio niockoeri wexexws upess BB' u upess cropomy a mpeyrosimka.

Ira rperna miockoeTs nepechuers naockoers nepsyio B npavoii O, mapasacannoii cn A" Bo-
ofpaikaeMs Temeps Cmepy, OMHCANHYIO-0KOXO Toukd B RAKL [entpa mpomssoJsmbIMG HOAYNO—
nepewnurons menhe whws a. Ira coepa nepechuers cab1oBaTEILHO CTOPOHDI 4, ¢ TPEYTOILHUKI W
npamyto BB' B Tpexs ToMEAXD, koTopei odmavuMB: 1-10 n 2-10 m 3-0 k JAyru Goasuwaro
Kpyra, KOTOPBIA NPOM3XOAATH OTE Hepechuedia coepBI ¢h Tpess ILIOCKOCTAME HMPOXOTAMUMI
upess B m xoropein coeyuumors toukum n,m, k, mo vk, cocramars coepuueckiii Tpeyroxs—
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IMES OpAMOYTOALHLIE BB m, nKoToparo Gora Oyaytrs mn = II(5); km = II(c); kn = II(a).
Yroan knm cseputeckaro tpeyroasunka = II(b) a yroas kmn=-g- Tpu npasein 4, A,
BB, €', Gyay"st mapaiie sibiMi MewAy 0000 NPOHIBOAATS CYMMY TPEXT ILIOCKOCTHBIXB yr—

aapb == ;7. Orectozn cxbayers wro tperidf yroas mkn coepuecsaro rTpeyroasmara = I (a').
Hrage Beakomy upavosuseiigomy NpaMOYFOALHOMY TPEYTOALUHEY, KoToparo Goka a, b, ¢ ¢n

nporunonotomuannm yraame I (g), IT {ﬁ},g orsbuaers TpeyroXbHURE Chepuneckiii  mpamoy-
ro.uubiit, rotoparo Goka [T (8), II (c), I (&), en npormsonoxoxuvia yraama I (@)

\ TF : A
o (&), 3 TMocrpouws eme npaMo.uellbl HPAMOYTOJLHLL TPeyTOJLHUK'S, KOTOPATO nepies—

ansyaspasle Goxa Oyayts &', &, runoremysa myers Gyaers g, mycrs I({) yrorn uporsss
Goka a w IT(u) yroxs npotnss Goka o

HepexoauMs 0TH 9TOT0 TPEYTOALHHED KB COEPUYECROMY, NMOAOGHLINE OOPAIONS KAKL me—
peman oTh mpaMo.auueiinaro rTpeyroasuaro 4 B € x5 cwveputeckony tpeyroapunky kmn. Boka
HOBATO CAHEPUYECRArO TpeyroasHuca GyayTn

I (), I (g), I (@) ©B nporusonot. yraasm
’ ﬂ
H({t')v H(‘a'J!_
2
Bs wews OyayTs 4acTH coOTRETCTBEHHO DAaBHLI MACTAME CHEPIUECKIreG TpeyroasHuka kmn,
notomy uto Goka aroro mocabawaro Oprme I (e}, IT(A), I (o) €5 npoTunonoIomunive yriamu
7T
&), me).3
310 A0KAIBIBACTH, TO ITH ABA CHEPUIECKie MPAMOYrOJbHbIe Tpeyro.puutn uwbiors rumor—-
HY3bI PABHBIE M OAMI'E HYH NPHICHRANXS YIIOBE PAaBHBI, 2 NOTOMY OANNAKODLI MEHIy CO=

Gowo. Orcroxa cabayers
u=cig=pib=A»A

Hraxs cywecrsonayie upAMOJNHEHHAr0 UPAMOYIOJRHATO TPEYroJbUMK] ¢ GoRaym.
i by € H €5 NPOTUBOMOJIOKHLIMIT YI.IOMK
T
@), 1(£), 5

npeino.aaraeT’s CymecTsopasie MpAMO.IUHEiIArOHNPAMOYTOILNATO TPeyroJLUNRa, KoToparo Goka d,
@' £ ¢b DpOTHBONOJOGKHBIMH YT.IAMI

n@), ey o
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Tome camoe MOmHO Bblpﬂ!ﬂ'l‘b, CRA3ans, 4TO ecam
i a,b,c,a f
qacTH npu.uo.mueﬁnaro TPAMOYTO.ILHATO TPeyroJbHNEa, TO
a, ¢, B.b ¢
6yayTs coorsbrersenubia “acTy Apyraro npamoanseiinaro upamoyroxsnaro rtpeyroasmnka. Ecan
BooGpakaems npexrbinuyio coepy upess ToURy A AaHHATO HPAMOJHHEHHATO UPAMOYrOJBHALO
Tpeyroasunka, Ko1opoii eveph meprenuxyan A4’ KB LAOCKOCTH 2TOTO TPEYrOALHMEA CIYMITE
OCHIO, & TOMEA A BEPUNLHOIO, TO MBI HOFYIHME npeﬂusmﬂﬂ CpePHICCKIIl TPEYTOIRHHES OTH repech—
venia upexbapnoif coepnr ¢ TpeMA ILIOCKOCTAMM, HpOBexeHHLIME upesn npawbin A4, BB, OC'.
Ogmawuys Goka 9toro npexbasraro CpepUIecKaro TPEYroJBHHKA P, ¢, 7. TAKUMD 00pagzoMs
9ro p Oyaers nepechuenie npexbanmolf coepsl ILIOCKOCTEIO , KOTOPaA HPOXOINTE Mpeds 65
nepeckueniess uperbannoil coepsl ¢b MIOCKOCTEIO, KOTOPAsA MPOXOANTL upess b, u r mepech-
yenieMs Ceephbl ¢F ILIOCKOCTBIO , KOTOpPaA OPOXOJUTE 4Peddb ¢; yrant HPOTHBDL ATHX'L GOROBL

Gyayrs: IT(a) nporuss p; I (@') npotuss ;E,n orass r. Corgacuo ¢%  BEOEOPHHATLIME
Y po r po 15 P np

oamaueniens 3xbes g =L (b); r = L (c). Hpexbasnan coepa nepechuers mpanyio €6 v rou-
wh, xoropoii pascrommie oTh ¢ Oyiers coraacuo cn Thws e osmavemiens f(b), moxoGunne
ofpazows Gyiers [ (¢) paserosmie Tours mepechuenmia npexbasnoif coepsr ¢n npavoio BB, ot
rtoukr B. Jerro puabm, uro
[+ @)=/
Ba rpeyroananxt, oroparo Goka umpexbasmbia ayru p,q,r Gyiers
p=rsinll(a); g=r1cos I (a).

; (&)
Yunomaa nepsoe myp 3THXH ABYXH ypasmenid wa £ moxywmas:

(5 5
P [ s r sin I (c). Ef( ); 1o
rid)
P E =1L (ﬂ}:
: [
2 cabgomareanuo L(g)=rsinll(z) E" .
Tagawt e ofpasoms GyaeTs
! 4
L()=rsin I(BE "™
Buberb ¢z thus
q=rcos I (e)
WI4 YTO BCE DPABHO: L(b)=rcos lI(a)

Cpasmenie asyx® stuxs suaveniil L (b) aaers ypavuenie

cos IT (o) = sin IT (B). E e
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nepembuaa sabcs ¢ ma b, £ ma ¢ m octapaAn a Gess nepembnsl, Kax®: 9T0 A0IBOJAETCA MOCw

b toro, wro ObLI0 A0KA3aHO BBIMeE, NOIYIHME
r{a)
cos I (V) =sin H (c). E
T

HAH TaR® KART IF(b) - 1 (3) =3

.
sl Q) =sLE).E "
Taruus e ofpasoMs Aoxmuo OBITH
Ll
sin 1l (o) w= 610 I () B -

Vamomaens nocabasee ypasuenie ma B crasuns cloda, f(c) manbero f(a) 41 (b);

TARP HAXOAUMTE

)

s i@ B e 87

Ho xars 5% npase.meeiinons npaMOYroIsRONS Tpeyrossuarh nepuenuky.apabie 60Ka MOryTs Hi—
MEBATBCA, TOrZQ KaRD rUmOTeHy3a OCTACTCA TAKE, TO MO/KEMDB BH OTOMB YPAPHEHIH 0JAraTe

a=o He nepewksaa ¢; 910 Aaerd, ecam KL Tomy sambruws, uro [(o) =o u (o) =%,
f(e
1 = sin H (c). E(}
E L 4 T
LA =5nT axa searolf ammim ¢
Temeps BoatMeM® ypasmemie (1)
1 (a
cos H{a) = sin 11(8) B

r
na wkero E i")‘ OHO npuMeTH Takod BUAE
cos I (a). sin I (a) = sin JT(f). (2)
Hepewbaan sxbes a, £ na b',¢ ocrapyan a Geyr mepembubi noxywwMs,
sin T (3). sin IT (a) == sin IT (c).
Vpavuenie (2) zaeTs b mepewbuoll »% Hews Gyknn
cos IT(A). sin 1T (b) = sin 11 (a).
Ecxn 5 oTows ypasmemis /£, b, a mepewbuaens ma ¢, ¢, b', uoxyumws,

H OOCTABHMD CHOIA —————
sin I ()

cos I1 (). cos 1 () = cos 1T (b). ; (3)
Takuu® ke 00pa3oMT HIXOAMME
cos IT (c). cos IT (8) == cos I (a). )]

Vpavuenie 2, 3, & 0THOCATEA Kb CHEPHISCKOMY NPAMOYTOALHOMY TPEYTOABHMKY, KOTOPAro Goka
T
Buepexs Gyiems osmauats a, b, ¢, mrak A, B osmaguws yras: mpotuss Gokows 4, b, a 3 mpo-

Knuoe. 1, 1855 1. 2
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R =
TuRE ¢. BE CRasanALIXh ypasHemiAx® Momemd crasurt @ Ha Mbero M (£), b ma mbero H(e),
¢ ma mbero ﬂ(a},% — A ma mbero I (a); B ma mbero IT(5).
Takuys o6pazons ypasuenin abaaworca

c0s b. sin 4 = cos B
cosa.cos b=cos¢c

(5)

sin A. sine = sina . l
)

Ypapmenia (5) oTHOCATEA Kh COBPHYCCKOMY TPEYrOJBHHEY , KAKOELU MojceTs ObITh npo—
mBetens H3b NPAMOINHEHHATO UPAMOYTOALHATO TpPeyroasuusa u Kotoparo. cabioparessso Go-

T
Ra He MOTYT% HPEBOCXOANTS . IpuGasuss cioga, 4TO ecaim BeieMb upesh Bepmmry yraa A

ayry Goapmaro pyra meprueHAUKY.IApHO Kb Gogy b, To sra ayra serpbrars s Gors @ mam
ero npoAo.LKeHie TAKHMT 06PAzoMB, UTO RAFKAMI WBH ABYXE Ay OTH TOUEN, nepechuemia 1o

7T
cropount b 6y.1en=§-, a yroam Me;rRAy oTHym ayramum Gyiers b.
.
Hocak cero me TpyiHo JaKJOMNTE, IO BO BCAKOMD HPAMOYFOJLHOME CHEPHTECKOMS Tpe—
yroasungh ecan

c<£ TO A0mKHO OBITE a<— M A<:’—r.

2

g iy

T

T -
ec.an c=-—2— TO A0LGKHY OplTh a=——= n A -

S

HAKOHEWD €C.IH c)-{-; T0 A0&EHO ObITH r:t:‘;-—‘2 B oA ‘,‘;%;

»

L
orcioja cxbayeTs uTO NPeANOOKHEE a4 > 3 Hagobuo npeamoxomnts pwberk en rvhus

T

:;-?—;. 4> E-Ec.m npOAO.LEASME BB 9TOME ctyual Goka a,c¢ wo apyryw cropony Gora b ao

ux® Baamvuaro nepechuenis, To moaywMH APYroi cawepuiccriii npaMOyroaLHBIE TPEyroIBHUK®,
T

Koroparo G6oka 7T —a, b, 7T — ¢, a NPOTHBONOI0;KALIA yrapl T — A, B, 5 TPeYrOALIUKD, KD

xotopomy npuvbmmorca ypasuesia (5). Ho ypasmenmin (5) we mepearbumors cmoero piia, ecu
axbes Berasums 77 — a na wbero a, 7% — ¢ wa mbero cu 7t — A ma wbero 4. Jro soxasmisaers,
470 ypasseuis (5) otHoCATEA KO e BOOGIE CHLPHICCKNMD NPAMOYTOIBHEIMG TPEYTOALHUKINT.
Hepexomws ko peakomy coepuueckody Tpeyroasmuky rak Goxa a,b, ¢ cn IPOTHBONO.IO K~
uen yraavu 4, B, €, me npeanoaaran mesay yriamu 4, B, €, npamoro, noromy uTO ypamue-
Hin (5) AOKA3AMBI LIA TAKOTO cIyvas. e
Onyckaens nys pepumupr yraa € Ayry Goasmaro Kpyra p mepuepinkyanspoo Kb GOKy c,
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aMoryTH perphrnres apa caynan: 1) Vlan neprueniaky.ss p npoiixets BEYTPN TPeyroLANKA pasyhian
yroxs € ma avk sactn D, € — D, a rtaks ke Gors ¢ wa xwhk wactn x npotwes D,uc—2
npotuss C— D- 2) W mepnewmkyss p npoiiaers b Tpeyrosimuka, nprcoeinuas Kb yr-
ay € yroas D u k% Gory ¢ ayry .

B nepeown cayuah aanmpii cvepuyeckiii TPeyroAHUKTD OYAETEH CyMMA ABYN'H CohepHue—
CRUXT HPAMOYTOJBHBIXG TPEYLOIbHEKORD. BB 0JHOME ML 0THXE AByXH Tpeyro.JsHHEORE GOk

T
GyAyTE: p,x,a cb NPOTHRONOAKEEME yraayn B, D, 5 BB Apyrows Goka p, ¢ — x, b cn

npoTHBONOIOKIBIME yraomn 4, € — D, g Hpmrbuan cioqa k5 mepsoMy Tpeyrodsumky ypan—
penia (5) moxytmvs
sin p =sinasin B
sinz = sina sin D
cos psin D = cos B (4)
cos zsinB=cos D
COS 4=="C0S p COS Z.
Mpyroii rpeyroasiurs gaets noao0upiME 06pazonMs
sin p =sin b sin A '
sin (¢ — &) == sin 4 sin (C — D) ’ )
¢os p sin (C— D) =rcos 4
cos p cos (¢ — &) = cos b.
Cpasuenie asyxs suaveniit sin p man (4) uw (B) xaers
sinasin B =sin b sin A (6)
Hocakamee nan ypasueniii (B) Oyaywm pasrbaena ma mocabamee nan ypanneniil (4) saers
cos b

langr=———
cos a sin ¢

— colg c.

Memay Thws coeinmenie pToparo ¢b TperME ® mocabimmws usn yyasmeniit (4) saern
tang £ = tang a cos B.
Cpapmenie 1myx® suavenmiil At lang & npuBOANTE MACH KB ypasueniio,

cos b — c0s a cos ¢ = sin a sin ¢ cos B. (7)

Ecan nepmeniury.rs magaers pnk xam@aro cooepmyeckaro TPeyroJLENK), HPHCOSIHHAA Ta-—
KHMT 00pasoMs Ayry & KB Gory ¢ m yroxs D k% yray C, 1o mpousoilryTh kak® u mpeiie
ABA COEPUTIECKIA WPAMOYLOJLABIA Tpeyrospumka. Bora 0IHOro HI® STHXD ABYX'H TpPeyroJbHH-

S
KOES OyAyT: p, &, ¢ ¢ MPOTHBONOXOAKUBIMH yraawu 7T — B, B, —; Goka apyraro rpeyro—

2-
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BERa OyayT®s p,c - 2,6 cn npotasonookupvm  yraawu 4, C- D, 32 Hpuybnenie ypasueniii

(5) K mepEOMY NI ITHXB TPEYrOJLHHKORS AAETH:
sin p=sinasin B
sinz = sin a sin D
— cos B=cos psin D (c
cos D=cosasin B
cos a= 068 peosz.
Bropoii rpeyroasmmks, Kotoparo Goka p, ¢ @, b ©b NPOTUBOMOIOKILIME yrJaui

4040 %

g A8eTH TARKEML e 00pazoms,

sin p = sin b sin 4
sin (¢ 4~ «) = sin & sin (C - D)
cosd = cosp sin (C - D) (D)
cos (04 D)= cos (¢ -} ) sin A
cos b= cos p cos (¢ 4 ).
Cpapnenie ABYX'® smaveniii xia sin p wsn ypasmenidt (C) n (D) CHOBA XaeTh ypasuenie (6).
Maw ypasueniii (C) n (D) maxoxums -
cos b
tang x=colg ¢ — e
Wss ypasueniii (C) maxoanus eme
tang = — tang a cos B.

Cpapuenie anyxT suadeniii 211 tang & npHBOAUTH WACH CHOBA Kb ypasmeniro (7), KoTo-
poe¢ Takums oOpajows Kaks m yposuenmie (6) okasamo ATA BebXB  COCPUHCCKNXB Tpeyroai—
HHKOBEL BooOme,

¥Ypasuenie (7) cb nepembuoro we mexs Oykpn xaers eme asa cabryomin

€08 & — cos b cos ¢ = sin b sin ¢ cos A
€08 ¢ — co0s a cosb == sin a sin & cos C.

Yunoaan nocxbanee ypapmenie ma cos b, npucoesmman npoussetemie K1 nepsoMy u pasrk-

daa cymmy ma sin & noaywmms

€0s a sin b = sin ¢ cos 4 - sin a cos & cos (.
Berapasn cioxa suavenie sin e

: sin C . :
sSin¢= ——+ sina,

3 sin 4 &
cordacuo ¢p ypasmeniews (6), morows pasabaas ma sin a moaywmms
cotang a sin & = cotang A sin €} cos & cos C. (8)
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Bambuas axbes sin b ero smaveniems
sin B ,

sin A’
nOTOMB YMHOAn ypasHepie HA sin 4, moxywmMs

cos a sin B = cos b cos O sin A -} sin C cos 4,
OTKyJa moAyuuMs b wepembuoio Gynws
cos b sin A = cos a cos Csin B -}~ sin C cos B.
lfhh.ll(i'mme cos b uyk Apyxs mocabaumxE ypasaeniii NPEBOANTE HACH KT ypapHenio:
¢os a sin B sin § = cos B cos €} cos 4. (9)
¥pasweuin (6), (7), (8); (9) thme, Raris OOLIKHHOBEHHO AAOTH BL CLEPHNECKOil TPuUro-
HOMETPiN,, M KOTOPhUI A0KASBIBAIOTE 'moMomino ofpikHOBeHoBenHail reoverpin, Wraxs coepn-

sin @ ——

YCCRAL TPHrOMOMETPiA OCTAeTeA B6 TOMB ke puxb, Gyiers Ju JOWymieno vpeinmoicikepie, UT0o
CYMMA TPeXH YLAIOBD B NpAMOJNHelinOMT Tpeyroapunkd Beeraa pasHa ;T BAN NpPeANIOJOGKEHiO
uTo oma < 7T, 970 BeciMa 3ambyaTeJnHO BL OTHOWeHin KB coepirdeckoil TpEromoMerpin HO
HenoATREPARAACTCA AN TPHIOHOMETPIM NpAMOJHEENHOi,

Hpescze Heskesn NPHCTYMEMS KD BHIBOXY ypasmemiif, RKOTOPBII BRIPGKMOTS BhH TaHreo=
MeTpin 3aBHCHMOCTE GOKOBS 0 YIAOBS BCARATO NPAMO.IHHEIHATO TPeYTOJLHHKA, MBI 3afiMeMea uscxl—
AoBamieMT, KaKoBa Aoxmpa Geite, eynxnis I (z) aan seskoif smuim 2. Cw sroil nbasio pas-
CMATPABACNT NPAMOuHenbI TPEyroALUNKS, KoToparo 00ka a,b, ¢ ¢k HPOTHBONOIOKHBINL |yT~
aoym I (), IT (ﬁ),.g ; mpogosmaeMt Goxs ¢ 3a vepmmuy yraa IT(A) n abaaews npozoxkesie
pannoe 5. _

Bs wounh anniu A crapuyms nepoepAuKyan, xoTopsii w Gyxers mapasdessuniii ¢b GOKOMB.
a u e npojoskeniems dToro Goka 3a wepummy yraa M (). Beaewn eme upert pepumuy yraa
I (o) maparieasuyio K% 'rdmy e npofo.skenito Goka a. ¥roas, wotoprlil ora mpaman Abaaers ¢n
Goxows ¢ Gyaers II(c— ), yroxs, wotopeui oma xbaaers en b Oyrers I(5). Takums o=
PA3OMB COCTABHTCA ypapHenie

H(8) =1 (c+ f)+ T () (a1y

Ecau apumito £ KIazems OTT BepUINHBL Yraa IT'. (ﬂ) pa campi Gors ¢ u wep omin S
perems wh woumh mepreumsyas ma cropowb yraa IT(£), to ora mpamas Oyiers na-
PALIGIRHOI0 Kb NPOAONKERito a3 pepumny mpamaro yraa. Besews upess sepmmmy yraa IT (o)
napasieaLHylo Kb nocabinesy mepnemiukyry, Koropaa Oyxers crbroparessno Tagme nmapai-
ae KO BTOPOMY mpojokeniio Goka a, abaan yroxs IT(c— f) eb Gokows o a H(5) en Go-
Kows b; wrak®

H(p)=HUc— ) — 1 (a). ()
Jerko yebpurscn, 9T0 9To ypapuemie cnpaseraupo me Toabko Adn ¢ Goxke £ mo Tamwe Aam

¢=/ u c< fA. Abiicrentexsno ecan c= B, 1o H{c— B)=11 (o) ..—_i; ¢s Apyroi cropo-
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HBI HEPUEHAMEYJAH Kb € pPeds nei:mmy yraa I (a) abraercs mapaiielsubiMh KB @, OTKyAa
5 7T :
cxbayers wro I (b)= §‘—H (), wro coraacmo ¢® HammwE ypasmemiews. Eewm ¢ < £, To

ROHeN's Jumiu 4 ymagers sa sepummmy yraa I (¢) na pascrommin £ — ¢ 0TH BepmuHBI ; Nep—
nenmEyas K5 A 5 wonnh orolf aumiu GyieTh mapasiedens ¢b @ B ¢ OPAMOIl MPOBEAEHHOIO
apess pepunny yraa I7 () mapariessno o a; oTRyxa crbayers wro asaewmbmusie yraa, ko-
Topele 9Ta mapeadessuan rbiaerTs cn Goxows ¢ ocTpeui pasens IT(f —¢), a rymoii pasenwn
I () 4 I (b). Cymma AByX'H CMEFRHBIXNG YIIOBE COCTABAACTH 7T, cabiopareivmo

0(f—o+He)+HE)=n
1w Ne)=ma — 1 (f—c)— M (a).

Ho coraacmo cs onpexbaeniens oymxunin I (x)
T—= (=) =I(c— A)

nocak wero
M) =1 (c— p) — H(a),
TOWwe ypasHenie, Kakoe ObLIO HaiizeHo BLbINe M KOTOPOE TAKUMT 00pasoMb AOKAIAHO XA
pebxs cayuaens.
Jpa ypasneuin (1) uw ([I') moryrs Gmre sawhnens eme TakmMi
Mp)=: e+ L)+l (c—pg)
H{g)=3 (e~ B) —5 M (c— B);
no ypaemesie (3) 1aers
cos I1(0)
cos /1 (c)
Berapasa vw ato ypasmenie ma mbero I (6) m I (@) ux® suavenia HaxosuMs:
cos {5 1 (o4 B) 43 H(c — B)}
cos 3 (c— 8) — 3 U (c 4 B
Has atero ypapaenmin bt BhIBoguME cabryiomee
tang > ; I (c) = tang 4 I (c — /3) tang s M (c ).
Tags gaws dunin ¢, # MoryTs mowmbuarscs HeaBuCHMO 0JHA OTH APYroil BO BCSKOME
HPAMOJIUHEHIIONT  NpAMOYTOIbHOMS  TpeyroasHERE , TO mnoxaras noctenenno 86 mocabivems

cos I (¢) =

cos Il (c) =

ypasuenint ¢= f; c=24,c=38F ..... c=n £, Mol BBIIOAUNMT UFL DTUXH ypasuemiil xia
peacare nhiaro mogomnressHaro wmeaa n
tang * § I1 (¢) = tang } IT (nc). s
Jero 10803276 CUPAREAINBOCTE JTOFO ypaBHeHis AUt ancexs OTPHUATEALUEIXT Wi
Apodusixs. Orcioaa cabayers 4ro BIABD 32 eIEANLY HPAMBIXE JHEIE TAaRYI0, KOTOPAA A4eTE:
tang ; I (1) = ¢!
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ral ¢ ocnopapie HENEPOBLIXE AOrAPHOMOBT, MOJYUUMT A BeAKoM Jmmin z
tang j Il (2) = ™%
ro sprpaskenie gaers 1 (z) =3 xan w=o0, u Il (a)=0 aan z=co, Il (2) = a4n
Z = — Q0, cor1acuo ¢b Thwe, UT0 GBLI0 NPUHATO M A0KAANO Bbuue, JHayenie Halienmoe Xaa
tang 3 I1 (x) aaers aan seagolt anmin @
: 2
sin IT (-T) = QT—F—::’
eF — p™%
cos I {m) — m
# LU ABYYTD NPONIBOILHLIXG Jami @, y
. ___ sinIT (x) sin I (y)
e iy (@) cos 11 [y)
’ ____sinll (z)sin I [y)
Nallm iyt 1 — cos M (x) cos 11 (y)
eos IT (x) - cos IT (y)
1 - cos I (z) cos 11 (y)
cos IT (@) — cos I (y)
— cos I (z) cos II (y)
sin IT () sin II (y)
cos H (x) - cos I (y).

cos Il (z+-y) =

cos H(z —y) = i

tang I (x — y) ==

Vpasueuia (2), (3), (4), nail1eHNbIA 117 CORPUICCRIXS UPAMOYFOALULIXD TPEYTOJILHUKORE,
OTHOCATCA TAKKE KD OPAMOJHHEHHOMY HpPAMOYTOIBHOMY - TPeYTOJLHMEY KoTOparo Goka @, b, ¢
T
2
sbero [1(4) moaywmys A1a BEAKATO OPAMOJMIHHATO MPAMOYFOJLUArO TPeyrOJLUHKA, KOTOPAro

b nporuBonosomnpivn yraayu I (a), I (B), —- Wrargs nocrasana A sa sbero I(e) B ma

T

Gora a,b,¢, u ral A yroxs nporuss e, B yroas npotuns b u - yroas nportass ¢, cxbiy-

2. -
TOWiA ypaBHenis:
sin [] (a) cos A = sin B
sin I7(c) cos A =cos IT () ) (10)
cos I (c) cos A = cos I (a).
K3 oruys ypasuenisws nprcoennays ewe crbiyomee, ROTopoe TaxsKe 66110 J0KA3AHO BbIIIE
sin I (a) sin I (6) = sin U (c). (11)

Hepsan uan ypasueniii (10) c» mnepembuoo Bs mems Oyrys MomeTd OblT eme Hamu-

cama TAKD:
' sin IT (b) cos B = sin A.
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Berapana cioaa suavenie cos B wab tpernaro ypasmenia (10) moaywmws :
sin [T (b) cos IT (a) = sin A cos I1 (c).
Vicrxiowan uah avoro ypasuenin sin /7 (5) momomwpro ypawuemia (11) moxysumws :
tang II (c) = sin A tang I (a). (12)
Lyers Teneps a, b, ¢ 6yxyTs Goka BooGme karoro ERGYAs HpAMOTHHeHHArO TPeyrosmuka, rno-
toms A, B, C yraot mpotuss atnx® Gokonh. Omycraems HepnemIwgyIs p HYs BEPUINHLI yria
C ma Gown ¢. Ecamp yUazeTs BRYTPH TpeyroasHuka m pasxbuirs yroas € ua asa yraa D (— D
u Goxs ¢ ma aph wactn: @ nporuws -D, ¢ — @ nporass € — D, To npousoiisyTs ABa HPAMOH~
neifEp1n npAMOYTOALHBLA Tpeyroabmmia. Bs oxmoms Goka Gyayrs p, @, b ¢b mpoTHBOMOJOIKHBI-

=
sy yraama A, D, 3 BB Apyrows Gora GyAyTh p,c—2, G € NPOTHBOMOJIOKHBIMH  yrIaMum

B, —D, % Mpumtnenie ypasnenia (12) k% meproMy ugs 0THX'E ABYX'B TPEYTOJLHAKORS AACTD:

tang 11 (b) = sin A tang II (p).
Bropoii #3% 9MXT ABYX'H TPEYrOJLHUKOBE JACTH TAKMMT 3Ke 00DajoME:
Aang H (a) = sin Btang IT (p) :
OTRYAA JAKIIOYAMD:
sin A tang IT (a) = sin B tang IT (3). (13)
Upuybuenie ypasueniif (10) u (11) x5 nepsomy us® ABYX® TPEyroJLHNKOBE AdeTS:
cos IT (b) cos A = cos II (z),
sin IT () sin I (p) = sin I (b).
Bropoii TpeyroJbuUKTL JIAeTD:
sin 11 [p) sin 1 (¢ — @) = sin [1 (a).
Berapaan 8o oto mocabamee ypamnemie ma mbero sin I7 (¢ — ) ero amauenie, piaToe mIE
ofmeii wopyyast, naiizennoii seune xaa sin il (z — y), noayumws:
sin [T(a)  sin IT(c)sin I (z) .
sin [l (p) ™ 1 —cos Il (¢ cos I (z)’

OTRYAd MbI BbIBOANMEB, BCTABIAA

: sin IT (b
sin 11 (p) = ﬁﬁ%
cos 11 () = cos IT(b) cos 4
cabaiywmee ypasuenie
sin 21 (0) sin I (c)

1 —cos 11 (8) cos H (c) cos A = s 1Ta) (1%)
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Ypavuenin (13) (14) nopliparorea caym coGoti, Axn A="~2r KOTAQ MePUeHANKYIH P COB=

nagaets b GokoMb b, moToMy uro BB »Tows cayuwab ypammenie (13) abaaerca ypasmemiems
(12) a ypapwenie (14) nepexoauts p% ypasuenie (11), ypabmenia ZOKI3AHHBIA AXH BOARAYO Npfi—
MOJHHEIHAr0 MPAMOYrOJBHATO TPeyrOJbHHEA.

Eean nepnepanxyas p maxaers swb Tpeyroasumka Ha mpogoxsenie Gora ¢, npuGaBama an-
Hio 2 K% Goky ¢ u yroxs D ws yray €, 1o o6pasyioTen apa NPAMOYTOIbHBI Tpeyroasnmura. Boka oa-

Horo Gyayts p, @, b b upoTHBoN0I0REbIMT yraam (1 — A), D, g, Goka Apyraro 6yayTs p, ¢} a,

@ ¢b UPOTHBONOJORHBIME yraawm B, € +D,-;—-- Hpmybuenie ypapuenin (12) ks nepsomy nas

PTHX'E ABYX'H TPeyrOJILHURORE A28TH:
: tang IT (b) = sin A tang IT (p). _
Haw  spyraro Tpeyrov.u,unna MBl BBIBOAUMD TakuMB ke 006pasoMs:
tang I7 (a) = sin B tang 17 (p).
Wekaouan tang IT (p) mas apyxs nocabammxs ypanmewiii csopa maxouys ypasuenie (13),
flpuscbuenie ypasmeniii (10) n (11) s mepBoMy M3B ABYXH TpPeyTOIRHHKODS A4eTD:
— cos IT (b) cos A = cos 1 (z)
sin I1 (b) = sin I (z) sin IT (p).
Hss sroparo TPeyroaLHEEA MbI MAXOANMME TAKMMD ke OGpajoMs:
sin 17 (a) = sin 1 (p) sin I (c -4~ @)
Bawbman w5 aToMs ypassenin sin [ (e - &) ero suavemiewt , BIATHIMD W oOmeil ®op=
Wyans, maiizennoii senme axa sin [ (@ -} y) noaywmrs ¢

sin 77 (a) sin 77 (¢) sin /7 (z)
sin 77 (p) 1 —-cos 7 (c) cos IT ()

Berapana ciora:

__sin 77(b)

= sin 11 (z)

¢08 J7 (x) = — cos 71 (b) cos A

sin 17 (p)

fOay UMb 2

sin 77 (a) sin 77 (¢)

sin 77(b) ~ 1 —cos I7(b)cos /7(¢)cos A’

-

ypasueuie ToiRecTRenuoe cb ypasmemiens (14).
Tawwws oGpazons ypasuenia (13) (14) 1okasaner 1an peakaro npayoaneiinaro Tpeyrosuauxa,
Fvoe. I, 1855 &, 3
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Ypasmeuie (14) cb nepembuowo Gyrsn aaers:
sin 17 (¢) sin 17 (a)
sin 77 (b)

Vauokan ato ypaswenmie mowremno ma ypasmemie (1%) moxywmes:

1 — cos 77 (c) cos 77 (a) cos B=

{—cos77(c)cos 17 (a)cos B—cos 1T (b)cos I (c)cos A-|-cos 1T (a)cos IT[b)eos® 17 (c)eos Acos B=sin’ 77 (¢}
nam:

©08* /7(c)—cos 77 (c)cos [7(a)eos B—cos I7(b)cos 17 (c)cos d-cos 77 (a)eos IT(b)cos® 17 (¢)cos Acos B=0.
OrEnabIBa’L OTH oTaro ypashenia oOuiiii muomuress cos /7 (c) moaymuws:

cos I7 () — ens I7 (a) cos B — cos 77 (b) cos 4 - eos 17 (a) evs J7 (b} cos IT (c) eos A cos B= 0.
Taguws we 06pasoMs HAXOANME :

08 /7 (a) — eos 71 (b) cos C— eos 77 (¢) eos B - cos 77 (a) cos 17 (b) cos I7 (c) eos B cos €= O.

Yauomaesmn 910 ypasuenie Ha oS A U BRINNTACMT UPOHABEIEHIE HIB NPOHIBCALHIN Npe—
ABIAYIMAro ypasHeHia na cos €, moxy4uwn:
cos 17 (a) [cosd—]— €os B cos CI =cos I7(c) lcos C - cos A cus B).
Bosssnuan o6% wact otoro ypasmenmin ®m ksagpars u pasibaas morows wa eos® /7 (¢)
ono upuvers exbayiomii purs:

cos® I7 (a) e p
“cos™ 77 (c) {cos A 4 cos B cos ¢}r= {eos € cos A cos BJ™.

Mesay thwn ypasuemie (13) zaers:
1 o sin® A
T I =14 sinTﬂlamg" 17 (a).
Ecm smpt 86 npexnocrbanee ypasnemie serasnys smbiero -ﬁ—- €ro 3navefic NI MO-
i cos® /1 (¢

cabiauaro ypasuenin, To mosyunws:
sin® A
sin* C

cos® I7 (a)

2
it IT (3} == {cos (- cos A cos B}

cos A -4 cos Beos C
mOTOM

i 77 )% sin‘A}_sin’B(sin’ C — sin® 4)
SEHWA T T s €8T Teos A cos B eos [k

Pagabaan ato ypasnenie na sin? € — sin® 4 1 moBICKan KOpedb KBAIPATHII, HAXOAUME:

sin B sin (

sin /7(a) = —— ~+ cos Beos €.
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03B 0f0WANOCTH Bh 3HAKAXE, MOTOMY 9T0 wacubl nmocxbymsro ypaememia ofa HOXOKHTEABHDI,
b1

-é; B<or; C<om, omiysa cakiyers, 9I0 cHuycnl dTHXD yIUIONE

MAkiiersureasnio 77 (a) <
NOJOKATEALHB], HOTOME:
cos A—4-cos (B4 €)=2cos } (A} B 4 C)cos 3 (B C— 4),

10 A4-B-- (<, exbgopareasnio cos § (A-4-B-}-C) noaomnureaens, Taxs ke, Rax's €08 ; (B+40—4);
NPARAAABIBAA £B 000MIS 9ienaws nocrbmaro ypasaenis moomxuressnoe wexo sin B sin € maxo-

aums : cos A - cos B eos € > 0. Uraks 8o sesnoMs npamoannefinons Tpeyroasuurd:
sin B sin C
sin /7 (a) (H)
Yamomenie ypapgenin (14) mowsenno ma exbayiouee ypasuenie, KoTopoe oTCIOZa HPOHCXO=
AuTH ©b Hepesrbnon Gykws '

cos A 4 cos Beos (=

1 —Tcosﬁ(a}oosﬂfb)cosc=§il£‘im———t)—m9 (16)

18Th:
B {1 — cos 77 (a) cos 77 (b) cos €] |1 — cos 17 (b)cos /7 (c) cos Af =sin® 77 (b),
xoropoyy nocal exbaannaro yamuomweninz Mmokuo Aave cabayomiii puas:
cos* I7[b)—cos [a)cos I7b)eos C—cos TT b)cos TT{c)eos A-|-cos I2(b)cos IT{a)cos Te)eos Acos C=0
au paspbamn ma cos 27 (b) .
c0s 77 (b) — cos 77 (a) cos C—cos 77 (c)cos A cos IT(a) cos IZ (b) cos I7 (c) cos Acos C= 0. (17)
Ho am1 naxommws corgacmo cn ypaswemiensn (13).

sin 77 (c) sin €

€os H(c) = |

cotang /7 (a);
B 3TOND ypasuenin Mbi MOweMs nerapnts ewbero sin I7(c), ero gmawemie, panToe u3EH ypan-
sienin (16), noayumws:
___ sinZI(b)eos IT(a)sin C
co8 (o) == {1 — cos 77 (a) cos 77 () cos C| sin 4

Berapana aro suavenie cos /7(c) n1 ypasmenie (17) moaymys:

P cos 77 (b
cotang A sin C sin 77 (b) 4 cos C = E)E_ﬁ% (18)

Coeammness ypasuenin (13), (14), (1) 1 (18), KoTopbie BHIPARAIOTS JARUCHMOCTS YLAOBE B
GuROBS BCARATO NPAMOIHHEHHALO TPEYTOIBHIKD, TAKUMS 00pasoMs 470651 061 YHTL BXB Npihnenie
30
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sin A tang /7 (a) = sin B tang /7 (&)
i—cus!?(b]cosﬁ(c) cosA_—_—E%_—El;r@

sin B sin
cos A + cos Bcob C=m
eos I7 (b)
cis I7 (a)

Cw stnyn ypasmeniavu Iacreomerpia nepexoruts b Anamiugy u Taruyms o6pasoms

cotang A sin Csin 77 (h) - cos C=

COCTaRAALTE OCOBEHHYIO HOIUMYI0 TEOMETPHYCCKYI0 Teopito; ypassenin (19) caymars 1im npes-
CTABICHIA KPABBIXD ANHIH YDABHEHIAMIL MEKAY KOOPAMHATAME WXH TOYCKS, A1A BHIMHCICHIR Lii—
UBl B HIomagell EpPHBLIXG, HOREPXHOCTH W ofBeMa Thah, KAKD A HOKIIAIL OTO Wb YUCHBIVE
samuckaxs Kasanewaro Yemsepentera sa 1829 rogs.

Brime Gprio sasbueno, uro Ilasreomerpin mepexoints BL  OORIEHOBEHHYI0 reoMeTpiio ¢b
NpenoIoKenieMs Junin upessbiaaiine vaanixs. Teneps aMb1 Mokens nopbpui 1o saapyenie, MLin
BCAKOH anmiy 2 wpesspriaiiio a0l , MOKEMT JA0BOJLCTHOBATLCH NPUCMLKEHHBIMU INAMEHIMINE

eotang /7 (z) = x
simIT(x)=1— &
cos 77 (z) = .

Ecan wn1 pasematpusaens Goka 5% Tpeyrospunkh kaxs Geaxomeuno Mainua nepparo mopiara,
H_ecau Mbl npeneGperaems Geakonedno Matbrvi Beamummayu jaxke BTOParo mopaiRa, TO ypisie—
nia (19) mocah merapienia npuGamkeimbixs snaveniil sin /7(a), sin ZZ7(b) u npow. mpunyTE
cabayomiii puas:

bsin A=asin B

at =8 6 —2becos A
cos At|cos (B 0)=0
asin (A 4 C) = b sin A.
Depseia ana nas otuxs ypasueniii mssherns: »b oGpikosenuoil rpuronoyerpin, Iloeskh—
nig ABA JAWOTEH
A+4+B+C=m
"Urober aath npusmbps, kakews ofpazoms kpmewia anmin onperbamores novomo KOop. 1=
HATH UXB TOYEKS , HAIBIBAGM'H Yy NEPOCHINRYNR, OMylusmuplii oTh Touks Ha Kpyrbh KB oano-
My W% €ro HeHOABWKALIX'E HONEPEYHHKONS, KOTOPAro Bendmuy odmauaexs 2r, cxbropatessio
oAk r pasywhems moaynonmepearmugs kpyra.
Hazosems enge z wacts 2TOro momepeuHiuKa orn HENTPA A0 NepueHinkya y. Hpasbuenie
ypasuenia (11) KB MPAMOYrOJLHOMY TPeyrOJLHHKY, Romparo Goka &, y,r xaers
sin [1 (z) sin 77 (y) == sin 77 (r) (20)

166



—_— 2 —

UTO I COCTARIACTD YpaBAeHie Kpyra Meiiy NPAMBIXG NepPUCHAHKYIAPHLIXG KOOPAUWAATS 2, Y.
Ecan mpr cunraens x orp xomma nonepesnnka B Kpyrb, To ypapmenie (20) npusers puAs:
sin I (r — ) sin I (y) = sin Il r)

HIH YTO0 BCE PABHO:
r=o =r+a

2 ciaen T
2lete )=(e e J(ed-e”)
* L .
Eean moi pasabutess oro ypassenie ma e @ ecqn NOTOMT NOAOKMWE © == CO, TO NOAY=

uuMh ypasHenie aaa nperbasnaro kpyra:
-

D= [G{F ;3’) e
I sin IT (y) = tang § IT ().

Mo, onpexbaenia npexbasnaro kpyra cxbayers, wro awh ocn npexbasnaro kpyra, nupopesensia
Mpedsh ROHUBI 0XHOMH .xop..u.t, OBIBAIOTE HAKIOHEHBI KL oTOH xup,rﬁ NOAs PABHBIMI YIIAMH, CBOl-
CTBO , KOTOpPOE MOMETSH GbITh npﬁasm 3a onpexbaeniz npexbanmaro gpyra, H OTKyAa MOKHO
TO/Re BbIBECTH ypapHenie 7ol KpmBoil, paseMaTpuBAA TPEYrOJLHAKS , KOTOparo Goka x, y m
xopaa 2 a npexbasnaro xpyra, ¥rasraroro rpeyroasuuka Syxyrs: I (a) — I (y) nporass z, U (a)

DPOTHES § 0 7—; upotus® 2 a, Coraacno on ypasueninym (10) (11) ws avows rpeyroasunkh Gyxers:

sin T1 (x) sin I (y) = sin IT (2 a)
sin I (z) cos | I (a) — I (y)} = sin 1 (a)
sin 17 (y) cos I (a) = sin [T (a) — I1 (y)].
Hocabauee ypavuenie saets:
2 tang I (y) = tang IT (a), (21)
a meppoe ypasuemie MOuerH GbiTe WANMCANO TAKB:
sin® IT (a)
1} cos® I (a)

Beragaaa sw 970 ypasuenie pakero sin I (a), 1 - cos® I (a) ux® auatvewis , BRIpAKEEELIR
mocpesctsons tang’ IT @), u iBoxa ciosa suavenie tang® IT (a), ws ypasmenia (21) maxosuws:
: 7 - tang® I (y)
sin H(a:) sin H(y) = mm

2 sin IT (y)
1 a0’ I (y) b

sin [ (z) sin II (y) =

ooTOMS
sin 1T (z) =

OTKYA2 BBIBOABMS :
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- L
2cos* [T (o) = L}Eﬁ;{r—-—%}-
_1l—-sinH(y)!’ =
=Ly
Paaxbana mocabanee uan omux® ypasmenili wa wnpeamocxbimee n mameran Kwagpavenid
KGpens HOXy9uMs:

2 sin* § 11 (')

1 — sin I (y)
¥ 1
togill ()=l
: ; _ A —tang: H ()
0TCi0A sin IT(y) = i—:l:&;g—m
Bropoii «acti oTOro ypasHeHia MOMKHO AATL €Nie BHAE:
cos 5 [ (@) — sin 3 I (x')

cos , 11 (@) 4 snn 5 I (&)
sin fir —3 M (@)  sinjll(z)
€08 jz7 — 3 1 (o) T cosiH(x)

tang | II ()
a cabaosareanno
~ sin 11 (y) = tang § I ()
RKakh Baiigeno Gpiio Beie,
“rofer aare npmrkps KAK® BHIMUCUICTCH AIMHA KPHBOH Jumim, WIENE AIMHY OKPYKHO=
CTH KPyra, KOTOparo moxynomepedsHns® r. Beiems apa moaymonepesnnsa, KOTOPBIXH Yroas

2
upu uenrph nyers Gyzers = rxb n osmamaers whaoe =ucao, Omyekaemsn oTF KOMII 0AROTO

HIb MOJYMONEPEIHUKORS NePUCHANRYIT p HA APYroi moxymonepesnsxs, Hpousverenie np Gy—
aern Thws wewbe pasmntien o xmmmow oxpymmocrs, whyn wncyo n Goabe.

Hpavoyroasubtil rpeyroasunss, rxb p oAums st kaTerows, r runoTenyss, a QT'T Froatn
npoTHEE P, AaeTs (ypasuenie 13),
sin -12;:—[- tang {1 (p) == tang 11 (r)
Ho wawberno, ato

2)
{ usiu{}:'ﬂrman:m.
wemay 1hus Kawe
tang I(p) 2
& n (e'p — e“p).

¢

a - At [ep— e )= 2np
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es Tounocriio Thws Goavuieo, whus wncxo n Goxbe, a caxbxoparemmo p menbe. Mocah ge—

T0 gaufa ORpy#EHOeTH ¥ = np = 27 colg /T (r) mm ATuma ORPYRHOCTH 1= rr{er— ;r); ato
AQeTh A T 4pPeIEbIAiNG MAJaro umeda AINHA OKPYmHOCTH § == 27T, KAKB BT O0GLIKHOBEN=
HOii reoMerpin.

Onmpesbasens eme ayry s uperbisuaro kpyra nocpesCTBOMs KOOPARHATT, Y HEpPHeHANKY.IA,
OmyMEHaro OTTh OAHOrO KOHIA AYrH § Ha 0Ch, HMPOBEJICHHYI0 upe3® Apyroii KoMenms, a T ¥acTh
97Ol OCH M@Ky BePUIIHOI i epaen uky1oxs y. IIyeTs ¢ xopaa Ayric §, MyCTh TAKKE €y €5, ¢ W T, 4

13 1in g1 .
XOPABL AYTE 5 853 8,550 Me1 aokasaan penme (ypasuwenie 21), uro:

cotg I (y) =2 colg IT (5 ¢
[0100uBs 0Gpagoss Oyters:
cotg IT (5 ¢) = 2 cotg I (i c,)
cotg I (3e,) = 2 cotg I (3 ¢,)
cotgIT (5c,) = 2 cotg I (3 ¢,)
m BO0GIIe AXA BCAKATO WHCIA N mOJAOMMTEeILHAro n mhaaro
cotg (5 c,..) =2 cotg IT (5 c,)
OTRyAa 3aRI0MACNE
cotg IT (y) = 27+ eotg I (3 ¢, ).

Ecag n gqucao BeenMa meawkoe n cabiosaresnno Cp MIC.I0 BECLM MAIOC MOJYYHMT:

- 27+ cotg I (36,) = 2" ¢,,.
Ho e, =sXIMN=00
orkyaa cabayers uro
s = colg Il (y) (22)

Onpexbaness ewe gyry & npesbapnaro kpyra, moyomio (, wacTu KacatessHoli, mnpope-
Aenuoil &b npeabasuomy Kpyry v% sepuiawh ocm wpesh KoHewdh Ayrm s, MEKIY TOUKOH mpi—
Kocnopenin # Toukoil uepechuenia wacareasuoli ¢ ockio wpess Apyroii komews ayrm s, T. e
onperbasens eyuruio L (). B tpeyromwmuh, rab Gowa ¢, f, () ¢b DPOTHBOMOIOKHLIMK
yraasu IT (1), or — I (5 ¢), 3 7¢ — I (5 ¢), maxoxmws, npuwbuan coxa ypasuemie (13)

sin IT (¢) tang 11 (¢) = sin IT (} ¢) tang IF (1)
no mnt puxban (ypasmemie 21), wro
tang I7 (1 ¢) = 2 tang T (y)
&b deMy npubasuns ewe sawbuanie, uro B
sin® I (5 ¢)

tang IT (¢) = ool (e e %)
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Iocxk wero
cos IT (1) = 2 cotg II (i c)
1. e p5 exbacTeia ypasmenin (22)
cos I (1) =s=L(t)

Ypapuenie npasoii Jumin A0BOJBHO CJI0KHO, eCau 9TO ypapneuie A03iEno OmTL 00mIWS
W OTHOCHTCA KO BCAKOMY IOJXOMKCHi0 MPAMOHl BT OTHOMIEHIM Wh OCAMT KOOPANHATSH. OmycKi=
exh 935 onperbaemnoii Toukm Ha xanHOM NPAMOI MEPHCIAURYXH ¢ KB OCH & B HAIBINIEME
L yroas, xoropsiii 31015 nepnesAnkyxs xbiaers cn npawoii. Hasmimaewsn eme y nepnemgu—
Ky, OTOyMennsii ¥E oeu @ udh Apyrofi Towkm na gapmofi npmyoil. Ilyers ! pascroamie sro—
poii TOWEM OTTH mepsoil, M myeth @ GyACTD MACTH OCH & ME&RAY ABYXD mepreniukyiont. Be-
AeMy OpAMYIO ¥ OTH BePUTNHBL @ 10 KOBNA y3 COCTABATEA ABA Tpeyroasmnga: 1) mpmioyroan-—

T
Helil, RoTOparo Goka a, &, r ¢h NPOTHBONOJIOHHBIMI YLIAMH A, X, 3 2) cu Goramn y, 1,/ e

npoTuRonoxoEneMd yriamu L — X, C,-g — A. Hpuwbuenie ypapueniii (10) (11) w5 nepnowy

RIL OTHXD TPEYTOJBHUEOBT AAeTH:
sin I () sin IT (a) = sin 17 (r)
sin IT () cos X = sin 4
sin IT (a) cos A = sin X
cus I (r) cos A = cos 11 (z)
cos 1T (1) cos X = cos IT (a)
Mas oruxs ypasuewili BHIBOHMD:
tang A = tang IT (z) cos 11 (a)
tang I1 (r) = tang IT (x) sin 1T (a) cos A
tang X = tang IT (a) cos I (x)
cos I (x) = cos II (r) cos 4
gin X' = sin IT (a) cos A

Hpuswbuenie noexbaunaro was ypasuesiii (19) Ko sropoMy Tpeyroannugy aaert;
cos IT(r)

colg (L — X) cos A sin H(r)+5’“‘4=cosﬂ{y]

orkya cxbayert wro:
“cos I (r)
coly (L — X)) cos A sin £1 (r) -}-sin 4

€os H[ )= cos IT (r) (tang L — tang X)
y "~ }1 + tang L tang X{ cos A sin I (a) sin IT () 4 sin 4 Jtang L — tang X{

cosll [y) =
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Berapana v 970 ypasuenie ma whevo lang X' ero amauenie moaywumys :
cos 11 (r) | tang L — tang II (a) cos IT (z)} .
i ~+tang Ltangll(a)cosH( )} cos AsinIl{a)sinIl(z)+-sind | tang L—tang IT{a)cos T x) {

Berapanews pu o1o ypabuenie mwhero cos I (r) ero smauenie, mprmaxoanws moeab sebxs

cosl(yj=

npupkaeniii uro:

cosll(y)= :;;sg ((53 — sin 71 (a) cotg II (z) cotg L. (23)

Ecau npavas mapassessua cn ocsio @, 10 L= Il(a) w ypawuenie (23) npusers muas:
cos IT(a)  cos I (a)

o )= i)~ iang 11 2

nan cos 1 (y) = cos I1 (a) 6 0

Ecan maspipaess s, s' gammy Apyxs Ayrs npexbasnaro Kpyra, sakIOHCHHBIXT MEALY OCHO
@ 1 opAMOil ¢h mel mapa.LieJLHoOil W NPH TOME, WYH KOTOPBIXB AyIh NIEPBAA §, KacaTenfas
KT G Bh OCHOBANiN, 1 BTOPAA KACATEALNASA Kb y B OCHOBANIM, TO HOJYMUME COTIACHO C
Thas, 9T0 (LL10 A0KA3AHO: :

s=cos Il (a)

s'=cos I (y)
nocxh wero f=se
ral @ pascrosnie memay apyx® Ayrs s us, Iro ypasuedie moRassmaers, 4T0 nocroamnoe E,
nEeIeNNOe BhIe, YTOOBI 0AAYNTHL COACp:Kamie ABYX® Ayrs npexbismaro wpyra semay asysa
H2PALICILHBING , AYTH , KOTOPBIXE pascroanie papHo eamwuwh , passmerca e T. e. ocuoawmio
Henepossix s gorapness.

Ecan pp ypasuenin (23) nosomuwn g =0 u ecan crasums % — L ma shero L, To no-

AN ;

cos I (y) = colg IT (z) cotg L ;
9TO ypapHeHie UPHHAAIEHRHTE NpAMOIl Anil, KOTOpPaa MPOXOAUTH YPEdh HAYLIO KOOPAMHATE Z,
aliaan yroas Les ocsto @, wto coraacyerca on ypasuemiess (10).

Pagemarpugaess MeThIpeyroAsuEED, KOTOparo apa GOKA @, y UePHEHIBKYJIAPHLI KD TPeThe-
sy Gosy x, Iyers ¢ Gyaers uerBeprhiif GOks., @ 0 yroas MeWAy 6 M € TOTJA Kakh yrors
mesiiay ¢ W y npamoii. Iposoiums alaromaxs v uas vepnmubl yraa @ % eepmnnh mporuso-
NMOJOANAT0 MPAMATO yraa, 310TH Aaronass ABINTH YeTIpeyroIbHEK: Ha ABD NPAMOYrOALHLIA
TPeyroIpuuga ; GOKA 0ANOr0 WIH HTHX'S TPEYrOJBHMROBS OyAYTH 4@, I Ch UPOTHBOMOIOKHLINY

yraama 4, X,%. GORA APYraro g, ¢,r ¢b NPOTHBONOIOKHLIME YriaMu () — X,% — 4, %r

Ruwow. I, 1855 1, i

171



— 0 —

Upnswhiewie ypasneuisi (10) (11) (13) rs HEPBOMY I3FB ATHXD Tpe) ro.uuuuoni. AQCTD:
sin IT (r) = sin IT (a) sin I1 ()
sin A tang I (a) = sin X tang II (x)
cos IT(r) cos A = cos I (x)
cos IT (r) cos X = cos I (a); i

(G)

BTOPOIl TPEYTOJBHURS I11eTH TAKUWE ke ofpasows cxbiywowia ypapmenin
sin I (y) sin I (¢) = sin IT(r)
sin IT (y) cos (p — X) = cos 4
cos IT(r) cos (p — X) =cos II [¢) (H)
cos 1 (r) sin A = cos IT (y)
‘ ¥Ypasueme (12) np;uomenunué Kb IEPBOMY TPeyroabllKky AAeTS :
tang I (r) = sin X tang I () }

tang H (r) = sin A tang I (a) (&)
TOrIl Raks npiscbiedie TOro ke ypapHmemia KO BTOPOMY TPeYrOALHUKY AQCTE:
' tang I (r) = sin (;(p — X) tang 11 (y) }
tang I (r) = cos A tang I (c) )

Berasusr wo sropoe men ypasueuiit (K) ma srbero sin IT(r) ero auavenie sanroe wam ypan-
ueniif () maxozmus:

o8 (1) sk sin I () cos IT (a)

sin A
Berasamn oro suauenie cos IT (r) »n mocabamee maw ypaomeniii (H) moayuwss:
cos I (y) = sin I (z) cos II (a). (25)
Pag.rhaan nowseuno mocabwee nan ypasweniii (H) ma rperie uos ypasueuiii (G) T0.TY HHATE T
_cosH(y)
g Ao (z)’

BCTAR.LIENE BB 9T0 ypastenie ma ybero cos I (y) ero smatenie naw (25) Gyxers:
tang 4 = tang I (x) cos I (a),
Jbaeuie proparo myn ypasueniii (G) ma nocrbinee was aTHXEB e ypuueniii nowsemio
ANeT D!
tang Xtang IT (x) _ sin A tang IT (a)
cosIll(r) ~  cosH(a)
IBcTaa.mn 5L 910 ypasnenie ma mbero sin A ero amavenie, maaroe nys nocxbainaro Be
ypasueniaxs (H) woxyuwws: P
cos I (y) tang IT (a)
cos I1 (a)

tang X = cotg IT ().

172



-_— —

Buybuaa wn 9T0xs ypasnenin cos I (y) ero smaueniess, AAlACTEBIML BLIGE NOJYTIMT.:
tang X = cos 1 () tang I7 (a).
Coexnuenie proparo ras ypasveniii (H) ¢n nepssirn nan ypawueniii (L) acers eme:
tang IT'(y) _ tang IT(r)
sindI(y) —  cos A
cos I (y) tang IT ()
eos 4 :

tang (g — X)
nig tang {99 —X)=

a ecam Mbr perasnys swavenie tang 7 (r) nan proparo sy ypammemiaxs (K) to moxyumss:
tang (p — X) = tang A tang I (a) cos IT (y).
Jro ypasuenie, xoraa cioxa mocrasutes ua srhero lang A, tang X wxn ananenin, maiizen=
ubiA ppune, npumetrs cxbayomii oian:
tang /1 (a)

tang o = m (26)

J10 ypaukenie nOKAILINACTE, 910 & PECrAa BOIMOANO , NOKyAad yroan g Goawme II (a)

b o
u senke 3" 1T}

-
aT— > la); .-’r-—q,*(a-
Buavenie cos IT () motomure so ec.am

T
3 =@ >l (a)
B oanuin 2 crhIoBATeIBHO TOMKE MOJOHUTEILHL

aT . - .
Ho acan S>>0 —9> I (a) vo suavenie cos I (z) xbxaeven orpumaternuoii u ammia z

ASRATD 10 IPYTYIO CTOPONY NEePHCHARKY.A d.

Jro pomassimaers, 9o ecan aph ppibul anniz, Jemaulia BB 0AHOH L10CKOCTR e BeypE-
MA0TCH, KAxh Obl JAJERO He OpPOJOLKATHCh , ue OyAydd OAHAROKS Mapatieasncim, To omh
o6h OhIBAIOTS Hepnep URY.LAPHLL Kh 0AN0H npayoii; seaxia Ank npayeis sunis, gKoTopsL, HA-
XO.UCH B OAHOI ILIOCKOCTH, W Iapalicdbibl UM HepPUCHANKYAAPHBI KB OIuoil mpamoli xou—
snbt neodxoguyo nepechrarien.

Mpayser anpig 85 A0l wI0sKoCTH nepechkaTCA BIAMMLO O ZOCTATOMHOMY NPOIOIHIC—
Bii0, eCAM YUOXL MeKAY OANOH UPAMOI N mEpHEHIUKY.I0MD MIH NPOMIBOALHOI €A TOKH ory-—
ulennsii na Apyryio npmiyio , venbe ueskean yroas mapateasuocty, koropoii coornhrernyers
axanh oraro nepuenukyxa. O nosowino nocabrunxs npesioaeniii MOKUO IHAIATELNO Y=
npoeruts ofuiee ypasuenie npaMoii apmin (23) wn caysab, woraa npawan, &% KoTopoli oTuornt-
ca ypacuenie, ve mepechrzers ocu .

5
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Iycre @ Gy1etTs NMEPOeHAAKYSH ONyumeHunid Kb 0CH X U3H TOYKH MOCTOAREOH, UD MPoO=
nepoasnoii ma gammoii npawoif. Iyere L 1orh wak apyxs yraops smexay npamoll u oTHMB
HCPHeNIHRYA0M b, KOTOpE JeuTs na eropoul 2-0Rs MOJOKHTEIBHLIXE,

Oopeabanesrs nanepers Taws aupio /, arolpl:

cos IT (I) = tang I (a) cotg L.

d1o Beeraa Boamomuo moryaa L > II'(a) 1. e. mxyaa npasan we mepechRaeTs ock £-0BT.
Uosaraews ary aamio ! ma oes 2-0BB 0TH HAYAIA KOOPIAHATE HA croponb o—oBB noiomn—
TEABHBIX 5 IX1 OTPHIATEABHBIXT CMOTPA 1o 3mAKy {. Bocrapisewms ma wxomwnd .umin ! nepuen—
AMEYAE KB OCH T~0B%, NPOIOJKIenT ero Ao nepechuenin b ganumoil mpawmoii m myers b Gy—
ACTH WACTH HTArO NMEPHEHINKY.X] MesAy Aauuoii npaMoii u ocul0 —owb. YOI MOAH KOTOPHIND
PTOTE HepHenMKyas BeTphuaers Xammylo mpaMyio, xommens OBITL DPAMON COrJdcHo C©b ypa-
sueniens (26). Ecan remeps womens neprnemAnkyta ) npuuuMaemTh 3a HAYa10 ROOPAMHATE, TO
Gyasews mwhrs coraacHo cn ypashewiems (25):

cos I (b) = cos IT (y) sin IT (x), (27)
uro u Gyzert ofmee ypaswemie npmmoil Kotopas we nepechraers ock z—opb.

Bt stoxs ypasmenin momems noaarars y = a #emberh on vhyan 2= —1; ar0 1aers:

: cos I (b) == cos I (a) sin IT (I)
ecan cioxa nocranmys wybero cos IT (b), sin IT(I) uxs smawenis, 10 ypasnemie cabaaerca:

cos II (y) sin IT () == cos IT (a) )/ 1 — tang’ I (a) cotg” L

Bropas wacts 8% aTows ypasuenin abaaerca sooGpasaeoii, kars ckopo tang IT (a) cotg L > 1
T. €. Axn pearoil upamoif, kotopas mepeckraers Otk T-0BE.

Hocab roro, wro 1o cuxs mops maiixeno, momess phumrs sazasy: onpexbants pasero-
AHie ABYX'D TOYERS, KOTOPHIXH MOJOMKEHie Bh ILIOCKOCTH JAHO TOMOMILIO #X' HPAMOYTO.16—
UBIX'S KoOpAmHATH: &,y u &,y Toxomuws K1 coxpamenin

Ar=2a —z;Ay=y' —y.

Onycraems uath BEPUIMABI y MEPUENAUKY.IH K y M 0MANAEMT ALIMHY 3TAr0 Mepueiryt—
KyJa g, TOFAQ Kaks y, 0IUAYAETT WACTH J MEHKIy OCLI0 ZT~00h W MEPHelINKY.IONT g.

Coraacuo ¢5 ypasneniews (25) Gyters:

cos I1(y,) = cos II (y) sin H (Ax)
cos IT (q) = cos IT (Ax) sin I (y,)

Toxomero sruxy ypasseniii onperbiups snavenin y, w ¢, nexomoe paseroauie ABYX'L TO—
UeK'B, KOTOPOE 03mataew’s r, 6y1eTs xano c.rhgyxoum\atb ypasueuiexs, KOTOPOe BLIBOIMTCA Wa'h
ypasueuin (11).

sin I (r) == sin H(y' — y,) sin I {g).
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Ecin Az mw Ay, a cxbzosateisno g, r BechMa MAipl, TAKD 9TO MOKHO npenefpeus n31
BBICUTHME CTENeHAMH Bh CpPapHeHil Ch HUCHIUMI, TO T NPeiCTABUTH daesents ds wpusoli au=
Hif, KB BLIPAKERI0 KOTOPAr0 NpHXOANME, BIABD:

sinll(g)=1—3¢
cosll (q)=q—iq
sinIl(r)=1—ir"
sinllfy —y)=1—i(y'—y)
nocat wero BBIXOAMTS:
Ax )

Q== e i)

sin IT (y)

- da*
w=Y/ 4 + ()
Man npexbarnaro wpyra:

sinIl(y) =¢ .
Wezs ofmuxs mmipasweniii, xoropeiar onpexbaaors sin I (a) n r. A NOMOHILK ¢ ¥ KOTU =
PbIfi ZAHBL BHLUMIE, BHIXOARMTE:
d I (a) = — sin I {a) da;
nocrh wero Anvwepennmupya ypaspenie nperbIsHaro Kpyra HAXOAMMT:

sin I (y) cos H (y) dy = ¢ ds
dr e*
n di=

Vi—ew

Hurerpupys B5 OTHOMIEHIN Z OTH & == 0 HAXOJMME:

§ = V e e |
AR HHAYE s = colg IT (y)
KaKks 210 ObLI0 RAliieH0 Bhiwre,

Ecan oanaunvs r paseTomiie TOYRA MO Kpyrosoii JMHIE OT'H HAMAIA KOOPAMBATE, 2 0 Yroan,
KOTOpBI 910 paseroamie r xbiaers b Ocbl0 2—0BH HOJOKATEILHBIXE, TO Mbl HAXOINME B
npaMoyro.aLioMs Tpeyroasiungh, ROTOPAro €ropomel y, x, r COLIICHO €5 ypanueHieMT {12):

tang I (r) = sin ¢ tang I (y).

Baamy, .torapuemst ma 06onx’s CTOPOMAXH ITAro yPABHEHiA B ANGMEPERIHPYR B OCTUHOHIS-
HiM KB r, ¢, j HOIYYAME:

dr dy
coslIr) = colgpdp + o Iy
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Ha1p aroro ypasmesin BLIBOXAMT:
dy = { colg oo dop - ﬁﬁ%ﬂ}cos I(y),
i serapuni ua whero cos I (y) ero amaveuie woMomsio ¢ m r:
di o cos @ cos I (r) dip - sin @ dr
V 1 —cos’ gpeos’ I (r)
UroGnt puipasuty da mosompio 1, ¢, Gepens ypanuenie (10)

cos I (r) cos p = cos I (z).
Auapeperunpya JorapueMsr o6buxs wacreil svoro ypabuenin »1 ormowems KT 1, %, ¥,

NOIY SN ©

sin’ 1T (r) dr __sin’ Il (z) dz
cos I (r) S poe=~—s I (4)

OTRYA2 BLIBOANMD UOMOLUBIO YpABIeHii:
sin I (z) sin 1 (y) = sin I (7)
cos I (r) cos g = cos I (z)

.

caliiyionee ypasienie, KOTOpoe BLIPMKAETH HMCkoMoe 3uavenie da:
dz  cos g sin H (r) dr — sin ¢ coly I (r) dep
sin I (y) /1T cos” p cos’ L (1)

noeak gero:

ds = y/ dr* - dop’ cotg® I r).

JAan Kpyra, noaaras, 9T0 HAUAIO0 ROOPAHHATE BE uemp’[‘.. HAXOANNT, Taks kawt 31kes
dr==03

ds = dop colg IT (r).
ST
Hurerpupys 0Tp @0 ==10 20 @ == 5 U YMHOKAA BCe UOTOND MA 4% naxoanws cabayvio-

e ump:l'.i.'mtie A onpymuocm Ch HD.!!;IIOI[EFG'IE“KOB’L
21 cotg I (1)
coraecd ¢ rhys, ure Gouio malieno Boite,

Eean nagbisaens s Ayry spexbasnaro gpyra ors ocu 2-0vh, TO Bpamenie s E0.10 OCH 7-05b
npomsso s uacts nperbasHoil coepni, a KOLems AYLN OHUIETH OKPYMUOCTL KPYra, KOTOpA
pi upexbasnoli cwepl onpeabanercn rakike, FAKB ORPY:KHOCTE KPYra ¢b HOIYHONEPEHHLEOMD
s oupexbaneten ma miockoctn b ofmumosennofi reomerpin; Qreroaa cxbayers, 9TO ORpy:e-
HOCTL JTOrO Kpyra Aomkua Gpite papua 277 8. (1 APYroii CTOPOHBI ORPYMHOCTL TOFO #e Kpy-
ra paseMaTpuBaeMn % ero imicexoctH, rab mepnevaukyas y, onymennbii oTh KOHRA Ayrd
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na och mpesbasuare Kpyra, KOTOPAaA CIYENTE OCHI0 Z-OBD U HPOTOINTH Mpedds APYroid Ko-
HEWS AYTH, COCTABIAETS HOJYNONEPeMHURH KpPyra, I4eTcd B'h MAHTEOMETpin BRIPIKCHIEMT:
27 colg 1T (y) ;

otkyAa cxbayers, wro s==colg JT [y) kaxs 1orazano Oprio mpemakb.

Yro6ur pasrbants miom@ags Ha dIEMEHTBI, BeACN's TO MAOWafw Ayra npexbanmaro kpyra,
A3 ROTOPBIXE OCHIO CIYAUTE OCh Z—OBB| 0 Takuwh o6padoys, YI0 HX'EL LIAUMEOE DAICTOM=
nie Gearomeyno MAI0 @ MOmern Opire magsano dr. IMyers s oana nas oTux® Ayrs mpexban-
HAaro Kpyra, Mescly OCh0 2=-0BF M TOuRON ma wpusoif aunin, roTopoli Koopaunarel , y;
mycrs ', Ayra APyraro uak avuxs NPerbILEGINE KPYronn Memly OCLIO r—onbh o TOUKOH ma Toli-
e KpuBol, KoTOpoii kKoopaumatet x - dx, y - dy.

Yaers mromaxe GE3ROUEUNO MAIAM MKIOTENNAA MEHKIY § HS b OIHOH CTOPOUBI M OCHIO
Z-0BT H Kpupoif ¢b APyroii cToponnl BBIpasuTea:

esdr
gs= e— 1
Kyad pevasaan s = colg I (y) poyuums:
S = e dx cotg IT(y)
T g

Jan npmwkpa onpexbaness myomaas upeabapyaro Kpyra, 144 EOTOPAro HAULIA MBI YpAB-
nefie §E OPAMOYLOIBHLINE KOOPIUHATANS:

sin Il (y)=e"*,

noNOpI0 KOTOPAro ypasueuia Haxofirs smp:iz:enie AJ1 DICMEOTA HCKOMOI NJomragm:
dS = —— dy cos I1 (y) cotg I (y).

Murerpsipys 970 BhipwKenie oTH y == 0 HAXOAUMD NIOIMALL , OTPANNEENNYIO IYTOI0 mpe-
Abasuaro Epyra, 0Chlo Z-0BB M OPANHATOK Y

5= {eotgmry) —imt-my |

Mot puakan, 9T0 MIOWRAL MEKAY ABYXD MAPAICLIBHBIXG NMpofoxKaeMan 10 Geskoued=-

woetir na etopouh wapariesmuocty W orpammwenuan ayrow npexbasmaro kpyra, xoropoit xyrb
Al HAPAIICALHDIA CAYKATE OCAME, BRIPAKAETCH:

es _ ecolgIl(y) ~
e—1~  e—1

noexk yero HAXOAUME MIOWAAE MEHRIY ABYX'B HPAMLIX'B HIparIeJbibiXh, 03B KOTOpHIXE OJ-
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HA UEPNEAINEVASpHA KD Yy, KOTOPhi¢ NpOBEAeHbI YPEIEL KORILI J 1 NpOJoJeHDl A0 Gearo-
HCeMHoCTH, Iihip:'l'ol{l!l.lie
s — 1 (y).

[oyoumieio 9T0r0 BLIpaskenias HAXOAUMS ILIOMALE NPAMOJHHEHHATO NPAMOYTOALHATO Tpey-—
TOILNHKA, Koraa gaunt ocrpeie yrast I (¢), I (£), npotuns nepnemiuiy.Iapubixs Gokoss a, b
Tpeyroasuuia. Ipotossaens ranorenysy ¢ aa pepmmny yraa I (£) n pposoxsenie abaaems
pasno A, Hepnemaukyas v xount £ abaaeren maparsessnams ¢b npojodkenient Goka a.
Tlaomaas GeakoHedno HPOCTHPAIINAACA MeKAY OTHMI ABYMA HAPAIICALHBIMH, DPOAOTKENHHIMUN
B CTOPOHY NAPAJIEILHOCTH, M OrpPaBNYeHHAA CB APYroif cTopomsl Xupiew S Gyiers

5 — ().

Ecau pesews reneps upest mepmmmy yraa Il (¢) mapasiessnyio ¢b HepneiinkyIoMs  Ko-
Topan makxonena Kb Gory ¢ oyt yraoms JI (¢ B) uOyaers swhero mapaizemsna cb npo-
Aoxieniens GORa @, TO BEIMMHHA ILIOWAAM MEKAY ¢ -} A M ABYMA NMAPALICILHBIMU HPeds KOH—
upt ¢ -} 4 npoBeIeHuBIME M NPOA0NKeHHbMM 10 GegkopewnocTw ma croponk mapaieasnocTd
GyaeTs:

i —I(e+ f)

Hoxo6upins offpasods “acTh MIOMAain MesKAy Gokows b, mpamoii npoeeennoii upean pep-

umny I7 () u Goxoms a, Ge3ROHEYHO HPOAOLKEHHbIME GyIeTs:
3 — II(B)

Hocab wero cymwa 5o —II(f), v — I (b) ymensman for — I (¢ + /) Oyaers BbIpa-
akentie ILIOWAAN TPEYIOJILHHED, KOTOPYIO TARAMT 06pasoms maxomns = 3 ;v — I (b)) — IT (8) |-
-+ I (c 4 B), Memay vhus mor goxpaamm, wro IT(h) = II (&) 4 II (¢ -} ), moerapa oTcioxa
B BhIpakenie paomain rpeyroasnnra ma whero IT(b) ero smauenie, BaXoIUMT ILIOMAAL HpPA-
MOYIOJBIATO NPAMOIHUCHHArO TPeyroJLHuK:

s —I(e)—IT(f);
aTO INAMATE, UTO ILIOMAAL NPAMOJHHEHHATO NPAMOYrOJLHATO TPeYTOJLHNKA PaBHA  PaduoCcTi
ABYYH UPAMEIXE yraoss Geas cymMmymbl Tpexh yraons tpeyroasmua. Orciona cabayers eme,
9T0 1LI0WAAL BOIKATO NPAMOSHHEHNATO TPeyroJLunga pasna nSOLITRY ABYXD NPAMBIXD YLIO
NALH CYMMOIO TPEX'H YIIoBnH TPEyroabHuga,

Jderko BuIBECTH HIH NPEABIAYIATO, 9T0 ILIOWALL BCAKOTO YETHIPEYTOILHIKD PARnA MIGHITKY
METHIPEXs NPAMBIXS YrIOnh naxr CYMMOK) YEpPBIPEX'h YIIOBL WeTHIPeYTOALHUEA I BOOLLIe IL10=
113156 MHOTOYFOALHUER 7 CTOPOI'S papna madbITRy (n— 2) T HALH CYMMOI0 YTIOBS MHOFOYFOJLHIKA.

Pascyarpupaems ocofeuHO 4ETHIPEYTOJILUNES, KoToparo apa Goka a, y o0a nepueninky-
anpunl kL TpeTheMy GOKY 2 M Rotoparo werseproui GOk ! nepueniuky.xapens Kb GORy a
u AlJaeTs €h y yroas, KOTOpmil o3wAYAME ),
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M1 xoxasaan spume (ypasmemie 23), 4TO MemIy COCTABHBIMI MACTAMH TAROro WeThipey~-
FOALANKA CYLIECTAYCTT ypasuenie
cos IT (a) = cos IT (y) sin IT (z);
ecTi PAICMATPHBACM's & W Y HEPeMeHHBIMU M @ TOCTOAHHLING TO IIONAAL 9TOFO 9eTBHIPEYrodb—
HHERL I'!hl'pﬂ':!{ﬂl!'l’ﬁﬂ, KIK'G H BCARAA MIOHIAAb, Kak'k ADOKJAIAHO Bbllie, HHTErpajoMs
S’ da cotg 11 (y),
KOTOpBI, Gyiymu NPIIOKENS Kb HACTOAIIEMY CIYyYal0, XA6TFH, KOTAR MOCTABUME €lO1a dnave—
mie cotg IT (y), cxbayiomee snipaskenie xam mioma
J‘ dx cos IT (a)
© ¥y sin’ I (z) — cos’ I (a)
TOPAR RAKG IIONIAAE 3TAC0 YETHIPEYTOJLMNEA , COLMACHO Cb ThMb, Kaks ompexbaserca mio-
WALk BCARATO MHOTOYTOJBHIKA IOMOILK YII0BS, = j T — 6. IT0 1aeTh:
;n’-—m:cosﬂ(a)f = ______—dx i
o V sin' H (z) — cos® 1 (a)
Yroxs &, koropmii ab1aers 6ok ¢ ¢b Goroms y, onpexbanerea ypasneniexts (ypanmeuie 26)
tang 11 (y)
cos I (x)
Ecw ss ypasmenim (M) mumwems o swbero IT(a), & ma whero I (z) onmo cabaaeren

(M)

tang & =

37T — 0 _ f dag
cosa o sin & y/sima—sin’
7 ey §
raf ¢ Bermwmma mocToAHAAM.
Cupape1amBocTh 9Taro phIpamenia LA GuTerpaa Momers Ob1Th mopbpena Anoaepentmupo-
samiews. [laureomerpin yroswmaerTs rakme wa mosoil enocofs npulamkenin KL sHaveniAME

onpeAbaeHHBING WATErpPaIons.
Tyers Tpefyerca uaiiTu

S Adz

rab A jaumaa eymxuia ors x. YToOm oThICKATE 3mAvYeHie HTOr0 HHTErpaIa HAXOOHO IOJ0—
wate A =cotg [I(y), nmotoxs ompexbaars amawemia y', y°, y” ...., Kotopse orphuawTh
Z' 2’y 2”....., DANTHIXD NMPOWSBOJRHO MKy TPammIhs mATerpuposamis, mocak wero mazoGmo
BOIMHCIATE IIHEY XOPA®, ROTOpbiMu coeymmmiorea pepmmubt ' ¢s ¥, ¥y ¢b y"'....n yrors,
roropeill kamAAA Xopaa abiaers ep mposoxmemiems cabayoweii xopast. Cymma otuxws yr-
4085 Jaersh npubuuKeHHOe 3HAUCHIE WHTErPaJd. \

TLiomaxs MERIYy IBYMA NAPALICILHBINY , TPOREICHHBIMH ¥PeIs KoHIGI Aamuoil npavoif,
npoloxaennbivy 10 Gegkomeusoern ma eropowb mapaxsexsmoctsn, 0 eamolf npamoil GyzeTs
_ Rnuwxe. F, 1855 2. 5
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== T — CyMMA ABYXD YLI0BD, KOTOpbie awk miparzeapnnixt abaawors ¢ Aansoli npavoil,
HOTOMY 4TO aTa ILIOWAAL MOMeTH OblTL npuHuMAEMA 30 ILIOWAAL TPEYFOJLHNRA , Bb KOTO=
OMB 0AUHB YrOXb PABEHD HYJIO.

Ilaomaan Bpneofi aunin moskeTs GbiTe pasabaena Ha vJeMEHTDHI UPAMBIMU HapaJiebHbl—
st KB oauofi u roike Aamuwoli mpasoii manp. k% ocn y. Ecau merews ma xomenk aGcuuccs:
Z MaparieJhHyl0 ¥b oen y, T0 oTa npaman abasers c® ocwio & yroas = Il (z); npamas
npopejeunaa upesb Komenn abemuupt z - dr, abhasers rTakaws ke 00pasoMB €b OCBIO T
yroan = IT (v -} dx), orkyaa cxbayers, uro MIOMAth MERAY oTHMU ABYMA MapalyeJbHBIMA
u dz pasua — d II (z). Tlyers Tenmeps w Gyiers seauuuna mepsoil Napalaeanuoi MeAy 0CL0 o
u KpuBoil { T4 WACTH ILIOMAXH MEKAY ABYMA HADALICIBHBIME, KOTOpas Jexnts B xammoif
kpusoii, 6yeTs B5 cabicrsie BRIME AOKAHHALO

— e % d I (),

OTKyAQ cabayers, uTo wacrs 9TOH IIOWIAIM, KOTOPAA JEKHTE MEKIY KPUBOIO M OCKIO & T. €.
aAeMEHTH ILIOWAAH KPuBOii BbIpasurea

dS= — (1 —e"¥)d II (z).
Yrofp BLIMHCINTH NIOIMAAL KPYyTa €6 NOJYHONEPEYROKONE r Hato6mo Bb ofinee Bhipamenie
aJeMeHTa NIoWasn Kpusoif, Haiizemmoil nouute,

dS = dax cotg I (y)

nocrasuts 3gadenie cotg II(y) use ypasmemia Kpyra;

sin I1 () sin 11 (y) = sin II (r)
rab HAYA10 OPAMOYPOJBHBIXB ROOpAuHATE BT neutph spvra. 1o Aaers

sin’ I (=
4F o Vsm H(r} pety

HUTErPRpYa OTh & =0 HAXOANMD :

cos IT () . (eotg IT (x)
g= sin H( r) o il {cus H(r]} . {cul.g H‘{FJ{

Jaa z =7 3T0 A3eTH IIVIAAL YETBEPTR Kpyra:

T a
2ein ll (r) 2’
yuuoKaa ua 4, HaxoauMs gan mxomain whraro rpyra
i
v S—— — i
e { sin IT (r) }

nan 910 pee PMIIG: ~

-r
mle —e }
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Ecan r ‘I[IeiiBhI‘IEliIl!CI MaJdo, TO 3TO Bbq}a;«euie AAET'H TLIOA XL Kpyra =T l": TOWKE ca~
MO8 nhrpameﬂie, KOoTopoe oGBIKHOBEHHO JaeTes AIA mLiomaim kpyra ws Ceomerpii.
Hoxontiio mpexsirymos0 BeIpazkenia ILIOMAAH KPYTa MOMHO JATh JJIeMEHTY ILIOUIAIN
peARoll KpuRoil Jnuin eme Takoe BhRIpaKeHie:

dS:ng{En—}—IT;J-—i}

rxb r ects paaiyes pekrops npobelenusii ugp mawaga roopammatrs kE rounh ma wpumoii, a ¢
yroas, RoTopei 9TOTH pagiyes sekrops Abaaers b moctoamnoil mpavoil, mpoxoxamiii upess
HIMAI0 KOOpPAMHATE.

Ipnwbuenie ororo peipakenic K% BhIYACIERi0 ILIOIMAAN TPEYTO.ILUMKA, KOTOparo GOKa
a, b, ¢ ¢B upotTuBonoXdkupE yriamn A, B, C aaers, ecam pascmarpusaens 4, C u cropous:
a, b rak®s nepewbnnbie.

4
ILIOMALE TPeyroJbinga = f dA {;i—u—-}r—(b-)- ) | }
Bokw b soipaskaetca B wyErnin ¢, A4, B nomomiio mocrbauaro ypasmenia (19)
A cos I1 (¢)
cotg B sin A sin IT (¢) 4 cos A = cos TI(B)

Bepews man oTaro ypaemeuin spademie sin IT(h) u crapams ero Bh Bhipamcenie yia mio—
A TPeyroJbHHE, HOJYUIeMT:

A
eyrOILINEY = ' i 4
ILIOIA AL TPeyro. = .f_‘/l = o T () — A
& (cotg B sin A sin JI (¢) + cos 4)*

sesay ThMD ObLI0 10KA3amo, 9WTO MIOMAXL TPEyroJhHHEA
="7—A—B—C
rab 4 u B yranr xamunte w G onpexbaserca ypanmemiemn (19).

sin A sin B

cos C -} cos A cos Bm—m-

Cpasuenie 3TUXS IBYX's BRIPAKeHiH L1A MLIOWAIN TPEYrOIBUNMKA 1A€TH:

A
:"r—B_G=f dA | eotg B sin A sin I (c) 4 cos A]
5 V/(eotg B sin 4 sin {1 (c) |- cos A)* — cos® I (¢)

5.
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T :
Ecau B==— o710 ypasHemie 1aers:
3 YP

- - s J‘ d4 cos 4
sz A —cos' I (0)

ypabuenie, ROTOpoe mocxl UHTerpHpOBAHiA UPHHUMAETH BUIE:
390 — C=arcsin(-.¥m-)
sin [T (c)
YT0 COIMACHO ©h ypaBHeuwiems, Koropoe onperbasers C.

Hyp 1oro wto ObLI0 IOKAZAHO BHEPEIN MOKHO BLIBECTH AJA BBIPOKeHiA [UOMAIM BCA=
KArO 3aMEBYTArO MHOTOYTOALHHKA ABA BLIDAKEHiA, 0AMO BhIpAmennoe ouperbIeHHDLINT umTer—
PAIOMB, APYrOe 3agucAllee TOILRO OTH CYMMbl YrAOBS MHOTOYTOJBHIK.

Apa suauenin AxA Tollwe miomain Gyxyun HeoGXOAHMO PABHBIMHE, AOCTABIAIOTE cHoCOGT
BBIMNCAATL ONperbaeHuble WUTerpainl, KOTOPHIXDL 3uavesie ObLIOOLI BATPYIHHTeXbHO HaliTd
APYraMs oGpasos.

Hrofpr mpexcrasuty enie npuyhps, pascMATPHBACMT LPAMOJHHEHBI TPAMOYrOJLHBIH Tpe-
YrOJbHBKE, BE KOTOPOMB NepNeHAuRy.IApHbIE GoKa, &,y a rumorenysa r. Hyers A yroas mpo-
Tass 2, B yroas mporass y. Vpassenmia (10) (11) 1a0TH AIA TAKOTO TPeyrobHEKA:

sin II () sin 1T (y) = sin I (r)
sin II (x) cos B = sin 4
cos I (r) cos A = cos II (z]
cos I1 (r) cos B = cos I (y).
Hsw omuxs ypasueniif oisesens:

cos Il (r)= = H‘f]

sin IT (r) = ]/1 2 H{'TJ)

cos A

c.s 1l (2) __ cotg’ I ()
smdlly) = sin [I a‘)]/ (~ cos 4 ) ‘/sm I (z cos’ A

ot H{)—- sin A cos IT ()
S e A —wr I %)

G T
Berapana ve 910 nocabamee ypawnenie IT (z) = 5 — @ HaxoAmAL:
~
sin A sin @

cotgll (y) = ————
gl ) Vsin' 4 — sin® @
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Meaay Thws Mb1 paaban uro Augeepenuiass myomasu ecrs dx cotg IT(y); a aro gaers
Bh HacToMmeMs cayuak:
) de tang @
da cotg I () =sin 4 m,
OTRYAQ 3AKIONAeMD, UHTEIpHPYA OTH ) =0, 4T0 cooTpbrernyers @ =0 u sambyan, wro nao-

7T
WAL BIPAREUHAA WHTETPAIOMT BHIPAKAETCA Takike wpeys 5 — A — B, uro

@
T tang @ de

—— A= B=sind | ————
- 2 v /sin’ 4 —sin® @
rab A yroan mocrommumbii, a B ompexbaserca ypanuemiems
sin A
C0s &

cos B=

T
Ecan @ = 3 A 1o rumorenysa xbaaerca napaxzessnon Gory ym yroxs B = o. Hraxs

vh oToMD cayuak
T-4
T sl [ oG
2 ¥ ysin' 4 —sin’ @

Mokuo onpexbaurs smasenie mnrerpasa »u Goxbe oGmess suak, pascmarpusan naowats
npANOAMEeliHATO TPEYrOJLENEA, RoToparo Goka a, b, ¢ ¢» nporsBonosokbbiMu yraauu 4, B, €
n pasabaan 9Ty WAOMAZL HA PAEMEHTHI HPAMBIMEK HAPALICALHBIME MemAy cobow. Bepems vep-
muty yraa € 3a mawato Koopiumars W cropomy & 3a och 2~osw. Hyers B < I (f) rab S

T T
noJoEuTeapHan ecan B << 3 " OTpUATEILHAA €C.aH B> 9 Beaews wpess xowens abenuccst @

HpAMYIO U NAPALIEILAYI0 GOKY ¢, 0 HPOIOLEAeMH 10 nepechuenia es Gokows b. Vroas, ko=
Topoil oTa napasseassan abaaers ¢b abenuccoro x Oyrers I (S — a~-z), orRyaa cxbayers,
410 yroxs, KoTopblii Ab1aeTs 9Ta mApaLIEILHAS OB MPOXO.LKeHieMDs T OyAeTs Ha— g — x).
Ecau poaMem® 3a 9JeMEHTH IIOHNIAAM TPeyroJbHURA HacTh aToil NIOIAAN, ROTOpAd 3aKI0Ye~
Ha MEKAY ABYMA NApaLIeJbHBIMH 4 GeagonedHo OGJHIKOME, TO NOIYYHMS, BD cabacTnie TovO,
ato GbL10 J0RA3aBO Bpime, crbiylmmee BhIpaikedie X1n 3Taro dJICMEHTA
dS=—dH(a—p=—z) |t —e "}

Pawunrpuuaem. y, &, % RAwp nepewbpupe, a a n S Rarb NOCTOAHHbIE.

Vpantienia (19) Gyayun npnwbuennr Kb Tpeyroapuuky KOTOparo GoRa @, u, 4 yTOXD Me:kK~
Ay omin Asyma Ookaym II (8 — a- x) Aa0rs: e 5

cotg Csin I (8 — a4 x) sinH(¢)+cosH(ﬂ—a+x)_=i%I%
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4y 9TAr0 YpapHemiA BLIBOAMME, moJ0iuBh Aag kpatroerw (A —a 4 2) =
cos IT (x)

cotg € sin @ sin IT (x) 4 cos @

__cotg Csin ¢ sin IT (x) + cos @ - cos I (z

" cotg Csin @ sin I () - cos & — cos II (z)

cosIT (u) =

- el!l

_ sinH{f—a)sine
T 1 —cosl(f—a)cos@

HO sinﬂ'(:r)=sinﬂ'{(ﬁ—a}—(ﬁ—a+m)}
Tarms e oGpasoMs waxoAuMs :

__coslI(f —a) —cos

SORE(Y) { —cos IT(8 — a)cos @

Berapaaa atm smavemia sin T (), cos I (x) »n Bbipaenmie fxm €’ mOXywmuM®:

__cotg € sin’ @ sin IT (8 —a) 4 cos @ |1 — cos I (8 —a) cos @] + cos IT (f —a) —cos &
" cosg Csin® @ sin II (f—a) -+ cos @ {1 —cos I (8 —a) cos & — cosll (B—a)+ cos @
2 colg C sin® @ sin I (8 — a) 4 cos I (8 — a) sin* & .
~ cotg Csin’ wsin I (£ — a) + 2 cos @ — {1-4-cos’ed| cos IT(3—a)’

Aarbe HAXOIMME X

"il(

dllfa—f—a)=—dl(f—a-+ a)=—do

nocxb €ero cpapHenie ABYX'H BbIpaskenmiil ArA IIOMAAM TPEYTOJLAMEA AAeTH ypaBHewie:

F=a

ol e i cotgCsin’csinlI{ 8 — aj4-2cose—~(1-4-cos’@)cosIl[ f—a)
A= p=B== ‘”ﬁif @ ]/ colgCsin*csinll[f— a)Fcos I B—a)sin'ed >

Ecan noaoxmwns eme (8 —a)=a 1o ato ypaBHeHie NPHOHMAETD BHIE:
w=lII{g)

[1—A—B— (| [cotglsin¢—}cosa] = ' s% y/ cotg Csin’ @sing 42 cos @ — (1 4 cos’ ) cosa

o=
rab yraot 4, Bu qonin § souxust GbiTh BBIYNCIEHBI TOCPEICTBOMB ypaBbHeHil :
a=1I(8—a), B=1I(f)
cos A+cusBi:osC-————-§iuBSiuG
" sin II (a)
nocrbanee uss atnxs ypapuewiii ects mocabinee wsw ypasmenmii (19) npusbrence &L Tpey-
COILHUKY, KOTOpBId pascMaTpmea.gm,

ro6ur onpexbants mogosenie TOWKM B MIOCROCTH , MOKHO yHOTPeGaATH BB HaHTeOMe-
TPIN He TOALKO HPAMBIA I NOJAPHBIE KOODAHATHI, BO Tardwe ® xyrm mpexbaomaro mpyra. JAa-
#e 9TA nocrBIHAM CHCTeMA MpPeieTaBIMeTh CROM BRITOABI Bh OTHOMEHIH Kb npoctoTh BRIpa=
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seniii. Onpeabagess nogoiesdie TOYRH BB ILIDCKOCTH MOMOMEID NMepHeHANKYJAPHBITE KOOpAu-
HATH @ W Y TORDB, ¥TO y Oblas Obl NepHeniukyss N3G TOURM , MOJOKemie KOTOpoil XOTATH
Ul]p&,{‘fu’..lﬁ'!'l;, H1 OCh X-0BE, & X MacThb OCH I-0BB OTH KOHNA nepnegavEy.Ia a0 Ha4aia Koop-
anats. dyers v xamma gyrs mpexbassaro Kpyra OTs Jaumoil TOYKE A0 OCH Z—0B%, KOTOpaA
suberb caymnrs ocso npexbasmomy Kpyry; mHaseisaems &£ paseroamie nepmmubi mpeabasmaro
KPyra Ha OCH Z-0Bb A0 Ha1aJa Koopiunats. Mer suxbam, uwro e atoms caygab

n == cotg Il (y)
noToMB ypashenie npexbabmaro kpyra aaers

' e-(#=-&) —sin IT (y)

HOMOINBI0 OTHX'H ABYXH ypaBHenili MO;RHO BbIpaduTh £, 7] WH IABHCHMOCTH OTH &, y BAM Ha
060poTs Z, y BH BABMCHMOCTH OTD £, 7. JTO A03BOAAETE HePEXOANTH OTH YPaBHeHin KpHBOil
Bh KOOPIMHATAX'B &, §j KT ypasHemiio Toif:ke Kpupoil ¥ £, v man HaoGopors. Auswepen-
Hiaxs ILIOWAH BBIPAKAETCA Wh £, 7) ypaBHeHieMS:

A S = d& dn
rab § mromazs.

Ecam mbr pasemarpupaens § Karp oyHknio z, y, To awbess:

(B)=2
dx de
HOTOMS AMGPEDEHIUpYA BE OTHOWCHI KD Y1
a'Ss i a's 1

drdy sinll(y)dEdn sin Il (y)
coraacao ©b Thws, 9o GbLio Hailiecuo Bbime.

OnyckaeMts H3%h TOYKM BF MpocTpaucTsl NEPHENAUKYSB I NA MIOCKOCTh KOOPAMHATD &, Y.

Beaews upest 9T0TH NepUEHANEYIH ILIOCKOCTh, KoTopaa mepechraers miockoets x y %
npayoii mapasxessnoi ke oes a-opp. Hpuwinmaews oro mepechaenie wa ctoponb maparess-
socTi 9a och mpexbasHaro Kpyra, KoTOpsii NPOXOANTE HPEH BEPUNIHY HEPUEHAUKY.Ia Z M IycT)
¢ amna ayru sraro mpexbapmaro kpyra meairy pepummoio 3 u ocsio. Harbews:

¢ = cotg II(z).

YacTs ¢ mapaxyessHolf K% ocw x-08b NPOBEJEHHOH 4pess KOHENDH NepuediuKysda =z Me-

A1y BePUIMHOI0 { U KOBUOMD MEpTeHANKyJa z GyleTs 1aHO ypaBHeumieys
e”? =sin H (z).

JAyra npeabamaro kpyra, mpobeleHHAA Ypeyh Kouemd 5 TaKB, UTO OCh MOJIOKOTEIbHLIXE
z-0pp caymurs Byberb oceio mperbasmoMy Kpyry, B KOTOpad JARJIOUACTCA MEHAY KORNOMD
z u 510l ocwio, Gyrers moseamsmuh papma cotg H(y), a azwma ayrm 7 mpexbasmaro Kpyra,
upoereunan upedn mepeckuenie ¢ ©b MIOCKOCTHIO ¥, ¥ W A1A KOTOpoil OCh JeKHTH HA CTO-
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nb z moaoknTe EHBIXB, MemAy oatoil Toukod u ockio, GyieTs, Kakb #To ObLIO  A0KNBANO, Aa~
HAQ ypaBHEBIEME :
cotg 11 {y).
sin IT (s)

Ecan mp1 5% ToMy Haspipaews £ 9acTh OCH Z~0Bh MEHKAy HAUAIOMD KOOPAMHATD W Ay—
rd v, TO ypasmemie npexbasmaro kpyra Xaers:

e~T+i*7 = sin I (y).

Wss aruxs ypasmenidf ppiBoxmMs, nepembuas mamepers TOABKO z m BB 3ABHCHMOCTH OTH

mero {:

n=

dz
R ST

Hepemm TOJIBRO Y B ¥ HOJyYEME:

d
@=mn@hn@
Hauon?‘n nepembuia TOALRO £ H & MOXySnMB:
€ d¢ = da,

Y10661 AOMOXHUTH HOBYIO TEODI0 MOXG HAIBAHIENT NMAHTEOMETpiH, KOTOpad OCHOBAHA Ha
magasax®s Goabe obuwmx®, HesKeaH Hayaga o0LIKHOBEHHOW reoMeTpis, oOCTaeTca TOALKO ATk
spIpaeHie AJA ANGeepenliala mosepxmocTelf W 00HeMOME IOMONI0 KOOPAHHATS, onpexhimio-
MuXH H0J0/KeHie TOMRW b mpocTpancTehb.

Pagematpusaess ¢b 9TOK IWHIBIO CHOBA UETHIPEYTOJBHAKS , B KOTOPOMT ABA GoKa a, y
nepues MKy APHLl KB TPeTbeMy @ W BB KOTOPOMD WeTBEPTHIH GOKT ¢ MepeHiNRYIADeHs Kb
y abaag ¢» @ yroas @. M1 maman (ypasmemie 25):

cos Il (y) = cos IT (a) sin IT ().
Hotoxs maxosmws nomompo ypasneniil (10) (11), magebas r aiaromaxs Memay pepimm—
HOW yraa 0 @ BEPUIMNOI0 NPAMATO Yria HPOTHEONOJOKHATO W A yroas Memiy & o r:
' cos II (r) cos A = cos I (z)
cos A tang I1 (c) = tang II (r).
Yo oTux® ABYXS ypé_nueniﬂ BBIBO UMY

cos IT («) tang IT (¢) = sin I (r)
Ho sin IT (r) = sin II (a) sin IT (z)
cabaopaTeasno : . T

tang 11 (c) = sin 11 (a) tang I ().

Ecau ¢, # Taks Maabl, 9T0 MOKEO npemeGperaTs WX BLICIUMA CTEMenAME BB CpaBHerin
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b EmcHnIIME ¥ OmyeTHTH cabryiomtia npulriskennsin smavuedfin At tang I (¢), tang I (a)
langﬂ(c):%,tangﬂ(:c)—g ¢ TO HAXOJHUME
i (27)

U LI
g7 )

Hpamaa ¢, soTopan coeARHACTS DepUINLEI 4, y He dyaen JepIOHAMRYAPHA Kb Y e
6=y Bb "YerTpipeyroasuurh; BB TAROMB c.xy'tah npnuml P, ' capemu @ npona,&eunan Kb
cpexnmk ¢, nmepmemAuKyaApRA Kb @ u ¢ Wraks »w ypaswewin (27) momews ¢ sambuurs ¢ az
gawbaute § oTs wero ypasuenie He mewbmaercs. Tarwwsn, oOpasows 9To ypasuenie |10KAIBIBA~
ercA ame AIA cIyvad a ==y, KB KOTOPOMY Rhume IaHHOE JOKAATENHCTBO HEMNOCPEICTBEHHO
ue mpmybusercn. Bexwrmma kpupoil mosepxmOCTH uanrhpnerca CYMMOIO MIOMAZEH TPeyro.abHi=
EOBB, ROTOpblE CMBIRAWOTCA BEH 0ARY (‘.I'IJ{]IIIH}F'IO chts n BEPIIMHEL KOTOPMI'B JCKATH Ha
nopepxmoet; ara shpa Gyzers vhws Towrbe; whws mswkpaesur Tpeyrosbmirn wembe.

T'pansmia, Kb ROTOPOH 0Ta CyMMA NPHOIWRAETCA X0 Geaxomewnocty , Korga mawbpaembre
TPeyroabHUKN YMeHBIIATCA A0 G_eaxoﬁe'ch’m M ©b EOTOPOI0 OHA MOKETH pasmurhesa membe,
He/ReAN BCARAA XAHHAA BeJMMUHA, HAIHGIBAETCA MATEMATHUECKAA BeIWINHA LOBEPXHOCTH: Onpeat-
AALMS, HAIGPEAT ILIOWALD upuuoaﬂneﬁnaro npnmoyrmnam Tpeyronma uouomm 3-“. ero

GOKOBS a, b ¢ @ npomono.mmmm ymm H{a} /| (a.} = Mm nmda.m ; 9T0 BB TAKOMB

Tpeyro.nnnn’ii MOKEO 3aMbBHUTE aunin
ligg, b ¢, &, ﬂ
JHHIAME ' ol e i
a,a B, e
coorwbreTsenHO. A S R L R
Kpowh Toro mp1 mamiim:

2 11(3)= 1+ 8) + T (c— B).

Berapann of mwkero b, A8 pwbero ¢, u ¢ pwbero £ moxywws:

a—2H(a)=HI(B4c)F (L —70)
I 2l () =1 (c — ) —H(c+ B).
Taxnws xe 06pasons HaxoANMS: ;
2H(B)y=10(c—a)—I(c4 a)
[epewbusn 85 oToMs ypaswenin: GyKnsy, Kaxs 970 ObLIO cKazaHo, MOy THM'E ©
AR = DB+,
Takam®s ae 06pasoms HaXOAHME:
Q.H{c)_ﬂ(a—a)—-ﬂfa-}-a]
Ruuowe. 1, 1855 1. 6
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oTkyAa 1% nepembuoo Gykss, Kaks ObLio ﬁume YKa3aHo, BBIBOANME
21 (B) =M} —a)— L 4 a).
‘Taxums e o6pPasoMs MOXYMUMD :
2H(a)=1M(a —b)—1I(a' V)
Caosenie xpyx® mocabimuxs ypasmeniii xaers:
2H ()42 H(f)=m —2 U (d ).
Ilocak @ero maomais TpeyrogsHUKa A AaHA BHIpAKeHieMT:
ag’é—ﬂ(a;_u(,e) = I (a' )
# NOTOMS :
tang } A == "% ¢"¥ = tang }} v — I1 (a)] tang fi v —1 )y
OTKyAa HAKOHEN'®s BBIBOJUME: '

1 L1

R o i g

Koraa a, & mechMa Maapi Taws, 4T0 MO/KHO mpeHelpbraTh BHICIIAMH CTENEHAMH OTBH 4, b, & 10
a1a BOpMy1a AaeTh:A ==%ab, Raws ¥b 0OnkHOBennoit reoserpin. Bb mpamoammeilsosn mpa-
MOYrOJBHOME Tpeyrogeuurh mosewms peerga BpIGpath ogues yroas € Taxs, uro0hl Wan Bep-
WAHBI €r0 MepHeHINKYXh Kb NPOTHEONOJOMHOMY GORY Xeian®h BHYTPH TPEyrOJLHNKA. ITOTH
nepren nKkyxs pasabairs Gors ¢ Tpeyroanmusa ma asb wacru: omma @, mpmabkamas k® yr-
ay 4, apyrag ¢ — @, npuabxaman xp yray B. Ilromags S sroro tpeyroapuuxa GyAeTH pas—
aa cymwh ntomazei AByX® NPAMOYPOJBHBIXE TPEYTOABHUEORT , MPOUIBEACHNBING OTHIG Hep—
HeHIHKYJOMS h 1 GyieTs JaHa ypaBHeHieMb:

P B SR DU S

ST U T e

tangiS= . 1 &% — 1 ;&_1}:
11 sw_}_‘ 'e"""-‘—|-1 [,,&_{_1

Vpapuenie, KOTOPOMY MOMHO e BUAE
S (@A — 1) (e —1)
g S = PR — D —1)

dro BBIpaKemie Jaers, ecai npeneGphraeMT BLICINEMY crememAMa S, b, ¢ mepext HECUIIMU :
S=ch :

KAKB BB OOBIKHOBEHHOIN reoMerpim.
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Me1 puabay, 9TO MIOMAAL TPEYTOJRHAKA BBIPANKAETCHA 'NOMOMEBIO Tpex®s ‘yraops 4, B, €
TpeyroasuuRa cabryonmys o6pagoms:

=a—A—B—0:
Bepews suauewie A B% sapwemyocrs oT% 4, b, ¢ W% mroparo ypapHemia (19); Taks®
MOV THME : '

sin IT (&) sin 11 ()
1 — e e ey i
S sin 11 (a)
= cos I (b) cos I (o)
otryAa cxbayers '- A
1+ cos ﬂ (6) cos /7 (c) _S—_m:_ l:hEb' 1)7 "—SE:}H 9
Roon V4w . cos I1 (&) cos II (c)
Ecan perapums croja: (s ‘ Al
sin 11 (b) sin IT (c)
sin {1 (b 4-c)
sybero 1 - cos 11 (b) cos 11 c)
-
TO 9TO BRIpAKEHie NPUMETH BUAD:
1 1

.2cos‘gd=langﬂ{5ltﬂngp(‘) {,inﬂ(b_f_c)'_—ain ) )

Tagums e 06pagoms HAXOIHME:

A Bys t
—23sin*§ A ==_tangﬂ (6) tang I (c) {sin =" H(a)}'
Has oTuxs ABYXD BBIPGKEHIH BLIBOIUMT: '
i L " 1 — cos® IT (b) cos® I (c) , 2 1
i L “){ e O s () e D@ sal0) sl o H[aj}
Has

A ¥ . ‘ 1 ; i i i 2
sin? == tan g T ) tamg T @g sin* I (a) s 1 (3) ' sin ) sin 2L (a) sin 1E(5) sin T (1) ‘z'

Iloaaran 114 corpamienia

e T S W 2 v
‘sin* I (a) sin® I (b) sin® I (c) ' sindd(a)sin 1I(})siull(c) "
HOTYMHMT | yote :
sin 4 = tang II (b) tang II (c) P. (28)
6
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Moxkuo rtagke Aate. P exbayiomill g cummerpuupbii BB OTHOWIEHIN K a4y b, ¢

P=211

+;i';.;f_a-)“i+vm}{i+smﬂ } { +smH(a)TLsm:;];(b):':;l:;;Téc)}‘

Wan ors ypastenia (28) u pascxarpusan srbes P Rars seauwimy uennpememym MO~
HO fokasare cabayrouunys 00pasods, uro P A0akHO GbITh CHMMETpHTHAR ®YHKIA oT% a, b, c.
Yumoman ypasaenie (28) ma tang‘ﬂ( a) nocrasxaews cioxa sin B tang I7 (b) mhero ero amane-
uia sin A tang [T (a) (ypasuenie 13) u pauhm noroms ma tang IT(b), BeIXOANTS:

smB——tangU(a}tangH()P

Vunoxaews oro \mocabguee  ypapnemie ma tang IT(h) m serauws ciosa sin tang 1 (c)
smbero ero amauenin mnBtang 14 (ﬁ) _(ypmeme 13) n Eau’lmuﬂ. norows ma tang IT (¢)
HOXYTUMT

sin C._.. tang H{a.) tang II () P,
OTRyA2 BBAHO, 9T0 ®yHRUiA P wamerpn-ma s omameum KB @, b, c.

Mer yixe wamam:™

. sin IT (b) sin IT (o)
e T sin M (a)
= cos II(b) cos II (c)
HJAH Bee PaBHO:
: : - ’ - _.'. A% _{ it _’... - ,l
eos A= feldg 0 (9 Ve 1) { Y Y 0 }‘

TAKOME jKe 06pasoM’B HAXOIMAME:

5 ot 4
cos B = tang IT (¢) tang I (a) { sin I (ajsin 1 (c)  sin IT(B) }

AT
o B e e B f.“)..‘.?[’g 8 (”)..{ Soll (@ s 1T(3) _ sin H(c;}'

Wap oTux® seipamkeniii xui sin 4, cos 4, sin B, cos B, mwsoinvs:

. sin (A - B) = sin 4 cgé B + cos Asin B

' 1
— tang I1)b) tang® 11 (¢) P tang 11 (a) {sin i m’sin e H.(b),} -
G 1 oA
g “‘“9 g sl Ring ) {sin‘u, Gleall(e  andi {n)}
1 £ 1
= tang 11 (a) tangﬂ@ tang’ 11 c}P{siu e i {ii‘ﬁﬁc‘) = 1}
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#H HARKOHEN'®s :
: tang 1 (a) tang I (6) P{ 1 |
sin (44 B)= 1 1-_} A sin 11 (a) ,siuﬂ(b}}'
L mOp T

Oocabamee n3n ypassenin (19) zaers:

cos 4 - cos (B + G):.—sinBsin-G{;r:;-I-@—-l} _

peTasanens cioaa Bwkero sin B, sin € nxs suavenin nans ypapuemia (28) noaywis:

cos (B 4 C) = — cos A }- tang I/ (¢) tang” [1 (a) tang IT (b) P* L—i-n—;T@— | } '
I, YTO BCE PABHO
tang IT (4) tang 1T (c) P*

; S €
e

cos (B4 C) s=—cos 4 4

HMomometo mpeaBuAymax®s ypasHemiil HAXOIUME :
cos(A+B+G}—cosAcns (B - C) — sin A sin (B-|- ()

it A+I.ang H(b) tang’ I (c) P* § 1 1

{ } (sin 77 () sin 11 () sin I (a)
sin II (a) i '
tang® I () tang’ I (c) P’ L 1
= { 1 et } {sinﬂ(b)+sinﬂfc)}
sin 11 (a) '
{.4 +B+C) .,  tang’ II(b)ting’ I(c) P 1
A goe’ g T A T {sinﬂ[b)sinﬂ(c}_sinﬂ(aj
s N e e
tang® 11 (b) taug 1 1
A = {smﬂ +sin H{c}}
. \ {smﬂ(a ik ‘ :
e g ) i T ) g SR ) g H (cJ{ 1 Lo oo d
= tang 8 g 1} sinll(b)sinll(c) sinll(a) sinu(b)‘s_in_n(c)}
{siu H (a) 24
__ tang® /1 (b) tang” I(c) P 1 _ 1 1
e { 1} { +sin_ﬂ(b} sinZl(c) sinIl(h) sin n(c}}_
smH()+ BT Haw _ :

= tang’ I (a) tang™ II (&) tang® H.(c) P‘ {sin_—l_iir@_ 1} {r;m;-— I} {m—.ii :
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Ho OpL10 yike AO0KA3AHO, 9T0 MIOMAAL, Tpeyroasuuka A=T— A4 — B —C(, cabrosateuo

A
sin g—;—lnngﬁ(a)taugﬂ(ﬁ)tangﬂ c}Px]/(

i i
S e ] e e, .
a2 (zm—" G — -
ecan @, b, ¢ TAKD MAABI, YTO MOMEMD JOBOJLCTBORATLCA NPUO.MAEHIEM
1 1 S
mEm= hitag H{b;‘"‘"‘ Y 0 i

tang (@) = % (1 — i a’), tang II ( j_.b(l-—-gb’) tang I (¢) = 4 (1 — 5 ¢)
HOAY TN |

in S =gy /A
2
win orfpacpisan ctenmenst & bpile mepeoii
i e
A== —r V a’ b4
2)/2 L

Onpesbareys moxomenie TOYKH B npocrpascTEh TpeMA NpAMOYrOJLEBIMH KOODIMBATAMA, 2

NePUEHANKY.LAPHO Kb TLIOCKOCTH 2y, y UEPHEHAUKY.TH, OUyMIeHHBl OTH KOHUA 5 Kb oCH &, a
Z WaCThb OCH & MEHAy HAYAJIOMB KOODANHATS H KOHIOME Y.

Ha wpusoii moBepXmOCTH, daeMenTH KoTopoil Tpefyerca omperbamts, Gepemb TpH TOTKN i

ycTh KOOPAUBATDLI HEpBoil , Y, 5, KOOPAUHATHI sropoii @ - dw, y, 5+ (E) dz, a wroopan-

natet Tpetiit Tousn z,y -+ dy, 3 -I-( )dy Hagpisaens :paacroame MEKXY BepUIMHAME ABYX'H
NepreHANKY 0BT Kb OCH Z-0BE, KOTOpBIC 00a paBubI ¥, HMEKIy KOTOPHIMH 3aKTIOYALTCA HACTSH
dr oca x, upeinoxaras dw, dy Ge3ROHEYHO MAIBIME, HOJYIHME OCHOBBIBAACH Ha ypaeuenie (27)
dx
~ sin I (y)
Pasctoamie ABYXE HEPELIXE TOWEKS HA KpUBOH MOBEPXHOCTH COCTABIACTD TPEYrOALHNKT
O NPAMBIMI, ROTOPBINT AJHHO
dx dz
L e T
sin IT (y) sin IT (5) * “dz
Moscexs MOTUTATE DTOTH TPEYTOJRHHES 32 NPAMOYTOJBHUKS NPH MAIOCTH €ro GOKOBS rak

ranoTeny3a OyAers PascTOAHie MEKAY ABYMSA UEPBLIME TOUKAMIL HA MOBEPXOCTH. Uraks spag-
pars otaro pascroauia Gyiers ~

3 1 z 5
do {sin’ﬂ[y]sin’ﬂ{z}+(i-r) }
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Takuys aie 06pazoMb HAXOAMMD KBAAPATH PAICTOAHIA NEPRO TOUKN OTD TpeTei

o e+ ()}

W KBAIPaTh PascTOAHiA BTOPOH TOMKH OTH Tpe'reii

dx
sin’H(y}sin‘H[s} sm“ﬂ’{z) {(dg dy ( dz} ;

[romaan Tpeyrovuuka, KoTopoMy GORaMi CIyKATH PascToAdisz OTH nepsoii TOMKM HA
KpUBOil mOBEPXHOCTH A0 BTOPOIf, 0TS BTOpoii A0 Tpereii w oTs Tpereii Jo nepsoil, rab ueys-
M2 yr40RT paspferca /T Oesws wyncrsATeacHoii norpbmmoctn no npwmphk MaaocTH GOKOBB,
Gyaers pasHa, B% crbicTie I0KaJaHHAro BEUUE W SHATeHIH, MAl CHBBINB JLI KBAIPATORE €ro
CIOponS

S 1
d;r:dy 2 sin [T :}]/( ) +sm“ H[‘J)( ) & sin® II (y) sin® 1 (z]

TAROBO B!:Ipil}!.‘.&l!'i& AJA DJEMEHT] TOBePXHOCTH, prﬂBEE[I'iG KD‘I‘OPOii

s={(x,y)
HOpuwbmsens aro shipamenie Kb eweph, KOTOparo MOJIYNONEPETHHKT r; eCIH HAYAIO0 KO-
pAunath BB uentph coepsl, To ypapuenie coeppl Aaers:

os II ()
(m)—-ﬁa; z)
Iy)

(@) :.ZZHZ]

cos 1T (r) sin 11 (y) sin® 1T () o d* 8 )
sin® I (r) " ysin® I () sin 1 (y) — sin® T1(r) T dH(z)dH(y)

noTOMB

Yuuomaens na d I (y) m unrerpupyess ot sin I (y) = %, (y) ==-—; WOy THME ¢
4§ 2@ sin M (z) cos I (r)
dIT(z) sin? IT (r)

Vunousaenn ewme ua d IT(x) n unrerpupyens ors 11 (z) = %nmyqnnm

27t cos IT (r) cos Il (a)

sin® 17 (r) s
910 npexcTas.ueT’s mosepxHOCTs OTPEIKA CoEPLI, BAKIOUEHAATO MemIy ABYXH ILIOCKOCTell mep~
UBHAURYIAPHBIXE KD OJHOMY HOIyHONePeuHHKY, W3 KOTOPHIXSL OJHA MPOXOJINTD YPedsh HEHTPS

§=
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Cpephl, a Apyras Ha pascroadie ¥ OTH HeHTpa coepbl. YTo0bI malTR mopepxHOCTH Beel cae-
pbI, Haxo 8% aTo mocrbimee BhbipazkeHie MOCTABHTL & =1 W OHAYEHie Beero phIpasKeHia yABO-
uTh, TAKUME O0pPA3OME HAXOAUMD BeTMHHY HOBepXHOCTH Beedl cwephi Azt cotg? [F (r) mam
T (ef —eT)*; ecamy TaRb Maao, UTO MOKHO MpeHe6peur BRICINIA CTENEHM OTT r, TO 3TO Bbl-

pamkenie abaaercn 47T r®, kaks pe oOBIKHOBeHHOH IeoMeTpim.

MMoxaraews
cos vy == tang II (r) cotg I (y)
cos I (z) = cos 11 (r) sin v sin @

# spoAuMs HOBbLA nepembuunia w, @ wwbero x, y BL BhIpameHie A4A 2.4EMEHTA MOBEPXHOCTH
wapa ¢b HOJIYHOMEPEYHHKOMD 7, 0 KOTOpOMSE ujeTh xbao; maxoxums:

d' s __ cos I (r) sin y /1 —cos* I (r) sin® y sin” @
dpdy ~  sinll {rj 1 -—cos® H (r) sin® y

Vunokaess 910 ypasnenic ma 8 dy dpu mmrerpupyews OTh YP==0 A0 Y = H OTE

k]

T :
=0 A0 90=-§ , TIKD HAXOANMS mopepxmocrn haodl coepor, Vpasumpan pbipaiienie, KO-

Topoe malizems TakuMBb oOpasoMs Axa mosepxmoctTs mbaoif coepsr ¢ BRIpAKenieMT, HailieH-
HbIME PbINe 1aa Toline NOBEPXHOCTH 3ARJ0YAEMB, 4TO

fd'ﬁf dep sin )/ 1 — cos’ I (r) sin®  sin? @ (30)

sin H (r) 1 — cos' Il (r) sin? v

Ecan osmawaems F () oaunrageckin materpass

T
E(a)= fdgj'/ 1—afsin* @
&
rabk ¢ nocToAHHOe NHOAH JNAKOME BHTErpala To HAXOAHMS  AOMOILI0 HHTErpaJgia RKoTOparo
gragenie npeIcTaBAAeTE Cdepy:

o _j“- deEld)
Vi—& ¢ (1 —ao) o —a

cranA 8% warerpars (30) %-—R sabero I (r), moxywuws

T3 %
a2'_rn=f J dwcfgsrsint.psinﬂ.
s Vi

— sin® 1 sin? @ sin’ R
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Mponapesn WHTErpUpoRamie Bh OTHOWCHIN 1 Bh YRAJAWHBIXD TPAHMLAXH HaX0AUME:

o
s dgp fog (1+sin9:sinR)

v sin @ 1 —singpsin R
4TO NPAHUMACTH BEAL, Koraa moctasmms IT (z) makcro ¢
==l
. e"-—[—-‘l-!—ile’sinﬂ}'
:TR_J;dmlog {e""-}- 1—2¢"sin R}’

nn‘rerpnponanie 10 9acTAMTE DPHBOANTE 8TOTH HMHTErpals Kb TakoMy,

= =]
O L LLY S
TSR 67 F2efcos s R 1

T -
aan Rz—g- 910 ypaBieHie JaeTh:

=]
e x da e®
i =y

Jerko Jorasatk cmpaBeraupocth ypasmemia (31) aan cos RS> 1.
Mor 55 camows abab mwbews :
1

fd-plogcotg;gv=o,
oTRyaa cxbayers, uro gaa peaaro =ucaa a
I
fdup log(e® cotg 3 14) =a 1.
Uepebuaexs 910 ypapmenie moxaras pb HeMs e* cotg § y = e®; moayumws:

+0

z dx S
3 . g-mva — 37103
-0
3TOMY YPAaBHeHIIO JIeTRO MOJKHO faTh eme Takoll puas:
=]
f (e* — %)z dr . ora

. 0“—}-(3‘“-}-8"“)-[—3'.”:’#-i-e""

OTKyxa WPUXOAAMT CHOBA K% ypasuemito (31) ctapa a)/ — 1 sarkero a,
Bwwie. I, 1855 & 7
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Ecan 3a roopAHATH] NpHEmMaewb Ayru nperbasmaro Kpyra, oasa ¢ npoBeieHHAA OTH
Aammoii Toukw, BB mIockoeTn mepechramomeii miockoers xy BB HpANOH mapaxtessHoli KB ocm
2 u roropoil xyrb ¢ sra mapazreammas, NMPOAO.LKEHRAA HA CTOPOHD MapaIieJpHOCTH CYRWTH
0CbI0, APYrasd ¥ BB IIOCKOCTH &,y HPOBEXeHHAA OTH KOHia J A0 OcH x-0Wb, Koropas smberd
CAYRHTS 0chio oTOH Ayrk, ecau BagoHeN® 32 TPETHIO KOOpAMHATY HpEHEMaews &, orphsoks

OCH ¥ OTH HAYaid ROOPAMHATD J0 KOHIA 7%, TO JIEMEHTE: o0peMa P gonkens ObITe
ds dn dZ. Hraks
d* P = d¢ dy d.

Ioaaraews eme ¢ == cotg IT (s) rab z nepmemjUKYI® OTH AauHOH TOYRH HA IAOCKOCTE
T NOXYIHMD &

( a: P o
4g dn dz sin I (z)
Maw ypassenia npexbapmaro Epyra BRIBOAMME
e~P = sin I (z)
rab p paseroamie ord mepechuemia ayru I ¢ MIOCKOCTIIO &y A0 KOHNA NepHeHAMKYJa .
Bawkuan ks ToMy, urto BB cabacrsie ypassenia mpexbasHaro Kpyra u BHIPANKeRiA Ayrm
H'PEA'II.EEEII‘O apyra BD JABHCHMOCTH OTH OpPAHHATEI :
colg I (y) =neP
e=® — sin I (z). sin 11 (y)
HAXOIUMB
dn 1 5
W = mby e ©=%

oTkyAa cabayers, uro

(dm dy dx) sin H(y} sin® 11 (s)

Vamozxan 010 BhIpaskenie Ha d u HATErpUPYA OTH & = 0, MOJYIHMB:

( a2 P) ] @
dy dz/  sin 11 (y) sin® I (z)
Vuuoxan ToiKe BhIpuKedie Ha dy B HETECPHPYA OTH Y = 0, HOJYHHMD :

&P~ _ cotgH(y)
deds’/ ~ sin® I (z)
Vunoaaa Bakomeus ua ds n nnrarpnpyn ot 3=0 HOJY9HMD ;

(dw dy) =3 ainﬂ(y) (P etk ds ],
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Eca npeamocabinee w3% OTHXT Bhipaemili ymuoskaeM® Ha dr. ds m HOTOMD HHTerpH—
pyeMD ©HAUAJd Bh OTHOWEHIN KB Z OTH 5==0 A0 JHAYeHiA 5 BIATOr0 WIT YypaBHeHiA
sin 17 (r) = sin II (%) sin II (3) 2 moTOMS % OTHOMWICHIM K & OTH $==0 10 &==1 § €CIN yMHO-
skaews BpIBOAB Ha 8, urToOsI moxyunTh o0nems whaaro mapa, To Baxoamms o6newms whaaro
wapa=}a [ €T 0= — Ay ], 410 AAA ¥ OYeHp MAJAro AaeTd # 7T 17, Rak'b Bh oOBIRHOBEH—
moii TeoMeTpin.

Yro0b1 aaeMents O0HeMa BBIPAUTH BH MOIAPHHIND KOOPAMHATAXE HAZBIBACMD 7 PajcTO=
AHie OTH HAYAXQ KOOPAMHATH A0 TOUKH Bh HPOCTPANCTR , NPAMOYrOJBHEIA KOOPAMHMATHI KO-
Topoii z,y, z. Haspipaews ¢ mpamylo, MpOBEACHHYI0 OTH HAYAIA KOOPAHMHATEH A0 KoHUA 3, 6
YrOXb MERAY T M ¢, 6 JLOXH MEKIy ¢ H OCH NOJOKEATeIbHLIXD r~p%. [Mosaraems eue
Hz)=XH(y)=Y, 0 (z)=Z I{)=R,I(q) = Q. Beaens wupess 1anuyi0 TOUKy mI0=-
CKOCTh HepHeHAWEYAAPHO Kb ocl % Ilyers o' npamaa npobelensas B 9T0H MIOCKOCTH 01T
Aaumolf Touwrm wE ocw 5 u mogaraems eme I1(r') = R

OmucpiBaens OKO40 HavaIa EOOpAHHATE Rak'b LeuTpa caoepy HoaynouepeHuEOMs 7. Mao-
CROCTE Z y nepecbraers Ty ceepy »% Ooasmons Kpyrb, ORpY#HOCTS KOTOparo, COraacHo
AOKAZaHHOMY EBbIe Oyiers:

271 cotg R.

Yacts aToro Epyra MeRAy ABYXB ILIOCKOCTEii , NPOBECHHBIXD 4epest OCh 0BT M Ha-

KJOHEHHBIX® OJHA Kb APyrofl moAs yraoMs ¢, A0.kHA GBITH

@ cotg K.
Orpyamocrs wpyra ors mepechyenin Toiike cdepsr ¢v maccrocrTnio, HNpOXOAAILCIO 4pess
JAHHYIO TOUKY H HEPHeHAURYLAPHOH KB ocu 5 Gyters:

27T colg R'.

A wacTh 9TOH OKpY:KHOCTH MeKAy ABYXT [LIOCKOCTEH, MPOBEAGHHBINB YPed® OCh & O Ha-
RAOHeHHBIXh NOIE YIIOMB (), X0.KHZ ObiTh:

@ colg R'

WMawkuesie , mpoussesemnoe »% oroil mocabameidl ayrk* npupameniens yraa @ ma do,
A04KA0 GBITH
des cotg R'.
Dpavoyroapmupiii Tpeyroasuuss rab rumorerysa r, oauns u3s Gokons npavaro yraa r'u
yroxs mpotus® 1 pavewsT — 6 1aers (ypasmenie 31)

tang R' cos 6 = lang R
oTEyaa cxbayers, uro
da cotg R = do cotg R cos 6.
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Oxpyasocrs Epyra ors mepechuenia Toifike coepbl MAOCKOCTHIO, MPOXOJAMIE TPedh och
Z paBHAa:
277 cotg R,
a Ayra sraro kpyra, Koropaa coorsbrersyers yray € mpn memrph Gyzers:
@ cotg R ;

otRyaa cxbiyers uro mawbmemie oroli xyrm, koropaa cooTsbreTsyers mpEpamemiio d K yr-
ay 8, aoammua GbITs:
d@ cotg R.
Ecau pel mpupamenia GesROHEYHO MAJBI, TO DJEMERTH O0BEMA BLIPAKAETCA KAKD BB
obbikuopenoli reoMeTpin mpomsBeeHieN® TPeXh Jumill NEPHEHANKYIAPHBIXND MeHAYy coGoI0

dr, doa cos 0 eotg R, df cotg R,

noroMy uro o0beMh 9TOTH MOKeTh OpiTh DpuHuMaeMT 3a mpmsuy. Hraks saements ofnema
BRIPAEACTCA BB NOJAPHBINE KOOPANHATAXS:
drdc df cos @ cotg” R=d’ P

uan sambuaa cotg® R ero smasemieMs pp r:

&’ P=;drdedf cos 6 (" —e™")%
Uaterpupyn ¢ BaYaia BH OTHOWEHIH KB f OTH =0 HOJYWIME:
& P=1}do d0 (&7 — ¢~ — r).

Aaa cwepul KOTOPON HEATPE BB Havaxh KOOpAMBATS, I HE3ABHCHTS oTh € n 0,

Warerpupyn »h OTHOMORIM Kb ) 0OTH ) =0 A0 O = 27T © BL OTHOWenin K% & 0T
8 =0 20 €= u ynuo:xaa BbIBOYH HA 2 noJymss o6sems whaoil coepsi: ;6T (67— o7 — ir)
Kak'b Dbiute,

Pasemarpuraess Temeps 9acTh S nosepxmocTn npexbanmoii caepsr, orpanmuenmoli saMgny-
Toil auuiei, peieMb WIH PASIMMHBINT TOUERT HTOM morpamudEoll JUHIH HPAMBIA UApALIeJLHBIA
EE 0CH Cheph, TARIA MPAMBLL  05PA3YIOTT NOBEPXHOCTH, KOTOPYIO MbI HAJOBEMB IO CXOACTRY
KOUM9ECRO0 , 1 KOTOpas mpoerupaercs Gearomesno s 005 cTOpOmBI, HO HAa ROTOpOil MbI Gy-
AeMEB pasua‘rptma‘rb TOJLRO YMACTh OTH I]]]EJI‘ZBJI;I.ID‘! copephl OesroHeqno npocTnparinyioca b ¢To—
ponry mapaszemnoetn oceil mpeybavmoil coepsr Ilyers S Gyters wacrs apyrofi npexbanmoii
cmepbl  Cb oeamn HaparieIbbpIiNi Kb npemlmm i | CIUPHII[EIII[BD‘I‘B BB TYike ETDPOII}', YACTE,
€OTOPAA HAXOINTCA BHYTPH Kommueckoil mopepxmoctw, S8, 8’ m uacTs RoHmdeckoli mopepxmocTn
veiay o0hmm nperbapnpiMn coepayu 3aKI0MAOTS 00BeNs Konewnsii o Bek cTopoHkl, Ko-
vopeii  wbr npeaxaraews onpexbants. Hasvaews ¢ wacrs ocm memay asyxs npexbabupixm
cvepn. Tlontopsews upayio ¢ mbeROAEKO pass ma oxmoii mn oceii npexbIEHBINE coeps,
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OpOXOAAIEXT “Pedsh OJHO HID TOYeKD Kpupoil, orpammuuBaiomeii S, BaUMHAA ©b TOH TOU=
ku rab ora ock mepeckraers S'. Beews upess Tourm baemia npexbapubia caepnl ob
OcAMI [aPALIEIHBIME K'h OCAMTD ABYXDH HEPBBIXG H oOpameHHnIME BE Tyme cropony. [yers
S"S" w 1. 2 wactn aTHXE nperbALHBIXE caepn BEYTPH Kommyeckolf nosepxmoctn. Maw Ttoro,
ur0 GbLIO JOKABaNo o Ayraxs nperbapHaro Kpyra pacHoOJOAEHHLIX'S MO0To0mo, kak® u 3xben
wactn mpexbannoii coepni, cabayers, uto

S = 8es°

S = Se*¢

S"=88"" unm x

Haswisaens eme P, P', P' u 1. A, 00'heMbI BHYTPH KOHHTecKOill mopepxmocts Mexay S, S
seskry S’ w S w 1. a1 m sawbruws K tomy wvo ofwemsr P, P, P" uw 1. i Aommusl Gbits
uporroprioBabbl nopepxuoctams S, S8, 8" u 1. 1. Hraws goukuo et P == C S, rab € an-
BUCHT® TOIBEO OTH €, OTRyAa cxbayers, uto:

P =CS'=(Se?
Pl= 055 G Se".
Cymya f‘.:oP“'J no aToMy OyierTs o0BeMb BHYTPH ROHHIECKON MOBePXHOCTH, KOTOPol ocmo-
n-o

sapie S KOTOpas mpocTwpaerca Gesnpexbatno, BL CTOPOHY MAPAIIEILHOCTH MPAMBIXH MPO-
mapoaawuxs. Iyers sT0TH 00HEMD Gysers K; noxyanws:

P

=q

I1a peJAYHNA fle AO.GKHA 3aBHCHTL OTH ¢, a 910 TpeSyers, ITOGHI:
C=(1— e~ A,

rab A Wgcso oTpaedesnoe, a TAKD KAKL eIMHHNA O6FEMA NPOMIBOIBHA , TO MBI npHMeMT.
C=i(t —e™) en thus 9robur 00news P Gyxyun BEIpamens OpMYJoll

P=;S(1—e)

obpawaici 85 P==¢S§ 211 GesroHe1No MAIaro ¢, BEIpAKEHie, KOTOPOE COTAACHO Cb Thys,
KaKD BBIPARACTCA BD OGHIRHOBCHUON reoMerpin ofLeMb HPHAMBI ¢T OCHOBAHIEM® S U €5 Bhi-
coroio ¢. MomHO Tamime 3a 9eMEHTEH 0BeMA NPUHIMATH OFpAHNMEHHbIE AAHHOO HOBEPXHOCTEIO
ofbeMh BHYTPH RoHuyeckoii mosepxmoers, opasyemoii ocaym upeabainoii coepoi, npopesen—
HBIMI upess Beh TouRM wpmpol, orpammmmsaromeii wacrs aammoii HOBepXHOCTH GesKOHEHO Ma-
10l 8o wek cropomst. Boasmoe smexo PRIJHIHBIXG BRIPAREHI X171 sJeMenta Toliike reomes
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TPUIECKOH BeAWdUubl A0CTABIACTH CPeACTPA AAA CPABHEHIA WHTErpatoBTh , CpeseTea, KOTOpHIA
B% 0COGERHOCTH MOJE3NBI BF Teopin onperbieHEBIXTG HHTErPAIOB.

Iorasaps 10 cux®s WOPH, Kamuws 06pasoms HAaA00HO BRIMHCIATH AJHHY KPUBBIX'E JUHil,
BeauuuHy mosepxmocreidl u eawswny obnema Thab, mblpmpash yrsepaaars, WTo nanreomeTpis
COCTABAATS yueHie reoserpauecikoe nmoguoe. Oguoro MIrAfia Ha ypaBHEnis KOTOPBHIME BIpa-—
RAOTE JABHCHMOCTh YTIOBE M GOROBH HPAMOJHHCIHBIXE TPEYrOJbHHKOBS, A0CTATOYNO, 4TOGKI
A0RA3ATH, WTO HAMMNAA ©F OTUXS ypasHenili maoreomerpia xbaaerea meiuucaenieMs aHAINTH-
ueCKUME, KoTopoe 3ambuAers m ofofmiaers amaanTiveckiii emoco(s oGpIKHOBEHHON reoMeTpim.
Moo 6w madaTh Haaomenie nmamreomerpin ypasmenimm (19) w game momsivarsea sambmurs
9TH YPaBHeHiA APYTHMH, KOTOPHIA Gbl BBIPA:KAAN 3asucuMocTh OOKODS W YLAOBTH BEARArO Npi-
moaunneiimaro  Tpeyroasmuka. Ho s otows nocabamews cayuah maio GpLio Gbr A0Ra3BIBATEH,
9T0 OTH HOBBIA YPABHEHIA COLJACYIOTCA ©b OCHOBHLIMH TEOMETPHYECKNMH HOHATiAMY. ¥ pasie—
pia (19) Oyiyun BoIBeIeRbI ©b HOMOLI0 9THX'B OCHOBHBIXG TEOMETPHMECKHX's HOHATIH, Heob-
xogumo ob BEMH corgacyiored. Mraxs meb ypasmemia, kakumu momuo Gel Geixo sawbmnTn
ypasuenin (19), aoawmn1, ecan omm ne Gyayrs cabicrsiews ypapnenin (19), npupecrn x5 sax—
A0YERIAMT HPOTHBHLIME OCHOBHRIMG TFeOoMeTpHuecKuMsS: nouariaws, Hraxs ypasuwemia (19) cay—
JATH OCHOBAHIEMB TeoMeTpim BB caMoMb ofmems pnxb, HOTOMY 9TO OHH HEJABUCATH OTH
HPEANOIOIKeHIA , 9TO CYMMA TPeXd YrIONE BO BCAROMB npaMoamueiifoMs Tpeyroasmnsh pasua
ABYMS IPAMBIME.

IMaureomeTpis, kaws oma 3xkes weaoskena, OCHOBAHHAA BA HAYAJAXB HecoMubHHBIXB, MO-=
A3eTH, KAKB Mbl BUAbam CpeACTBA KB BRIUNCAEHIX) 3HAYEHIA PaBIHUHBIXG TEOMETPHIECKUX'D
BeNTHIS 1 foKagbisaets syherh, WTo nmpumATOE B OGBIKHOBEHHOIN TEOMETDIN ABHO AN CKPLIT—
HO OpeinogoiKenie, WTO CyMMa TPEXH YIA0BT BCAKATO HPAMOJMHENHHATO TPEYroJsHUKA HOCTO-
AuHa, He ecth meoGxoxmvMoe cabjersie mammxs momatii o npocrpaserel. Oanrs onpiTe TOAE-
K0 MOJKOTD MOATBEPANTE MCTHHY Taro apeimoJokemia, manp. usmbpeniews ma camoms xbak
TpexXs YrIOES HpAMOXAHeiiHaro Tpeyroavima, nswhbpenie koropoe MomerTs ObITL npomsEeieno
pasamansins 06pasows. Moikuo uswbpars Tpm yraa vn rpeyroasumsh, mOCTpOCHHOMD HA MCKy—
CTBEHHON ILIOCKOCTH , HAN TpH yra OJHOTO TpeyroasHuEa BB npocrpanctsb, Bw oroms mo-
cxbanens eaydat masgo6no npeinouecTs TPeyrOJBHHEN, KOTOPBIXE GOKa OYeHh BEJHKH, MOToO-
My 9TO COPJACHO ©B Teopiell NAHreoMeTpin, pasHocTs CyMMBI TPeX®s YIIOBD TpeyroJsHHKA
¢b AByMA npAMbMi yraasm Thws Goake, whws Goxa Goabe. Iycrs r moaynmonepessurs Kpyra,
A yroan npm mentph Memay mosynomepevHukaMH NPOTHED XOPARI, pasiuﬁ r. Haspiaews p
NePUEHANRYXE, ONMyWenHblii Wyh menTpa Kpyra K% xopab r, xoropyw oms pasabasers mo mo-
Aaws, PaseMaTpuBaeMs OJHED H3H NPAMOYrOALHBIXD TPEYFOABHUKOBD KOTOPAro MepueHANKy—
Aapasie Goka pu’%a runoresysa r,
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I1. Lobachevsky’s biography



Portrait of Lobachevsky. Copy from a portrait by L. Krukov, end of XIX century,
unknown artist. Museum of History of Kazan University.

204



Preface to Lobachevsky’s 1886 biography

Behind the Lobachevsky geometry, there is a man, called Nikolai Ivanovich Loba-
chevsky, whom we remember with love and profound gratitude.

I first planned to write a short text on his life to accompany my translation of
the Pangeometry, but then I decided to translate the (anonymous) biography, written in
French, that is included in the second volume of the 1883—1886 edition of his Collected
geometric works [103]. 1like this biography. It is written in a simple style, and I think
it gives a fairly good idea of the atmosphere in which Lobachevsky lived and worked.
I imagine that it was written by a person (or by a group of persons) who had known
him personally, and who loved him.’” Another reason I included this biography was
that it has some historical importance, and I think it deserves to be more widely known.
On the other hand, being one of the earliest biographies of Lobachevsky, this text is
not completely faithful to the reality, and it can usefully be updated. Indeed, there are
several facts on Lobachevsky’s life that remained unknown for a long period of time
and on which we have more information today. For that reason, I have included several
footnotes, accompanying the biography translation, to discuss or correct some of the
information given. I have also collected in the present preface some remarks that need
more room than is usually provided in a footnote.

At least four other biographies of Lobachevsky appeared in print in the last third
of the nineteenth century. The first one was written in 1868 by E. P. Yanichevsky, a
mathematics professor at Kazan University, who was also a friend of Lev Tolstoy [156].
Yanichevsky presented that biography at the 1868 opening ceremony of the University
of Kazan (5 November 1868). The other three biographies were written by the first
Western translators of Lobachevsky, namely, Hotiel [76] in 1870 (Bulletin des Sciences
Mathématiques), Halsted [62] in 1895 (American Mathematical Monthly) and Engel
[45] in 1898 as a supplement to his German translation of Lobachevsky’s Principles
of geometry and New elements of geometry, with a complete theory of parallels.>®
New information on Lobachevsky’s life was made available in the twentieth century,
due to extensive work done by several Russian scholars. One must certainly mention
in this respect the names of A. V. Vasiliev (1853-1929), V. F. Kagan (1869-1953),
A. A. Andronov (1901-1952), D. A. Gudkov (1918-1992), B. L. Laptev (1905-1989)
and B. V. Fedorenko (1913-2007). Vasiliev, Kagan, Gudkov and Laptev were mathe-
maticians. Andronov was a physicist, but he is also well-known among mathematicians,
in particular because of his work on stability in dynamical systems theory. Fedorenko
was a philologist, and he was also the founder and the first director of the Dostoyevsky
Museum in St. Petersburg.

7S. S. Demidov told me that he thinks that the author of this biography is probably A. V. Vasiliev,
who prepared the 1883—-1886 edition of Collected geometric works. Vasiliev continued doing an extensive
research work on Lobachevsky’s life after he published this edition.

81t seems that A. V. Vasiliev helped Engel in writing Lobachevsky’s biography and commenting on his
works, cf. [155], p. 162.
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206 Preface to Lobachevsky’s 1886 biography

Despite the remarkable work done by these scholars and by others, there are still
several basic elements in Lobachevsky’s biography that remain unknown, e.g. the
number of his children, his mother’s origin, and her maiden name. As a general rule,
we have little information on Lobachevsky’s family life. We also have a very limited
knowledge on the content of his teaching on geometry.

This lack of information about Lobachevsky’s life is certainly due in part to the fact
that the importance of his work was realised only several years after his death. Thus,
by the time scientists and historians became interested in precise information about
Lobachevsky’s life, several details were missing, and they are probably lost forever.
Some authors also note that a big fire that took place in Kazan in 1842 (that is, 14
years before Lobachevsky’s death), destroyed several documents that might have been
valuable for Lobachevsky’s biography (see [120]).

There is still another explanation for this lack of information.

It is believed that Lobachevsky was an illegitimate child, that he knew this fact,
and that, together with his mother, he hid it all his life. One of the reasons for that is
that in nineteenth-century Russia, there were severe restrictions on the education and
on the career possibilities of illegitimate children. It seems that this information was
first made public by L. I. Vishnevsky, based on new documents about N. I. Lobachevsky
that he found in 1929, cf. [120]. This claim was taken up again by D. A. Gudkov, who
taught mathematics at the University of Nizhny Novgorod (the city where Lobachevsky
was born) and who conducted meticulous historical research work on Lobachevsky’s
life. Gudkov published his results in his book N. I. Lobachevskii. Mysteries of the
biography [59]. This book contains several archival documents supporting the claim
that Nikolai Lobachevsky, together with his two brothers, Alexander and Alexei, were
the children of Sergei S. Shebarshin, a land surveyor from Nizhny Novgorod, who died
early and did not marry their mother, whose first name and patronymic are Praskovya
Alexandrovna and whose maiden name is unknown. Praskovya Alexandrovna was
separated but not divorced from her husband Ivan Maksim, with whom she had no
children. In addition to these documents, Gudkov’s book contains some 80 pages of
memoirs of one of N. I. Lobachevsky’s sons (also called Nikolai), written in the years
1898-1899. This son of Lobachevsky wrote that his father and his grandmother never
gave him any information on his grandfather. A report on Gudkov’s book is contained
in Polotovsky’s paper [119].

Let me now discuss certain points about Lobachevsky that somehow complement
the biography that is translated in this volume.

We start with Lobachevsky’s birthdate.

This date has long been uncertain. There has been even a polemic over this point,
cf. the beginning of G. B. Halsted’s biographical article Lobachevsky [62]. The 1886
biography that I translated says 22 October (Old Style) 1793, which is also the date
given by Engel in his biography [45]. Vucinich, in his book Science and culture in
Russia (1963) [152] wrote: “It has only recently been established that Lobachevsky
was born in 1792 rather than 1793, as thought by earlier writers”. Kagan, in his book
N. Lobachevsky and his contribution to science (1957) [79], wrote that Lobachevsky
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was born on the 1st of December, 1792. Rosenfeld, in his biographical article in the
Dictionary of Scientific Biography (1970) [130], gave the date 2 December 1792. The
date that is generally accepted today is the one that has been established by A. A.
Andronov and his team (see Andronov’s article Where and when was Lobachevsky
born? (1956) [7]); it is 20 November (Old Style) 1792, and it coincides with the date
given by Rosenfeld, 2 December (New Style) 1792.

Besides the question of the birthdate of Lobachevsky, we have to discuss another
important date, namely, the date at which Lobachevsky started developing hyperbolic
geometry.

A set of class-notes taken at geometry lessons delivered by Lobachevsky in the
academic years 1815-1816 and 1816-1817 were published in 1909 by A. V. Vasiliev.
The notes show that Lobachevsky was working at that time on a “proof” of the parallel
postulate. These notes are also reported on by B. L. Laptev in his paper Theory of
parallel lines in the early works of Lobachevsky [88]; see also Laptev’s paper Bartels
and the formation of the geometric ideas of Lobachevsky [93].

We can assume that at some point, Lobachevsky shifted from attempts for proving
Euclid’s parallel postulate to efforts for proving that there exists a geometry in which
this postulate is not satisfied.

The date of this shiftis unknown. Laptev and others (see [93]) consider that there are
signs indicating that during the year 1824—1825, Lobachevsky was already seriously
working on non-Euclidean geometry.

According to Laptev [93], in the year 1825, Lobachevsky went through a nervous
breakdown, one of whose manifestations was a severe hostility towards several people
around him. Laptev reported that since 1822, Lobachevsky had been under pressure
by M. L. Magnitsky, the (very conservative) academic inspector of the Kazan district,
to produce an original mathematical paper proving the seriousness of his work. This
pressure was probably a factor in Lobachevsky’s depression, but at the same time,
it seems that it pushed him to write up new ideas on the parallel postulate question,
see [36].

A precise date that has been suggested as the birthdate of non-Euclidean geometry is
the 12th (Old Style; 23th New Style) of February 1826, the date at which Lobachevsky
read to the Physical and Mathematical Section of Kazan University a paper, in French,
entitled Exposition succinte des principes de la géométrie avec une démonstration
rigoureuse du théoréme des paralléles (A brief exposition of the principles of geom-
etry with a rigorous proof of the theorem on parallels). The manuscript of the paper
does not survive. Although the title strongly suggests that Lobachevsky was offering a
(fallacious) proof of the parallel postulate, several authors have argued that the paper
may have contained the first public account of non-Euclidean geometry, considering
that such an interpretation is more consistent with other investigations into the foun-
dations of geometry that Lobachevsky is known to have been conducting at the time.
According to Kotelnikov, whose opinion was followed by Kagan, Laptev and Rosenfeld
(see [79], [93] and [131]), this 1826 paper constitutes the first public lecture given on
non-Euclidean geometry. Rosenfeld interprets the expression “a rigorous proof of the
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theorem on parallels” that is in the title of Lobachevsky’s work as the “impossibility
of experimental determination of which — the imaginary or the one in common use —
describes the real world”. This is consistent with the fact that the lecture was delivered
after Lobachevsky carried out several computations using astronomical data, see [131],
p. 208. The paper was reviewed and refused for publication, and Lobachevsky pub-
lished an excerpt from it three years later in the Kazan Messenger, under the title On
the elements of geometry. The foreword to the English edition of Rosenfeld’s History
of non-Euclidean geometry says: “The Russian edition of this book appeared in 1976
on the hundred-and-fiftieth anniversary of the historic day of February 23, 1826, when
Lobacevskii delivered his famous lecture on the discovery of non-Euclidean geometry”.

Thus, it appears that it is some time during the chaotic period 1822-1826 that
Lobachevsky’s ideas on the new geometry grew up in his mind.

In any case, whether the date 12 (Old Style) February 1826 is or is not the date that
has to be considered as the birthdate of hyperbolic geometry, it can safely be asserted
that by the year 1826 Lobachevsky knew the existence of a geometry that is different
from the Euclidean one, and that the era of the absolute reign of Euclidean geometry
was already over.

Another sensitive question which is touched upon in the biography that I trans-
lated concerns the relation between Lobachevsky and Gauss, or, rather, their “sup-
posed” relation, through Bartels. The text of the biography says: “One recognises in
Lobachevsky’s works the influence of Bartels, who was a friend of Gauss [...] we can
assume that Bartels, in communicating to his young student the ideas of his illustrious
master, gave to Lobachevsky’s ideas their first impetus”.

Johann Martin Christian Bartels, who was Lobachevsky’s teacher at Kazan Uni-
versity, had been Gauss’s teacher at high school. He recognised Gauss’s talent, and
he recommended him, to the Duke of Brunswick, for a scholarship to study at the
Collegium Carolinum. Later on, the teacher-pupil relation between Bartels and Gauss
transformed into a friendship, and they corresponded for several years.

Now we come to the relation between Bartels and Lobachevsky.

It is known that in 1810, Bartels gave a course on history of mathematics at Kazan
University. Itis natural to assume that Lobachevsky, who was Bartels’ student, followed
that course. It is also known that Bartels made use in his teaching of a book written by
the French historian of mathematics Jean-Etienne Montucla, which contains a detailed
review of Euclid’s Elements, as well as descriptions of several attempts by various
mathematicians to prove Euclid’s parallel postulate (cf. [93]).

From this, is seems natural to assume that Bartels had an influence on Lobachevsky’s
interest in the parallel question.

But the question of whether Lobachevsky learned anything from Bartels about
Gauss’s ideas on non-Euclidean geometry, and of what exactly he learned, is another
question, and it has been discussed by several authors. G. B. Halsted, the celebrated
translator of works by Saccheri, Lobachevsky and Bolyai into English, wrote, in sev-
eral places, that this issue is completely settled, and that Gauss never transmitted to
Lobachevsky, through Bartels or without the aid of Bartels, any idea or any indication
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on hyperbolic geometry. For instance, in his article Non-Euclidean geometry in the
Encyclopaedia Britannica [70], Halsted considers that the two famous authors of the
Encyclopaedia article, namely, A. N. Whitehead and B. Russell, gave an unwarranted
prominence to Gauss, and he finds offensive the following statement they made: “It
is not known with certainty whether Gauss influenced Lobachevski and Bolyai, but
the evidence we possess is against such a view.” Halsted responded that “it is known
that he did not, and the evidence that we possess against such influencing is absolute
and final”. In the article Supplementary report on non-Euclidean geometry [67], Hal-
sted, reporting on the editorial work done by P. Stickel, wrote that the new findings
“only strengthen the already existing demonstration that neither of the creators of the
non-Euclidean geometry [Lobachevsky and Bolyai] owed even the minutest fraction
of an idea or suggestion to Gauss”. Let us also quote the following, from Halsted’s
report on the Engel and Stickel edition of Lobachevsky’s Elements of geometry and
of his New elements of geometry [66]: “Bartels never saw Gauss after 1807, received
at Kazan one letter from him in 1808, probably a mere friendly epistle containing
nothing mathematical, and not another word during his entire stay there.” Halsted
also reported that the astronomer Otto Struve, who attended in 1835 and 1836 lec-
tures given by Bartels at Dorpat (a city which was, at that time, part of Russia, and
which is today the city of Tartu in Estonia), recalled on that occasion that he repeatedly
spoke of Lobachevsky as one of the most gifted scholars in Kazan, that Bartels had
already received copies of Lobachevsky’s first writings on non-Euclidean geometry,
but that he looked upon them “more as interesting, ingenious speculations than as a
work advancing science”. Vucinich, in his book [152], p. 415, quoted a biographical
article on Bartels written by Ia. Depman, relating a similar story. Vucinich wrote the
following: “Depman cites a letter from the astronomer O. Struve to show that when
Lobachevsky’s work on non-Euclidean geometry reached Bartels, the latter rejected
it as unscientific. Depman considers that if Bartels had been familiar with Gauss’s
efforts to develop a geometry in which Euclid’s parallel postulate is not satisfied, he
would not have been so quick to oppose Lobachevsky’s ideas”. We also quote Duffy,
from his paper Nicholas Ivanovich Lobachevsky [41]: “Bartels almost certainly did
not encourage in any special way Nicholas Ivanovich to dedicate his energies to solv-
ing the problem of parallel lines. Bartels’ later correspondence from Dorpat makes it
clear that he does not consider the new geometry of Nicholas Ivanovich to be of much
value and makes no claim to have any part in its formation”. The question of what
Lobachevsky learned from Gauss through Bartels is also discussed in detail by Laptev
in his biographical survey on Bartels [93]. Yaglom, in his book on Klein and Lie [155],
p- 51, wrote that Klein, in the first edition of his book on non-Euclidean geometry, gave
undue pre-eminence to Gauss for the discovery of hyperbolic geometry, but that he
somehow corrected (though not completely) his view in later editions and in his other
books.>

39In his Elementary mathematics from an advanced viewpoint (1908) ([85], p. 176 of the English translation
of Part II (Geometry)), Klein wrote: “It was Gauss who first discovered the existence of a “non-Euclidean”
geometry, which is the name that he gave to such a geometry”. [Es war GauB, der als erster die Existenz einer
“nichteuklideschen Geometrie” — so nennen wir mit ihm ein geometrisches System jener Art — entdeckte.]
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Finally, we recall that Gauss discussed in his correspondence his ideas on hyperbolic
geometry with a very limited number of close friends, that he asked them to remain
silent about his work on the subject, and that, as far as we know, his letters to Bartels
do not contain any reference to the problem of parallel lines.

Let me now make a few remarks on Lobachevsky’s other achievements in science.

Talking about Lobachevsky’s scientific achievements, Halsted wrote in his biogra-
phy [62] that “Lobachevsky was a modern scientist of the very soundest sort, whose
only misfortune was to be half-a-century ahead of the world”.

It is interesting to note the following sentence in the 1886 biography: “Besides
his critique of the principles of geometry, Lobachevsky occupied himself with other
questions that are no less important”. One may see in this sentence an indication of the
fact that at the time where the biography was written, the importance of Lobachevsky’s
work on hyperbolic geometry was not yet fully realised. Lobachevsky was a scientist
in the best sense of the word, and he made discoveries in several domains. But the
importance of these discoveries is not comparable to the importance of those he made
in geometry.

The 1886 biography ends with a list of eleven works Lobachevsky published on
various subjects other than geometry. In this list, there is a paper on education, entitled
Discourses on the most important subjects of education (1828), and 1 would like to
make a few comments on that, because Lobachevsky’s interest in education tells us
something about his personality.

Lobachevsky was most concerned about the role of education in society. He was an
advocate of the view that it should be possible to acquire a social position by means of
an adequate education. This view was in contrast with the conservative approach that
was dominant in nineteenth-century Russia, which gave pre-eminence to blood nobility
for what concerns social position.® Kagan wrote that Lobachevsky was an advocate
of bringing education to the mass of Russian people. To show how urgent this was,
Kagan reported that at that time, the Kazan gymnasium was the only such institution
for the huge population of Russia who lived between Moscow and the Pacific. Some
of Lobachevsky’s ideas on education must have been considered as subversive by the
conservative representatives of the local government, and they may have been a factor
in Lobachevsky’s conflict with the authorities that eventually led to his dismissal as a
rector and as a professor. In any case, during his mandate as a rector, Lobachevsky
invested much of his effort and time in trying to raise the standards of education,
not only at Kazan University but also in the local school. An interesting report on
Lobachevsky’s views on education is contained in Vucinich’s book Science in Russian
culture [152].%

%0One must acknowledge at the same time that the Russian enlightenment ideas were essentially shared
by the nobility intelligentsia.

1Tt may be worth noting that E. Beltrami, who was another major figure of non-Euclidean geometry, was
also profoundly involved in educational questions. Beltrami was several times a member of high-school
program commissions, and he was most concerned by the quality of teaching there. We also mention that
Beltrami had a political career (he was a member of the Italian Royal Senate). Another major figure of
non-Euclidean geometry, F. Klein, was deeply involved in a project of transforming mathematics education
in high-schools.
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Talking about education, it is also worth mentioning that Lobachevsky usually wrote
his papers in Russian, and that he was an advocate of the use of the Russian language in
scientific writing. This was rather uncommon in nineteenth-century Russia, where most
of the St. Petersburg Academicians used French for mathematical writing, considering
the Russian language as inadequate in that domain. Vucinich, in [152], noted that the
academician M. V. Ostrogradsky, who was a fierce opponent of Lobachevsky, wrote all
his original papers in French. Vucinich quoted the following sentence by a mathematics
teacher, N. D. Brashman, who was Ostrogradsky’s contemporary, “If Ostrogradsky had
written in the Russian language, our mathematical literature would have occupied an
honoured place in Europe; but all his works addressed to the world of scholarship are
written in French”. Vucinich added: “In the same article, Brashman prophesied that in
the future, people abroad will not read only Russian poets but also Russian geometers”.
See also Vucinich’s article Nikolai Ivanovich Lobachevskii: The man behind the first
non-Euclidean geometry [153] for related information.

Finally, let me mention that the 1886 biography does not give a fair account of
the last years of Lobachevsky’s life. Yaglom, in his book Felix Klein and Sophus
Lie ([155], p. 57), reported that Lobachevsky, “having been for many years the rector
of one of Russia’s six universities, received many awards, including the highest ones.
Nevertheless, he did not feel happy; he was respected only as an administrator, although
he regarded himself as a scientist”. Lobachevsky’s son, in his memoirs published in
Gudkov’s book [59], painted his father as a “sullen misanthrope, unhappy in family
life and almost without friends”.

The information in the footnotes that are included in my translation of the biography
that follows is taken from the papers and books quoted above, and from others, including
the following: F. Engel’s biography of Lobachevsky [45], J. Holiel’s Notice sur la vie
et les travaux de N.-1. Lobatchefsky [76], R. Bonola’s Non-Euclidean geometry [26],
C. F. Gauss’s correspondence [52], the correspondance between Beltrami and Hoiiel
[23], E. B. Vinberg’s note on Lobachevsky on the occasion of the 200th anniversary of
his birth [150], C. Houzel’s article The birth of non-Euclidean geometry [77] and B. V.
Fedorenko’s New material for the biography of N. I. Lobachevsky [49]. Correspondance
with various people mentioned in the foreword was also very useful.

In the footnotes to the biography, and also in the footnotes to the commentary that
follows it, I have included short biographical notes on mathematicians which are not
widely known, such as Schweikart, Taurinus, Hotiel and Barbarin. Idid notinclude any
biography on Gauss, Beltrami, Klein, Hilbert and other mathematicians of the same
stature.
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The original of the document on the left is in the National Archive of the Republic of Tatasrtan.
A copy is conserved in the Museum of Kazan University and a photo was published in the book
N. Lobachevsky, in the series “Outstanding scientists and graduates of Kazan State University”.

M. N. P. (Ministry of People Education)
Department of People Education
Imperial University of Kazan

from professor Lobachevsky

Article Application

Kazan, 6 February 1826

7 February, 1826.

To the Section of Physical and Mathematical Sciences

I am sending you my work entitled: Exposition succinte des principes de la géométrie
avec une démonstration rigoureuse du théoréme des paralleles. I would like to know the
opinion of my colleagues about this, and in case this opinion will be positive, I kindly
ask you to accept this article to be included for publication in the Uchenye Zapiski
(Scientific Memoirs). I propose to publish it in French because this language is now
common for scientists.

Professor Lobachevsky.
Signature of the Secretary.

Heard on 11 February 1826. Decision: ask Professors Simonov, Kupffer, and adjunct
Brashman to examine the article by M. Professor Lobachevsky and to inform the
department about their opinion.

Ivan Mikhailovich Simonov was an astronomer and a geodesist. He became professor of
Physics at Kazan University after he studied there. Simonov was Lobachevsky’s close friend.
He participated, as a leading scientist, in the Russian expedition that circumnavigated Antarc-
tica (1819-1821). The expedition’s objective, besides being geographical, was also to collect
ethnographic information about people living in the Pacific Ocean.

Nikolay Brashman was a well-known geometer of Czech origin, who was newly appointed at
Kazan University. He later on became professor at the University of Moscow and corresponding
member of the Russian Academy of Science. He was a founding member of the Moscow
Mathematical Society.

Adolph-Theodor Kupffer was a famous mineralogist. He was appointed professor at Kazan
University in 1824. In 1828, he was appointed full member of the St. Petersburg Academy of
Sciences.
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The Lobachevsky monument in front of Kazan University:
Opening ceremony in 1896 and today. Work by Maria Dillon (1858-1932), a famous Russian
sculptor who was the first female student in St. Petersburg’s Academiy of Fine Arts.
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The building of the old library of Kazan University.

Plaque at the residential house of Lobachevsky during the years 1827-1846.
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Lobachevsky’s office furniture, including the table he used to work on at the University
Observatory and the armchair of his Geometry office. Museum of History of Kazan University.
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(Extracted from the 1883—1886 edition of the Collected geometric works®*)

Nikolai Ivanovich Lobachevsky was born on the 22nd of October 1793,% in the gov-
ernment of Nizhny Novgorod64. His father, an architect,’® died in 1797,%° leaving a
wife and two young children,®” with very modest income. Lobachevsky’s mother, soon
after the death of his father, settled in Kazan,%® where she managed to place her sons
at the city gymnasium, with a state scholarship.®® N. I. Lobachevsky was admitted
to the gymnasium in November 1802, with almost no instruction received beforehand
at home. Since the period of study at the gymnasium lasted only four years, one can
assume that the amount of knowledge that Lobachevsky possessed at his entrance to
the university was very limited.”” Lobachevsky passed the entrance examination, and
he was admitted to the University of Kazan, again with a state scholarship, on the 14th
of February 1807.7!

%2 Collection complete des ceuvres de N. I. Lobatcheffsky, Tome second, 1886, Edition de I’Université
Impériale de Kazan [103], pp. 3-8.

31t is generally accepted now that Lobachevsky’s birthdate date is 20 November (Old Style) 1792, that
is, 2 December (New Style) 1792, cf. Andronov’s article Where and when was Lobachevsky born? [7], and
the discussion in Polotovsky’s recent paper [120].

1t is known, again by work of Andronov [7], that the place of birth is the city of Nizhny Novgorod, see
[120].

%5 According to Kagan and some other authors, Lobachevsky’s father was a land-surveyor. Lobachevsky
himself wrote at several occasions that his father was a chief-officer, and at several others that his father
was a land-surveyor, despite the fact that his legal father, Ivan Lobachevsky, was neither a chief-officer nor
a land-surveyor [59]. Andronov [7] and Gudkov [59] supported the hypothesis that Lobachevsky was the
illegitimate son of a land surveyor, S. S. Shebarshin, see also [120]. The paper [41] by Duffy contains sparse
information on Lobachevsky’s parents.

%Hoiiel [76] wrote: around the year 1800. Duffy [41] considers that the date is unknown.

67According to Kagan, Rosenfeld, Gudkov, Duffy and others, there were three children: Alexander,
Nikolai and Alexei. Duffy [41] reported that the oldest son, Alexander, tragically died in 1807 by drowning
in the Kazanka river.

%8Kazan is the capital of the Republic of Tatarstan, situated on the Volga river, at 720 km East of Moscow.

®This was not uncommon. At that time, education in Russia was usually provided at the expense of the
state. Note however that Fedorenko reported that Lobachevsky’s mother did not obtain public support for
her children at their entrance into school, but only some time later [49].

"ODuffy reported that Lobachevsky was frequently sick and that he often missed school, each time for
several months [41].

70ne should not fall into the mistake of thinking that the University of Kazan was just a minor university
in Russia. Itis true that it was a new university, since it was founded, by the emperor Alexander I, in 1805, that
is, two years before Lobachevsky’s admission to it. But it is the second oldest Russian university, after the
University of Moscow, that was founded in 1755. The Universities of Kharkov, St. Petersburg and Kiev were
founded respectively in 1808, 1819 and 1834. The tsarist intention to found a university in Kazan, that is in
the Eastern part of the empire, was motivated by the desire to reinforce the relations between the Russian and
the Asian cultures. Indeed, Kazan University soon became one of the most important universities in Europe
for Oriental Studies. One can mention that Lev Tolstoy entered Kazan University in 1844, as a student in
Turco—Arabic literature (but he left it three years later without getting any degree). For this second university
of the empire, the Russian emperor aimed to ensure a good quality of teaching. For that reason, some of the
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The attachment of the young student to mathematics was not immediately apparent;
at least we do not see the name of N. I. Lobachevsky among the names of his fellow
students that expressed, in 1808, the desire to specialise in pure mathematics.”? Tt
is probable that Lobachevsky was aware of the flaws in the instruction he got at the
gymnasium, and for that reason he had an equal enthusiasm for the various sciences
that were taught at the university. He made excellent progress in science, in comparison
with all his fellow students, as can be seen from the certificate that he was awarded by
the students’ inspector. Disobedience and contempt of authority often brought upon
Lobachevsky the dissatisfaction of the university Heads.”> Atsome point, Lobachevsky
was even threatened with expulsion from the university, and it was only because of
Bartels’ protection that he was allowed to finish his studies.”* Bartels was the first
mathematics professor at the University of Kazan, and he had a profound influence on
the development of Lobachevsky’s talents in mathematics.”> The least that we can say
is that Lobachevsky retained towards Bartels, until the end of his life, the feelings of
the highest esteem and of the most profound gratitude.

One recognises in Lobachevsky’s works the influence of Bartels, who was a friend
of Gauss. We know that Gauss, in his letter of the 26th of November 1846 to the
astronomer H. C. Schumacher, which concerned Lobachevsky’s article Geometrische
Untersuchungen zur Theorie der Parallellinien, said that 54 years before, he shared the
same convictions concerning the possibility of a non-Euclidean geometry.”® Thus, we

professors that were nominated there were hired from Germany. F. Engel wrote that already in the 1810s,
the number of good scholars working at the Physical and Mathematical Faculty of Kazan University was
higher than that in most German universities [Jedenfalls war vom Jahre 1810 ab die physico-mathematische
Fakultit der Universitit Kasan mit Lehrkriften so gut versorgt, wie damals kaum eine deutsche Universitit],
[45], p. 355.

72According to Kagan [79], Lobachevsky, yielding to his mother’s wishes, started university by studying
medicine.

73Kagan [79] wrote, quoting the inspector’s reports in the university registers, that Lobachevsky was
described as a “stubborn, relentless young man, very ambitious and manifesting signs of atheism (which
was a very serious charge).”

741t is interesting to note that Beltrami, another major figure of hyperbolic geometry, was expelled from
the University of Pavia where he was a student, for having provoked a disorder against the rector of that
university, cf. [23], p. 1.

73Johann Christian Martin Bartels (1769-1836) was the first mathematics professor at Kazan university.
He was appointed there together with five other distinguished German professors. Bartels was a friend of
Gauss, of whom he had been a school-teacher. He had studied under Pfaff and Késtner, and as a geometer,
he was aware of the problems raised by Euclid’s parallel postulate. It is assumed that Bartels’ lessons on the
subject generated Lobachevsky’s interest in these problems.

7*In fact, the letter is dated 28 November 1846. Gauss’s correspondence on geometry is published in
Gauss’s Collected works. Talking about Lobachevsky’s Geometrische Untersuchungen zur Theorie der
Parallellinien, Gauss wrote in that letter: “You know that for 54 years (since 1792) I had shared the same
views with some additional developments of them that I do not wish to go into here; thus I have found nothing
new for myself in Lobachevsky’s work. Butin developing the subject the author follows a road different from
the one I took; Lobachevsky carried out the task in a masterly fashion and in a truly geometric spirit. I see it as
aduty to call your attention to this work that is bound to give you truly exceptional pleasure”. (The translation
is borrowed from Rosenfeld [131], p. 220) [Sie wissen, dass ich schon seit 54 Jahren (seit 1792) dieselbe
Uberzeugung habe (mit einer gewissen spiiteren Erweiterung, deren ich hier nicht erwzhnen will); materiell
fiir mich Neues habe ich also im Lobatschewskyschen Werke nicht gefunden, aber die Entwickelung ist auf
anderm Wege gemacht, als ich selbst eingeschlagen habe, und zwar von Lobatschewsky auf eine meisterhafte
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can assume that Bartels, in communicating to his young student the ideas of his illus-
trious master, gave to Lobachevsky’s ideas their first impetus.”” In 1810, Lobachevsky
received the title of bachelor, and soon after that the rank of aspirant.”® The aspi-
rants at that time were assistants to the professors; they read the lectures for students
during illness or other absences of the professors, and they helped the professors by
working with the students on practical exercises and by explaining the difficult parts
of the professors’ lessons.”® But the main duty of the aspirants was to attain perfec-
tion in the sciences that they had chosen, and for that reason they were constantly in
communication with their professors.

For instance, Lobachevsky used to work in Bartels’ house four times a week,
and the first works that were studied by Lobachevsky under the guidance of Bartels
were Gauss’s Disquisitiones Arithmeticae, and the first volume of Laplace’s Celes-
tial Mechanics. Devoting himself with love to the development of the talents that
he noticed in his young assistant, Bartels was not mistaken in his choice, and his
efforts were rewarded by a success that surpassed his hope. Lobachevsky immor-
talised his name in the sciences and he surpassed his master by his scientific merits.
It is true that neither of them lived to enjoy the eventual acclamation of Lobachevsky’s
work. The value of the geometric theory that was founded by Lobachevsky was
acknowledged only around the year 1870, after the correspondence between Gauss
and Schumacher was published,?' and after M. Hoiiel®?> provided a French translation

Art in dcht geometrischem Geiste. Ich glaube Sie auf das Buch aufmerksam machen zu miissen, welches
Thnen gewiss ganz exquisiten Genuss gewihren wird. ..... 1 (Gauss’s Collected works [52], Vol. VIII,
p. 238-239). Gauss had already written, on the 4th of February 1844, to his friend and former student
C. L. Gerling that he had read Lobachevsky’s article (Gauss’s Collected works [52], Vol. VIII, p. 235).
It seems that Lobachevsky was never aware of Gauss’s letters, which were published after Gauss’s death
in 1855.

771t is now generally admitted that Bartels did not transmit to Lobachevsky any of Gauss’s ideas on
hyperbolic geometry, because he simply was not aware of them.

78T have translated the French term “bachelier” by “bachelor”, and the French term “licencié” by “aspirant”.
Aspirant is a word that still designates a laureate of a Russian university who, after obtaining his degree,
continues for a doctorate. Houzel [77] also used the word “aspirant”. Rosenfeld [130] wrote that in
1812, Lobachevsky received a master’s degree in physics and mathematics, and that in 1814, he became an
“adjunct” in physical and mathematical sciences. Hotiel wrote thatin 1811, Lobachevsky received the degree
of “candidate”. Kagan’s translator [79] wrote that in 1814, Lobachevsky obtained a position of “assistant
professor”. In any case, it seems that Lobachevsky started to teach in 1812, and that his teaching included
arithmetic, geometry, hydrodynamics and astronomy.

79Duffy mentioned that Lobachevsky, being Bartels’ assistant, translated for him, in classrooms, from
German into Russian [41].

80According to Duffy, Lobachevsky visited Bartels’ house on Saturday mornings to study special topics
in mathematics [41].

81Gauss’s correspondence with Schumacher was published in the few years following Gauss’s death,
namely, between 1860 and 1865.

$2Guillaume Jules Hoiiel (1823-1886) is a major figure in the history of non-Euclidean geometry.
G. B. Halsted wrote the following in a review of Bonola’s Non-Euclidean geometry [69]. “The first man to
so bring forth the non-Euclidean geometry that it was not stillborn, but lived and grew, was the Frenchman
Hoiiel, by his translations of Lobachevski in 1866 and Bolyai in 1867”. Hotiel taught at the University of
Bordeaux, and he was the author of geometric treatises giving a modern view on Euclid’s Elements. It seems
that Hotiel was himself working on the impossibility of proving the parallel postulate when, in 1866, he came
across the writings of Lobachevsky, and became convinced of their correctness. In the same year, Hoiiel
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of Lobachevsky’s Beitriige zu der Theorie der Parallellinien.

From Gauss’s correspondence with Schumacher, one can see that while Loba-
chevsky’s works were ignored by the scientific world and while their publication en-
countered the hostile reactions of authorities like Ostrogradsky,®? Gauss was aware
of the works of Lobachevsky and held them in proper esteem. Gauss’s knowledge
of the works of Lobachevsky is an indication of the relations that existed between
them, either through the Royal Society of Géttingen, of which Lobachevsky was

translated from the German Lobachevsky’s Geometrische Untersuchungen zur Theorie der Parallellinien
and published it in the Mémoires de la Société des Sciences physiques et naturelles de Bordeaux, together
with excerpts from the correspondence between Gauss and Schumacher on geometry. In 1867, Hoiiel pub-
lished a book in which he explained the main ideas of Lobachevsky’s geometry, entitled Essai critique sur
les principes fondamentaux de la géométrie. In 1870, he wrote a paper entitled Note sur 'impossibilité de
démontrer par une construction plane le principe de la théorie des paralléles dit Postulatum d’Euclide [75].
Hotiel wrote that paper in response to a note by J. Carton that had been presented the year before to the
French Academy of Sciences by the mathematician Joseph Bertrand, who was a member of that Academy,
in which the author claimed to have proved the parallel postulate, see [21] and [3]. It is known that Hoiiel
learned Russian in order to translate into French some of Lobachevsky’s works. Hoiiel also translated into
French and published in French and Italian journals works by several other non-Euclidean geometers, in-
cluding Bolyai, Beltrami, Helmholtz, Riemann and Battaglini. He wrote in 1868 the first biography of Jands
Bolyai. Barbarin, in his book La géométrie non euclidienne ([11], p. 12) reported that Hoiiel, “who had an
amazing working force, did not hesitate to learn all the European languages in order to make available to
his contemporaries the most remarkable mathematical works.” [J. Hoiiel, dont la puissance de travail était
prodigieuse, n’avait pas hésité a apprendre toutes les langues européennes dans le but de faire connaitre a ses
contemporains les ceuvres mathématiques les plus remarquables.] Thus, by his works and by the translations
he made, Hotiel’s contribution to the diffusion of hyperbolic geometry was enormous. Besides that, being
an editor of the Mémoires de la Société des sciences physiques et naturelles de Bordeaux, Hotiel solicited
several papers on hyperbolic geometry for publication in that journal, especially after the French Academy
of Sciences, in the 1870s, decided to refuse any paper on that subject (see in particular the article by Barbarin
on the correspondence between Hotiel and de Tilly [13]). Beltrami had a lot of respect for Hotiel, and there
was a very interesting correspondence between the two men. Sixty-five letters from Beltrami to Hoiiel were
published in 1998 [23]. Beltrami’s famous paper Saggio di interpretazione della geometria non-Euclidea
[16] arose from ideas that Beltrami got after reading Lobachevsky’s paper Geometrische Untersuchungen
zur Theorie der Parallellinien [100] in the French translation by Hotiel, see [23], p. 9. For a detailed survey
on the influence of Hotiel’s work see [27]. There is also an interesting short biographical note on Hoiiel by
Halsted [65].

83M. V. Ostrogradsky (1801-1862) rejected Lobachevsky’s work, of which he was the referee, when
this work was submitted to the St. Petersburg Academy of Sciences. Ostrogradsky was one of the leading
mathematicians in St. Petersburg, and probably the most famous one at that time. He was a member of the St.
Petersburg Academy of Sciences and of several other academies. He studied in Paris and he had relationships
with some first-order mathematicians like Lagrange, Poisson and Cauchy. His fields of study included integral
calculus, hydrodynamics, number theory, probability and mathematical physics. Ostrogradsky’s career was
very different from that of Lobachevsky. He was elected as a full member of the St. Petersburg Academy
of Sciences in 1831, at the age of thirty. Before that, he had been made famous at the age of twenty-four,
when Cauchy acknowledged his work in his Mémoire sur les intégrales définies, prises entre des lignes
imaginaires (Paris, 1825). On page 2 of that memoir, Cauchy wrote: “A young Russian man, gifted with
sagacity and accomplished in the art of infinitesimal calculus, Mr Ostrogradsky, who also resorted to the
use of these integrals and to their transformation in ordinary integrals, gave new proofs of the formulae I
recalled before, and generalised other formulae that I had presented in the nineteenth issue of the Journal de
I’Ecole Royale Polytechnique.” [Un jeune russe, doué de beaucoup de sagacité, et trés versé dans 1’analyse
infinitésimale, M. Ostrogradsky, ayant aussi recours a I’emploi de ces intégrales, et a leurs transformations
en intégrales ordinaires, a donné une démonstration nouvelle des formules que j’ai précédemment rappelées,
et généralisé d’autres formules que j’avais présentées dans le dix-neuvieme cahier du Journal de I’Ecole
Royale Polytechnique.]
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a member,?* or also through Bartels.

This approval by the “princeps mathematicorum™® was the unique thing that sus-

tained and stimulated Lobachevsky in the continuation of his works, despite the lack
of concern that he encountered everywhere else. Lobachevsky tried hard to clear up
his theories for the learned public, by writing several essays. After having given a brief
exposition, read before the Faculty, On the elements of geometry,* he clarified his ideas
in detail and in an intelligible way, addressing himself to the non-specialists, in his New
elements of geometry with a complete theory of parallel lines®’, and he preceded them
by an interesting introduction, containing a critique®® of the proofs of Euclid’s paral-
lel postulate relative to the intersection of the perpendicular and the oblique.?® After
that, Lobachevsky proved trigonometric formulae, applying them to the resolution of
triangles and to the discovery of some definite integrals, and he collected the results
so obtained in his Imaginary geometry and its applications. Later on, he published
in French his Imaginary geometry and in German his New theory of parallels. Even-
tually, he exposed in a logical system the results of all his geometrical works in his
Pangéométrie, published in French and in Russian. However, all his efforts remained
fruitless. Lobachevsky died without having obtained any satisfaction of seeing a fair
assessment of his theory.”®

84In 1842, after Gauss’s recommendation, Lobachevsky was elected foreign correspondent of the Royal
Society of Gottingen, for his work on non-Euclidean geometry. According to Vinberg [150], this was the
only acknowledgement of Lobachevsky’s contribution to geometry in his lifetime.

85Soo0n after Gauss’s death, in 1855, George V, the King of Hanover ordered a golden medal with the
portrait of Gauss and with the inscription “Princeps Mathematicorum”, the Prince of Mathematicians. The
expression was already used to describe Gauss during his lifetime.

86This probably refers to Lobachevsky’s 1829 paper On the elements of geometry [95).

87See [96].

83In that memoir, Lobachevsky started by making a critique of the “proofs” by A.-M. Legendre and by
L. Bertrand of the parallel postulate, showing where their arguments fail. It was almost a necessity for
Lobachevsky (who at that time was far from being considered a great mathematician), before presenting a
theory that contradicted results published by first-order mathematicians, to start by pointing out the mistakes
in his predecessor’s arguments.

89The “intersection of the perpendicular and the oblique” property, stated precisely, is a form of the parallel
postulate. It says that given two coplanar lines, if the first line is perpendicular to a third line and if the second
line makes an oblique angle with the third one, then the first two lines necessarily intersect. This statement is
close to the way the parallel postulate is formulated in Euclid’s Elements: “That, if a straight line falling on
two straight lines make the interior angles on the same side less than two right angles, the two straight lines,
if produced indefinitely, meet on that side on which are the angles less than the two right angles.” (Heath’s
translation [72], Vol. I, p. 202). One difference between the character of this statement and the one of the
more popular statement (usually called “Playfair’s axiom”), that “through a given point only one parallel can
be drawn to a given straight line” (cf. [72], Vol. I, p. 220) is that the former statement allows a construction,
and for that reason it is more in Euclid’s Elements spirit; see the discussion in Bonola [26], p. 19. We note
for the interested reader that there is a huge literature on axioms, postulates, differences between them and
so on, that goes back to Aristotle, see e.g. the Posterior Analytics [9], p. 73. Aristotle discussed extensively
the notions that are at the basis of mathematical reasoning (axioms, definitions, hypotheses, etc.) in his
Posterior Analytics and in his Metaphysics. See also Heath’s Mathematics in Aristotle [73].

%0We recall that Janos Bolyai, one of the two other founders of non-Euclidean geometry, and who died in
1860, like Lobachevsky did not witness the recognition of his work on the subject. Regarding hyperbolic
geometry, the same can be said of Gauss, who died in 1855, but one must add that Gauss never sought for
such credit (except in private correspondence).
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On the other hand, we cannot completely blame Lobachevsky’s contemporaries for
their unfair evaluation of his works. In taking the path of the critique of the axioms
of geometry’! and in recognising the impossibility of proving by logical deduction
Euclid’s famous postulatum on the intersection of the perpendicular and the oblique,
Lobachevsky took the path of an apagogical proof.”> Assuming the possibility that the
perpendicular and the oblique do not intersect for a certain value of the angle, he would
have obtained a contradiction if the Euclidean postulatum was an immediate conse-
quence of the geometrical definitions and axioms that were admitted before. But this
did not happen. The results obtained by Lobachevsky seemed absurd to the common
mind, but for a profound thinker they were logical and did not contradict the nature of
things. It is now clear that Lobachevsky’s geometric theory in two dimensions repre-
sents the geometry of a surface of constant negative curvature, having the form of a
cup,” in the same way as spherical geometry represents the geometry of a sphere, a
surface of constant positive curvature. Euclid’s plane geometry represents a transition
between Lobachevsky’s geometry and spherical geometry. Regarding Lobachevsky’s
three-dimensional geometry, it has not yet received a real substratum, but it has never-
theless been useful for clearing up the foundation of the geometric method and for the
extension of this method to the study of other 3-dimensional varieties that are distinct
from 3-dimensional space.

For Lobachevsky’s contemporaries, his theory was incomprehensible, and it seemed
to contradict an axiom whose unavoidability was well-based on a prejudice that was
established over thousands of years. The force of the conviction in the necessity of
that axiom was so great that it was only in a private correspondence that Gauss himself
expressed his assent to Lobachevsky’s views.*

Nowadays, Lobachevsky is considered as the founder of a school of geometers who
study non-Euclidean geometry, as we now call Lobachevsky’s geometry. It was only
a matter of at most ten years before the celebrities of the mathematical sciences took
part in the development of non-Euclidean geometry and a wealth of literature began to

appear.”

91'This is not correct. Lobachevsky did not criticise the axioms of geometry. On the contrary, he showed
that Euclid, in the Elements, was right in considering the parallel postulate as an axiom rather than as
a proposition. Rather, Lobachevsky criticised the mathematical establishment who thought that Euclid’s
parallel postulate is a consequence of the other axioms.

92An apagogical proof is a proof by indirect reasoning, like a proof by contradiction.

93The author of the biography is probably talking here about Beltrami’s pseudo-sphere model. The French
word “coupe” that is used here (which may designate a bowl, and which I translated by “cup”) is rather vague.
One can imagine a cup having the form of a funnel. The upper-half of a wine decanter may have such a
form.

94cf. Gauss’s letter to Schumacher of the 28 of November 1846, which was already mentioned in this
biography.

%In the 1886 Russian edition of Lobachevsky’s works, which contains the biography that is translated
here, there is a bibliography on non-Euclidean geometry that includes 272 titles published between the
years 1865 (that is, nine years after Lobachevsky’s death) and 1885. This list is an updated version of the
bibliography published by G. B. Halsted in his Bibliography of hyper-space and non-Euclidean geometry
[60]. The bibliography has been superseded by D. M. Y. Sommerville’s Bibliography of non-Euclidean
geometry (1911) [138] containing a chronological catalogue of circa 4000 items, from the beginning of the
work on the theory of parallels (IVth century B.c.) until the year 1911.
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Besides his critique of the principles of geometry, Lobachevsky occupied himself
with other questions that are no less important. His works on convergence of infinite
series constitute an important contribution to the theory of series. The Algebra course,
written by Lobachevsky, can be considered as a model for expository methods and for
precision in definitions. In all these works, we can see his love for precise scientific
definitions and for exactness in the distinction between axioms that ensue from the
nature of the objects studied and, on the other hand, axioms that follow from the defi-
nitions. This distinction was soon after introduced in all the sciences by the immortal
work of the French geometer and philosopher Auguste Comte.

Lobachevsky devoted most of his time to abstract sciences. But he also liked, at
least equally, experimental sciences. As an example of his works in that domain, one
must mention the description that he gave of his observations on the solar eclipse at
Penza,’ and the thermometers for observing the soil temperature, which were made
according to Lobachevsky’s ideas.

As a mathematics professor at Kazan University, Lobachevsky communicated to his
auditors the results of his scientific works. The memory of his grateful students has kept
a profound esteem for his lessons. Professor Popov, one of Lobachevsky’s students,
wrote in the biographical note dedicated to his famous master: “In the Auditorium,
Professor Lobachevsky was able to be profound or enthusiastic, depending on the
subject. He attached little attention to the computing mechanism, but a lot to the
exactness of the notions. His lectures attracted a large attendance to the auditorium,
and his lessons for a distinguished audience in which Lobachevsky developed new
principles of geometry were at the highest level, in terms of profundity”.

Lobachevsky’s activity as a professor lasted thirty-two years, from 1814 until 1846,
when Lobachevsky was appointed assistant to the trustee of Kazan’s district.”’

In holding the position of a professor of pure mathematics, Lobachevsky was led,
at several times during his long career as a professor, to replace his colleagues and to
teach in all branches of the mathematical sciences.

Lobachevsky was tied to Kazan University, but not only as a professor and as a
scholar. For nineteen years, he was elected rector of the university, several times in
succession,”® and in the period of his activity as a rector, the university owes him the

%This eclipse, which took place on 8 July 1842, was observed by Lobachevsky in the Russian city of
Penza. The eclipse permitted efficient observations of the sun’s corona and its fiery nature, and it confirmed
the idea that the sun was not habitable. Halsted, in his biographical note on Lobachevsky [62], noted that
this corona was not noticed enough to receive a name until 1851, but that it had been carefully observed and
minutely described by Lobachevsky.

It is generally accepted that Lobachevsky was dismissed from his position as a rector. Kagan gave a
different version in his book [79]. He wrote that according to the university regulations, a professor position
could not last more than thirty years, that despite this fact, the University Council asked Lobachevsky to
remain at that position, but that Lobachevsky declined the offer. In this respect, Kagan cites L. B. Modza-
levsky, who wrote that “Lobachevsky thought it expedient that Professor A. F. Popov, his disciple, should
take the University chair from him for the reason that the professorship should be represented by younger
scientific personnel”.

98Lc»bac:h(:vsky was the rector of Kazan University from 1827 to 1846, cf. [45], p. 382. Hoiiel noted that
before being a rector, Lobachevsky was, for three years, the dean of the Physico-Mathematical faculty [76].
Duffy reported that Lobachevsky was never paid for being a rector [41]. This is important information, since
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construction of its finest buildings.®® Thus, we are right in saying that Lobachevsky’s
life is inseparable from the history of Kazan’s University.

At the end of his life, Lobachevsky lost his vision, and he continued his scientific
works while he was blind. Lobachevsky’s dictation of his last work, Pangeometry, was
taken down by his students.

Lobachevsky died on the 12th of February 1856.

Besides the works that have been included in the Collected geometric works of
Lobachevsky, he also wrote the following articles:

1. On the resonances, or reciprocated vibrations of columns of air — an excerpt
from the paper by Wheatstone in the 1828 Quarterly Journal (Kazan Messenger, 1828,
No. 11 and 12).1%

2. Discourses on the most important subjects of education, read on June 5, 1828
(Kazan Messenger, 1828, No. 8).

3. Algebra, or the calculus of finite quantities, Kazan, 1833.10!

4. Lowering the degree in a binomial equation when the exponent minus a unit is
a multiple of 8 (Scientific Memoirs of Kazan University, 1834).192

it is known that Lobachevsky, by the end of his life, had serious financial problems.

%Hoiiel and Kagan reported that Lobachevsky studied architecture, in order to supervise the construc-
tion of the new university buildings, cf. [76] and [79]. The paper New documents for the biography of
N. I. Lobachevsky by Fedorenko [49] contains some of the yearly reports that Lobachevsky wrote during his
mandate as arector. We note that besides being the rector, Lobachevsky was Kazan University chief librarian,
from 1825 to 1835, cf. [80] and [10]. It is reported that Lobachevsky used to go personally to St. Petersburg
to buy books for the library, as well as instruments for the physics laboratory, cf. [36] and [80]. The last
reference contains lists of books that Lobachevsky ordered for the library. From 25 July 1821 to 21 February
1822, Lobachevsky was on leave from Kazan University to St. Petersburg. In a report he made on the 4th
of May 1822 to the University council on his stay in St. Petersburg, he made a list of books and scientific
instruments he had arranged to be transferred to Kazan. The books he ordered were not only science books.
We recall in this respect that Kazan University was an important centre for Oriental studies, and Lobachevsky
managed to get for the library valuable ancient Arabic manuscripts of philosophers and scholars. Thanks
to him, today the library possesses valuable original editions, such as the first Russian printed book of the
Apostles (1564) and first editions of eighteen century writers like Pushkin, Griboyedov and Gogol, which
Lobachevsky used to buy systematically. The book [87] contains information on Lobachevsky’s positive
influence on general scientific research in Kazan University. To complete the picture of Lobachevsky’s
untiring industry, we mention that he had between fifteen and eighteen children (according to Kagan, the
exact number of his children is unknown), with the same wife. Lobachevsky got married at about the age of
forty, while his wife was not yet twenty. Lobachevsky’s wife came from a wealthy family. She was reputed
to be careless about housekeeping (may be due to the number of children she gave birth to), and it was not
unusual for Lobachevsky to do cooking and other housework (see Kagan [79]).

10This is a Russian translation of an excerpt from a paper by Charles Wheatstone on the theory of sound,
carrying the same title, which had appeared in the Quarterly Journal of Science, Literature and Arts, New
Series, I, pp. 175-183, London 1828.

101This is a 530 page book. It contains in particular several methods of algebraic equation solving. Iis worth
noting that one of these methods is called today the Dandelin-Lobachevsky—Griffe Method. As a matter
of fact, this book on algebra can be considered as the only book that Lobachevsky wrote and published,
his other works being journal articles. One may also add, besides the Algebra book, the Geometrische
Untersuchungen zur Theorie der Parallellinien [100], which was published as a booklet, except that this
work was initially planned as a journal article, submitted to Crelle’s Journal, but not published there, see
Hotiel [76].

224



Lobachevsky’s biography (1886) 225

5. On convergence of trigonometric series (Scientific Memoirs of Kazan University,
1834).103

6. Conditional equations for the motion and position of the principal axes of
rotation in a solid system (Scientific Memoirs of Moscow University, 1834).

7. A method for detecting convergence of infinite series and for obtaining approx-
imate values of functions of a large number of variables (Scientific Memoirs of Kazan
University, 1835, No. 2, 211-342).

8. On the probability of some average results, obtained by repeated observations,
Crelle’s Journal, Vol. 24.104

9. On the convergence of infinite series (Scientific Memoirs of Kazan University,
1841, No. 4).105

10. The complete solar eclipse in Penza, on the 26th of June 1842 (Journal of the
Ministry of Public Education, 1843).1%

11. On the value of some definite integrals (Kazan Memoirs, 1852).1%7

All these pieces of works are published in Russian, except No. 8 and 9. The
German translation of No. 11 has been published in Erman’s Journal, Archiv fiir die
wissenschaftliche Kunde von Russland.'*®

122This 32 page memoir is the first one published in the journal Yuemsie samucku Kasamckoro
Wmmneparopckoro Yuusepcurera (Uchenye zapiski Kazanskogo Imperatorskogo Universiteta, Scientific
memoirs of Kazan Imperial University). This is the journal in which, twenty-one years later, Lobachevsky
published his Pangeometry. Lobachevsky had already presented in 1813, to the Physico-Mathematical
section of Kazan University, a work (which remained unpublished) on the algebraic solutions of binomial
equations. This subject was also considered in his book Algebra.

103yyenpie 3amucku, 1834, No. 2. In this item and in Item 7, the French text of the biography uses the word
“évanouissement” instead of “convergence”, which is probably a mistake in translating from the Russian.

104The paper is in French: Sur la probabilité des résultats moyens, tirés des observations répétées, Crelle’s
Journal, Bd. 24, Heft 2, 164-170, Berlin 1842. The manuscript was sent to the journal in 1838. In this paper,
using combinatorial analysis, Lobachevsky determined limits of probability values obtained from repeated
observations.

105This paper is in German: Ueber die Convergenz der unendlichen Reihen, 48 pages. The memoir was
submitted to Crelle’s Journal in 1840 and was not published. Lobachevsky studied in this memoir the
convergence of series of real or complex numbers, with applications to trigonometric series, and to the
development of trigonometric functions in infinite products. The paper also contains the determination of
certain definite integrals.

106This famous eclipse took place on 8 July 1842, Gregorian calendar, cf. Footnote 95.

107 Scientific memoirs of Kazan Imperial University, 1852, No. 4, pp. 1-35.

108 Georg Adolph Erman’s Journal was published in Berlin. This translation appeared in 1855, in Vol. 14,
p. 232-272, under the title Ueber den Werth einiger bestimmten Integrale.
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Introduction

Let me start this commentary with a few words concerning the expressions “imaginary
geometry”, “pangeometry”, “Lobachevsky geometry”, “hyperbolic geometry”, “astral
geometry” and other related expressions.

Lobachevsky introduced the term “imaginary geometry” for a geometry that is
more general than Euclidean geometry and which, in the modern terminology, is usu-
ally called “neutral geometry”. This is a geometry that satisfies all of Euclid’s axioms
except the parallel postulate, and in which that postulate is neutralised; that is, it may
or may not hold. This use of the term “imaginary geometry” is clearly indicated by
Lobachevsky in the Introduction of his New elements of geometry, with a complete
theory of parallels [96]. There are several possible explanations for the choice of the
term “imaginary geometry”. This choice may have been motivated by the use of com-
plex numbers, which were also called imaginary numbers at that time. (Lobachevsky
himself used the expression “imaginary numbers” in his book on Algebra.) The rela-
tion with complex numbers stems from the fact, remarked by Lobachevsky and others,
that some hyperbolic trigonometry formulae can be obtained from those of spherical
trigonometry by replacing certain quantities by the same quantities multiplied by the
imaginary number ~/—1.'% The reference to imaginary numbers may also stem from
the fact that Lobachevsky’s geometry generalises Euclidean geometry in a broad sense,
in the same way complex numbers generalise real numbers. The term imaginary is
also reminiscent of a remark made by J. H. Lambert (1728-1777) in his Theorie der
Parallellinien [139], written in 1766. Lambert analysed quadrilaterals with three right
angles'!? in neutral geometry, and he worked out the consequences of the hypotheses
that the forth angle is right, obtuse or acute respectively. Lambert declared that the
hypothesis of the existence of a quadrilateral with three right angles and one acute angle
would hold on a “sphere of imaginary radius”. Finally, in his Elements of geometry,
Lobachevsky made the remark that even if the new geometry which he discovered does
not exist in nature, it may nevertheless exist “in our imagination” ([104], Vol. I, p. 210).

10970 say things in different words, the formulae of spherical trigonometry involve the trigonometric
functions sin and cos, and the corresponding formulae of hyperbolic trigonometry are obtained from the
formulae of spherical trigonometry by replacing the functions sin and cos by the hyperbolic functions sinh
and cosh.

10These quadrilaterals are usually called Lambert quadrilaterals, because Lambert studied them in his
Theorie der Parallellinien. They are sometimes also called Ibn al-Haytham-Lambert quadrilaterals (see
[121]), since they were studied long before Lambert by al-Hassan Ibn al-Haytham (965-1039), an Arabic
mathematician, who was born in Irak and who died in Egypt. Ibn al-Haytham was known in Europe by the
name Alhazen. In his Commentaries on the postulates in Euclid’s Books of the Elements, Ibn al-Haytham
introduced the quadrilateral with three right angles in neutral geometry, and he analysed the three cases for
the fourth angle, viz. right, acute, or obtuse. He refuted the second and third cases, by using a hypothesis he
considered to be a theorem, namely, that the endpoints of a perpendicular moving on a straight line is a line (a
hypothesis which we know is equivalent to the parallel postulate). Then, from the existence of quadrilaterals
with four right angles, he gave a “proof” of the parallel postulate, see [132], p. 62, and the exposition in
[131], p. 59. See [124] and [78] for the mathematical texts of Ibn al-Haytham. Ibn al-Haytham-Lambert
quadrilaterals were studied by Lobachevsky, and they are used in the Pangeometry, see e.g. Equation (25),
which gives a relation between the edge lengths and the angles of such a quadrilateral.
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This could also be an explanation for the use of the adjective “imaginary”.

Lobachevsky later introduced the term “pangeometry” for a geometry that satisfies
Euclid’s axioms with the exception of the parallel postulate, and in which this axiom is
not satisfied. This is the geometry that is usually called today “hyperbolic geometry”,
that is (using more modern terminology), the geometry modelled on the complete sim-
ply connected space of constant curvature —1. At first sight, it is not completely clear
for a reader of the Pangeometry whether Lobachevsky reserved the term “pangeome-
try” to neutral geometry (that is, to the geometry based on the Euclidean axioms with
the parallel axiom neutralised), or whether this word, for him, meant exclusively hy-
perbolic geometry. It can be thought, on the basis of what Lobachevsky wrote when he
introduced that term in the first pages of his Pangeometry, that the term means “neutral
geometry”. This appears in particular in his sentence: “This name designates a general
geometric theory which includes ordinary geometry as a particular case”. But later on
in the text, one easily realises that the word “pangeometry” is used for results that only
concern hyperbolic geometry, and not the Euclidean one. Thus, pangeometry is not a
neutral geometry which is independent from the parallel postulate. Lobachevsky chose
for this geometry the name “pangeometry”, which designates a “general geometry”,!!!

because he realised that this geometry includes the two other geometries (Euclidean
and spherical), though not at the axiomatic level, but at a more geometric level. Eu-
clidean geometry is rather considered by Lobachevsky as part of pangeometry insofar
as it appears as a limiting case, at least in the following three senses:

1. Euclidean geometry is the limiting geometry of figures in hyperbolic space when
these figures become infinitesimally small.

2. Euclidean geometry is the geometry of horospheres, which are limits of spheres
whose radii increase towards infinity.

3. Under the axioms of hyperbolic geometry, there is an undetermined constant,
which is a characteristic constant of hyperbolic space, which Lobachevsky, as
well as Gauss and Bolyai, had to deal with, in particular when they worked out
their trigonometric formulae. (This constant is seen a posteriori to be the inverse
of the square of the curvature of the space considered.) Lobachevsky noticed that
when the value infinity is attributed to that constant, the formulae of hyperbolic
geometry become those of Euclidean geometry.

Spherical geometry is also part of pangeometry because it is the geometry of spheres
in Euclidean 3-space (in the same way as it is the geometry of spheres in Euclidean
3-space).

These are the reasons why Lobachevsky considered that pangeometry includes
spherical and Euclidean geometry.

One may note in this respect that Euclidean geometry is not a “pangeometry” in
this sense, since (by a result obtained by David Hilbert in 1901), there is no surface

" The prefix “pan” became very fashionable in Russia by the beginning of the nineteenth century. The
musicologist Nikolai Roslavetz (1881-1944) worked on “pantonality”’; another musicologist, Ivan Wyschne-
gradsky (1893-1979), worked on “pansonority”; there were “pan-Russian” congresses on various subjects,
and so on. (I owe this remark to Franck Jedrzejewski.)
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embedded in a C* manner in Euclidean three-space whose intrinsic geometry is that
of the Lobachevsky plane as a whole.

We also note that Lobachevsky, in his Pangeometry and elsewhere, refers to Eu-
clidean geometry as “ordinary geometry”.

Le us now consider the other terms.

The term “absolute geometry” was used by Jands Bolyai to denote hyperbolic ge-
ometry. Beltrami, Klein, Poincaré, and many of their contemporaries and followers
used (among others) the expression “Lobachevsky geometry” (with various translit-
erations of the name Lobachevsky). Beltrami used, for that geometry, the expression
“pseudo-spherical” geometry.!!?

The term “metageometry” was used by nineteenth century French and Belgian
geometers such as J. Barbarin and P. Mansion. It denotes the theory which is common
to the three geometries: Euclidean, hyperbolic and spherical, cf. [109].''3 Bertrand
Russell’s Essay on the foundations of Geometry [133] contains a chapter entitled
“A short history of metageometry”.

Gauss sometimes used the term “astral geometry”, a term introduced in 1818 by
F. K. Schweikart.''* F. A. Taurinus''> used the expression “logarithmic-spherical ge-
ometry” (logarithmisch-sphdrische Geometrie) for a geometry in which the angle sum
of any triangle is less than two right angles, that is, for hyperbolic geometry. He,
however, thought that such a geometry cannot exist.

It seems that Klein disliked the name “non-Euclidean geometry”, and he explained
the reason for that in a note to his Erlanger program (1872) [83] (Note V at the
end of the paper): “With the name non-Euclidean geometry have been associated a
multitude of non-mathematical ideas, which have been as zealously cherished by some
as resolutely rejected by others, but with which our purely mathematical considerations
have nothing to do whatsoever. The wish to contribute towards clearer ideas in this

121 a letter sent to Hoiiel (October 1869, cf. [23], p- 98), Beltrami wrote that he had first chosen the
name “antispherical geometry”, but that later on he decided to adopt the name “pseudo-spherical geometry”,
because, in his words, spherical geometry and the new geometry are “rather twin sisters than antagonistic”.
The term “pseudo-sphere”, denoting a surface of revolution in Euclidean 3-space that has constant negative
curvature obtained by rotating a tractrix, was coined by Beltrami. One must note that this surface had already
been described by Gauss and later on by Minding, see [52], Vol. VIII, p. 265, and [112], but these authors
did not make the relation with Lobachevsky’s non-Euclidean geometry.

13Mansion, in [109], presents the first 26 propositions of Euclid’s Elements as results in metageometry.

4Ferdinand Karl Schweikart (1780-1857) taught law at the University of Kharkov. He was also a math-
ematician and he transmitted to Gauss, in 1818, through Gauss’s friend C. L. Gerling, a manuscript on the
theory of parallels entitled Astral geometry, in which he claimed that there exist two geometries, the usual
Euclidean one, and another one that holds for distances between stars. In a letter to H. C. Schumacher,
dated 28 November 1846, Gauss wrote: “A certain Schweikart called such a geometry astral geometry,
Lobachevsky calls it imaginary geometry.” [Ein gewisser Schweikart nannte eine solche Geometrie Astral-
geometrie, Lobatschewsky imaginidre Geometrie.] (Gauss’s collected works [52], p. 238.) Gauss refers here
to Schweikart’s memoir Die Theorie der Parallellinien, nebst dem Vorschlage ihrer Verbannung aus der
Geometrie [136].

U5Franz Adolph Taurinus (1794-1874) was another contemporary of Gauss and Lobachevsky, and he
was also Schweikart’s nephew. We shall mention him in the text below, in relation with the trigonometric
formulae of hyperbolic geometry.
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matter has occasioned the following explanations...” !¢
9% 4@

Klein coined, in 1871, the expressions “elliptic geometry”, “hyperbolic geometry”
and “parabolic geometry” as alternative names for spherical, Lobachevsky and Eu-
clidean geometry respectively.'!” These three geometries were considered by Klein in
the general setting of projective geometry. The word “parabolic” did not really survive,
the word “elliptic” is sometimes used, and the term “hyperbolic geometry” is the one
that is most commonly used today for Lobachevsky geometry.

Following the current trend, I use in this commentary the term “hyperbolic geom-

E3]

etry”.

Let me also make a few comments on transliteration. Of course, such considerations
are totally irrelevant from the purely mathematical point of view, but they may be of
some interest for the knowledgeable reader.

My first comment concerns transcription of names. I have tried to make the tran-
scription of Russian names uniform throughout this commentary, except in a few cases,
e.g. when a name is part of a title of a book or of a paper, then I left it as it was. This
concerns in particular the transliteration of the name Lobachevsky, for which there are
many possibilities. For instance, it is spelled Lobacheffsky in the French edition of the
Pangeometry.''® In the first brochure (in French) issued by Kazan University at the
occasion of the Lobachevsky prize, the name is spelled Lobatchefsky, which is also the
spelling used by Hoiiel in his translations and in his papers. In the papers Lobachevsky
wrote in German, he transliterated his own name as Lobatschewsky, which is also
the form used by Battaglini in his papers and in his Italian translations, and by Bel-
trami in his papers and in his correspondence.''® Bonola, in the first edition of his
Geometria non-euclidea, used the Italian form Lobacefski. In the German edition of
Lobachevsky’s works, translated by Stéckel and Engel, the name is spelled Lobatschef-

16Man verkniipft mit dem Namen Nicht-Euklidische Geometrie eine Menge unmathematischer Vorstel-
lungen, die auf der einen Seite mit eben so viel Eifer gepflegt als auf der anderen perhorrescirt werden, mit
denen aber unsere rein mathematischen Betrachtungen gar Nichts zu schaffen haben. Der Wunsch, in dieser
Richtung etwas zur Kldrung der Begriffe beizutragen, mag die folgenden Auseinandersetzungen motiviren...]

WKlein, in his Uber die sogenannte Nicht-Euklidische Geometrie [82] wrote (Stillwell’s translation p. 72):
“Following the usual terminology in modern geometry, these three geometries will be called hyperbolic,
elliptic or parabolic in what follows, according as the points at infinity of a line are real, imaginary or
coincident.” [Einem in der neueren Geometrie gewohnlichen Sprachgebrauche folgend, sollen diese drei
Geometrien beziiglich als hyperbolische oder elliptische oder parabolische Geometrie im nachstehenden
bezeichnet werden, je nachdem die beiden unendlich fernen Punkte der Geraden reell oder imaginir sind
oder zusammenfallen.] In the paragraph that precedes this one, Klein made the remark that in hyperbolic
geometry, straight lines have two points at infinity, that in spherical geometry, straight lines have no point at
infinity, and that in Euclidean geometry, straight lines have two coincident points at infinity. This is a hint
for the meaning of his expression “following the usual terminology” in the above sentence. An explanation
was given in a note by Stillwell (Note 33 on the same page), in which Stillwell recalled that the points
on a differentiable surface were called hyperbolic, elliptic or parabolic according to whether the principal
tangents are real, imaginary or coincident. Stillwell also recalled that Steiner used these names for certain
surface involutions, the involutions being called hyperbolic, elliptic or parabolic depending on whether the
double points arising under these involutions are respectively real, imaginary or coincident.

1181t was not uncommon, in the nineteenth century, in transliterating Russian names into French, to replace
the letter v by the double letter ff, especially if the letter v occurs at the end of the name.

19with some exceptions; for instance, Beltrami, in some of his letters to Hoiiel and in his letters (in French)
to Helmholtz, wrote Lobatcheffsky; see e.g. [23], p. 87, p. 295.
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skij. Sommerville, in his famous Bibliography, used the form Lobacevskij. Rosenfeld
and his translator use the form Lobacevskii, and there are still other possible forms.

In this book, T have chosen the transliteration “Lobachevsky”, for no special reason,
and I have tried to stick to it. It is the one that has been used by Lobachevsky’s
celebrated translator into English, G. B. Halsted, in his biographical note [62]. (We
note that Halsted himself also used other forms, like Lobachevski, in his report on
Engel and Stickel’s Urkunden zur Geschichte der nichteuklidischen Geometrie [66],
Lobacévski, in his biographical notice on Hoiiel [65], and Lobachévski in his report on
the Lobachevsky prize [63].)

Likewise, I changed Kasan on the front page of the Pangéométrie (also spelled
Cazan in Lobachevsky’s Crelle’s Journal article Géométrie Imaginaire) into Kazan,
as it is usually spelled today, and Nijniy-Novgorod into its modern spelling, Nizhny
Novgorod.

There is another point on translation (which is also a point on terminology) that
I would like to make right away. This concerns the title of the first work published
by Lobachevsky, namely, his 1829-1830 memoir, whose Russian title is: O nagamax
reometpuu (O nachalakh geometrii). There are different translations of the title, e.g.
“On the principles of geometry” (used by Hoiiel, by Kagan’s and Rosenfeld’s trans-
lators, by Katz, and by others), or “On the foundations of geometry” (used by Gray,
Sommerville and others). The difference concerns the Russian word nachala. There
is a third translation, namely, “On the elements of geometry”, which has been used
by fewer authors, and which was the one used by G. B. Halsted.'?’. We can also
find the title “On the elements of geometry” in some translations of Russian journal
articles where this work is referred to. I have adopted the third possibility, after a cor-
respondence with Ernest Vinberg, who told me that he is convinced that Lobachevsky
used consciously the word nachala in reference to Euclid’s Elements, called in Russian
Hauana Esximmma (Nachala Evclida).

The same comment of course also applies to Lobachevsky’s memoir published
in 1835-1838, whose Russian title is HoBbie Hauana reomMeTpun ¢ MOJHOW Teopueit
napamiensHbIx (Novye nachala geometrii s polnoj teoriej parallel’nykh), which is trans-
lated by some as “New foundations of geometry, with a complete theory of parallels”
and by others as “New principles of geometry, with a complete theory of parallels”,
and for which I have adopted, for the same reason, the translation “New elements of
geometry, with a complete theory of parallels”

The commentary that follows is divided into five parts.

The first part, entitled On the content of Lobachevsky’s Pangeometry, contains a
mathematical commentary on the Pangeometry. It also includes a short review on the
part of the theory that is only outlined in Lobachevsky’s memoir. As I already said, I
think that every student in geometry would benefit from reading Lobachevsky’s text,
and this part of my commentary is intended to help the reader to find his way in the
subject.

1201t should be noted that Halsted also used at some other places the word “principles”.
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The second part, entitled On hyperbolic geometry and its reception, has a historical
flavour. My intention there was not to write a (short) history of the subject. I only
wanted to give the reader an idea of the degree to which the reception of hyperbolic
geometry by the mathematical community was difficult and painful. In particular, I
have quoted and translated several documents which show that until the first decade of
the twentieth century, there were still fierce opponents of hyperbolic geometry, whose
opinions were published in good mathematical journals. As a general rule, I have tried
to provide references and quotations that are not contained in the majority of the books
on the history of the subject.

The third part of the commentary is called On models, and on model-free hyperbolic
geometry. This is a commentary on the theory of hyperbolic geometry, in the way
Lobachevsky conceived it, as opposed to the same theory worked out in models (namely,
the Poincaré models, the Klein—Beltrami model and the Minkowski model), as it is
usually done today. As a matter of fact, working out hyperbolic geometry in models
has been a current trend since the end of the nineteenth century. After having personally
taught, for several years, hyperbolic geometry using models, as most of my colleagues
do, I discovered the beauty of model-free hyperbolic geometry by reading some of
the original texts, and by talking with Norbert A’Campo. I have become convinced
that this second approach is preferable, for teaching and for writing in this field. Of
course, working without models requires a certain degree of maturity and of abstraction,
one reason being the lack of obvious coordinate systems. But I find this approach
intellectually much more satisfying. Let me note right away that I am not an advocate
of teaching or of working out hyperbolic geometry as a purely logical system, but, on
the contrary, of doing it in the purely geometric way that we find in Lobachevsky’s
Pangeometry, and in the texts written by some of Lobachevsky’s followers, of which
I give the bibliographical references in the fourth part of this commentary. In fact,
this is the main reason for which I decided to translate and to write a commentary on
Lobachevsky’s Pangeometry.

The fourth part of the commentary, entitled A short list of references on model-free
geometry, is an immediate sequel to the third part. It contains a short list of references,
with a few comments on works written on model-free hyperbolic geometry. About half
of the texts that I refer to have a rather cultural and historical value, and the others are
more technical, and they can be used for learning the subject.

Finally, the fifth part, entitled Some milestones for Lobachevsky’s works on ge-
ometry, contains a short review of Lobachevsky’s works on geometry, together with
some comments on their reception, as well as some remarks on translations and later
editions. To the best of my knowledge, such an updated account was missing in the
mathematical literature.
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1. On the content of Lobachevsky’s Pangeometry

The memoir can be divided into five parts.

The first part (pages 279 to 285 [8§1-87 in this book] of the original French text; pages
3 to 12 of the present translation) is a general introduction to non-Euclidean geometry,
in which Lobachevsky discusses the notion of parallelism, which in principle is a
classical notion, but which needs to be adapted to the setting of hyperbolic geometry.
He then introduces other important notions that are useful in hyperbolic geometry, such
as limit circles (horocycles) and the angle of parallelism function.

In the second part (pages 285 to 300 [87—102 in this book] of the original text;
pages 12 to 30 of the translation), Lobachevsky established trigonometric formulae for
spherical geometry, and then for hyperbolic geometry.

Most of the results presented in these first two parts are contained in Lobachevsky’s
previous writings. In the Pangeometry, Lobachevsky made a survey of these re-
sults, referring to his Geometrische Untersuchungen zur Theorie der Parallellinien
[100]. Although the material presented in these two parts is not new, the summary that
Lobachevsky made of it is useful, and it contains interesting new remarks.

In the third part (pages 301 to 315 [103—117 in this book] of the original text;
pages 30 to 50 of the translation), Lobachevsky develops the analytic theory of hyper-
bolic geometry, more precisely, the differential geometry of curves, surfaces and solids.

The fourth part (pages 315 to 338 [117-140 in this book] of the original text;
pages 50 to 75 of the translation) concerns the application of the analytic theory to the
computation of definite integrals. These integrals are generally obtained as values of
lengths, of areas and of volumes of various figures, calculated in different manners.
The theory that Lobachevsky developed in this fourth part is comparable to the theory
of elliptic integrals, as developed for instance by Euler, in which the definite integrals
were computed as lengths of ellipses and other figures in the Euclidean plane.

The last part (pages 338 to 340 [140-142 in this book] of the original text; pages
75 to 77 of the translation) contains some remarks on astronomical observations that
might have been helpful for the question of whether the physical world in which we live
is hyperbolic or not. Lobachevsky’s conclusion is that the question cannot be answered
using the astronomical records that were available to him.

Let me describe now in more detail the content of the Pangeometry.

Lobachevsky’s memoir starts with some general remarks on Euclidean and non-
Euclidean geometry, in particular, on the impossibility of proving, by “elementary
geometry” (that is, using Euclid’s Elements), that the angle sum in an arbitrary triangle
is equal to two right angles. Lobachevsky then recalls some of the subtleties that are
inherent in the definition of parallelism. As is well known, in the Euclidean plane, two
lines are said to be parallel if they do not intersect,'?! and, from a given point, one can
draw a unique parallel to a given line that does not contain this point. This notion of

1211n Euclid’s Elements, Book I, Definition 23 says: “Parallel straight lines are straight lines which, being
in the same plane and being produced indefinitely in both directions, do not meet one another in either
direction.” (Heath’s translation [72], p. 190).

235



236 1. On the content of Lobachevsky’s Pangeometry

parallelism is insufficient in hyperbolic geometry. Indeed, in the hyperbolic plane, it
is useful to distinguish between two kinds of non-intersecting pairs of lines, namely,
parallel lines and hyperparallel (also called ultraparallel) lines.

Let us be more precise.

Given a line L in the hyperbolic plane and a point x not on L, there exist, in the
pencil of lines that contain x, infinitely many lines that intersect L, and infinitely many
lines that do not intersect L. The line L', in that pencil, that makes a right angle with
the perpendicular from x to L does not intersect L. The last result holds in neutral
geometry (it follows from the fact that the angle sum in an arbitrary triangle is < 7). In
the Euclidean plane, this line L’ is the unique line that does not intersect L. But in the
hyperbolic plane, there are other non-intersecting lines. A parallel line to L through x
is defined to be a line that separates, in the pencil of lines containing x, the family of
lines that intersect L from the family of lines that do not intersect L. Such a limiting
line is disjoint from L. A line is said to be hyperparallel to L if it is not parallel to L
and if it is disjoint from L.

This definition of parallel line in hyperbolic geometry, as a line separating the family
of intersecting lines from the family of non-intersecting lines, is the one that was used
by each of the three founders of hyperbolic geometry, namely, Lobachevsky, Bolyai
and Gauss. We note that in the Euclidean plane, the definition of parallel lines that
mimics the one of hyperbolic geometry contains some redundancy, but is equivalent
to the usual one. In other words, the notion of parallelism that is used in hyperbolic
geometry is the generalisation, to neutral geometry, of the notion of parallelism in
Euclidean geometry.

In the hyperbolic plane, there are exactly two distinct lines through x that are
parallel to L; they are represented in Figure 33. In the Euclidean plane, these two lines
coincide, and there is only one line through x that is parallel to L.

Figure 33. The two dashed lines are the parallels through x to the line L.

An equivalent way of defining parallelism in hyperbolic geometry is to say that two

lines are parallel if they meet at infinity, with an appropriate definition of the expression

“meeting at infinity”.'??

122Using a terminology introduced by Hilbert, two parallel lines in the hyperbolic plane have a common end.
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1. On the content of Lobachevsky’s Pangeometry 237

One must also note that in hyperbolic geometry, there is a notion of “direction of
parallelism”. Two lines are parallel with respect to some definite direction on each of
them, the direction of parallelism.

In the memoirs that Lobachevsky wrote before the Pangeometry, e.g. in his Geo-
metrische Untersuchungen zur Theorie der Parallellinien to which he constantly refers
in his Pangeometry, he studied in detail the parallelism relation, showing in particular
that it is symmetric and transitive.'?> We also note in passing that the definition of
parallelism in dimension 3 is based on the planar definition. More precisely, two lines
in 3-space are said to be parallel if they are coplanar and if they are parallel in the plane
that contains them.!'?*

After these remarks on parallelism, Lobachevsky discussed some primary notions
of geometry. He noted that it is easier to start with the notion of circle than with that
of straight line. This remark could have been motivated by the fact that the notion
of line involves in some way or another the use of infinity.'>> Indeed, a line must be
infinitely extendable, a fact which is usually expressed in a precise way in terms of
the so-called Archimedean axiom, or, in modern terms, using an axiom that says that
a line is isometric to the real line. The definition of a circle as a set of points that are
equidistant from some fixed point does not involve such a use of infinity. Lobachevsky
then defined a straight line in the plane as an intersection locus of a family of pairs
of circles, a definition in which a line appears as the equidistant locus from two given
points. Likewise, Lobachevsky defined a plane in 3-space as the intersection locus of
a family of pairs of spheres.

After this, Lobachevsky introduced the notions of limit circle (an object which
today is commonly called horocycle) and limit sphere (horosphere).'?® A limit circle

1231n proving the transitivity, one must be careful about the direction of parallelism on each of the lines
involved. The statement is that if two lines are parallel to a third one with respect to a common direction on
the third line, then the first two lines are mutually parallel.

124The same thing holds, of course, in Euclidean geometry.

125We recall that Legendre’s famous proof of the fact that the angle sum in a triangle is at most equal to
two right angles uses the fact that a line is infinitely extendable. (Of course the result is false on a sphere.)

126 imit circles and limit spheres are of paramount importance in hyperbolic geometry. In his previous
treatises (e.g. Geometrische Untersuchungen zur Theorie der Parallellinien, §31 and 34), Lobachevsky used
the expressions boundary line and horicycle to denote a limit circle, and boundary sphere and horisphere to
denote a limit sphere. We point out this fact, because it is sometimes thought (mistakenly) that the words
“horicycle” and “horisphere” have been coined by Poincaré. The word “horicycle” is assembled from the
Greek words “hori” (boundary) and “cyclos” (circle). Janos Bolyai independently discovered limit circles
and limit spheres, and he called them “F -cycles” and “F -surfaces” (§11 of the Appendix, [24]). Gauss,
in a letter he wrote on the 6th of March 1832 to Wolfgang Bolyai, after he read Janos Bolyai’s Appendix,
suggested the use of “paracycle” instead of F -cycle and “parasphere” instead of F -surface. Gauss wrote in
that letter: “Thus, for instance the surface and the line your son calls F and L might be called parasphere
and paracycle: they are, in essence, a sphere and a circle of infinite radii. One might call hypercycle the
collection of all points in a plane that are at the same distance from a straight line; similarly for hypersphere”.
[So konnte z.B. die Fliche, die Dein Sohn F nennt, eine Parasphire, die Linie L ein Paracykel genannt
werden: es ist im Grunde Kugelfliche, oder Kreislinie von unendlichem Radius. Hypercykel konnte der
Complexus aller Punkte heissen, die von einer Geraden, mit der sie in Einer Ebene liegen, gleiche Distanz
haben; eben so Hypersphire.] Beltrami’s paper Teoria fondamentale degli spazii di curvatura costante [17]
contains a detailed study of horocycles and horospheres. Horocycles can be explicitly drawn on Beltrami’s
pseudo-sphere. Beltrami further developed the description of these objects in several letters to Hoiiel, see
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238 1. On the content of Lobachevsky’s Pangeometry

is a limit of a family of circles passing through a given point and whose centres tend
to infinity while staying on a given line (Figure 34). The line that is used in this
definition is called an axis of the limit circle. A limit circle is perpendicular to any

Figure 34. The limit of an increasing family of circles is a limit circle, hence the name “limit
circle”.

of its axes, and the family of axes of a limit circle forms a pencil of parallel lines. In
Euclidean geometry, limit circles are straight lines,'?’” and the family of perpendiculars
to a straight line is again a pencil of parallel lines. As a sequence of circles converges
to a limit circle, the pencil of lines that are orthogonal to these circles converges to a
pencil of parallel lines that are orthogonal to the limit circle (see Figure 35). One can
foresee from here a duality, in hyperbolic geometry, between families of limit circles
and families of parallel lines.

A limit sphere (or horosphere) in 3-space is obtained by rotating a limit circle,
contained in a plane embedded in 3-space, around one of its axes. A limit sphere can
also be described as the limit of a family of spheres in 3-space passing through a given
point and whose centres tend to infinity while staying on a given line. The intersection
of a limit sphere with an arbitrary plane is either a circle or a limit circle.

After having introduced these objects, Lobachevsky described some fundamental
results contained in his earlier works, in particular, in his memoir On the elements of ge-
ometry (1829) [95] and in his Geometrical researches on the theory of parallels (1840)

e.g. the letters dated 1st of April 1869, 12 October 1869, and 19 December 1869 ([23], pp. 87, 100, 107).
Horospheres are at least as important as hyperplanes. They turned out to be one of the fundamental objects in
mathematics, even beyond hyperbolic geometry. One can mention in this respect a basic idea of I. Gelfand,
which he formulated in the 1950s and which is still in active use, namely, building a harmonic analysis theory
based on the horospherical transform, which amounts to integrating functions on homogeneous manifolds
along orbits of unipotent subgroups playing the role of horospheres.

127Kepler also thought of a straight line as a circle whose centre is at infinity, cf. M. Kline’s Mathematical
Thought from Ancient to Modern Times [86], p. 290. Before Kepler, Nicholas of Cusa, in his De docta
ignorantia (1440) described how a circle with increasing radius tends to a straight line (the last reference
was communicated to me by Jeremy Gray).
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1. On the content of Lobachevsky’s Pangeometry 239

Figure 35. As the circle converges to a limit circle, the pencil of lines orthogonal to that circle
(represented in the left-hand side of the figure) converges to the pencil of parallel lines that are
orthogonal to the limit circle (represented in the right-hand side of the figure).

[100]. Both of these memoirs contain an exposition of the bases of non-Euclidean
geometry. The results recalled by Lobachevsky include the following:

 Under the axioms of Euclidean geometry deprived of the parallel axiom (that is,
in a geometry which, as we already noted, is sometimes called “neutral geometry”),
there are two possibilities: either the angle sum in any triangle is equal to two right
angles, or the angle sum in any triangle is less than two right angles. The first case
occurs in Euclidean geometry, and the second case occurs in the Pangeometry.

* In spherical geometry, the angle sum function is a multiple of the angular excess
function.!?8

After these basic results, Lobachevsky recalled the definition of the angle of par-
allelism and the construction of limit circles and of limit spheres in hyperbolic space,
and he reported on the following important related results:

* In hyperbolic space, the geometry of a limit sphere is Euclidean. More precisely,
Lobachevsky made the observation that if on a given limit sphere limit circles are
considered as the “straight lines”, and if the “angle” between two limit circles is defined
as the dihedral angle between the diametral planes'?® that contain these limit circles,
then the axioms of plane Euclidean geometry are satisfied by such a geometry.'3

128This result is generally attributed to the Flemish mathematician Albert Girard (1595-1632), who stated it
in his Invention nouvelle en algébre (Amsterdam, 1629). Excerpts of this text are reproduced in O. Terquem’s
Nouvelles Annales de Mathématiques, t. 14 (1858). Euler gave a very simple proof of Girard’s theorem in
his memoir De mensura angulorum solidorum [47], see the account in Rosenfeld [131], p. 31.

129A diametral plane of a limit sphere is, by definition, a plane containing an axis of that limit sphere. Tt
may be useful to note here that in hyperbolic 3-space, the dihedral angle between two planes is defined, as in
Euclidean geometry, using the 2-dimensional definition: one takes a point on the line that is common to the
two planes, and a perpendicular to this line in each of the two planes; the two perpendiculars so obtained lie
in a common plane, and the dihedral angle is the angle that the two lines make in that plane. It follows from
the axioms of neutral geometry that this angle does not depend on the choice of the point on the common
line.

1301t is fair to recall here that the fact that the geometry of the horosphere is Euclidean was independently
obtained by J. Bolyai. Bolyai’s work appeared in print two years after Lobachevsky’s first published result
on the subject. Let me also note the following interesting remark by L. Gérard in his thesis, [53], p. 3:
“One can believe that Lobachevsky and Bolyai would never have thought about horocyles or horospheres
if their first goal had not been to find a surface on which they could apply all the reasoning of Euclidean
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240 1. On the content of Lobachevsky’s Pangeometry

It is important to note that Lobachevsky, in doing this, described a model of Eu-
clidean geometry that lies inside hyperbolic 3-space. This idea goes far beyond the
common classically dominating view that considered Euclidean geometry as the ge-
ometry of the real physical world that surrounds us. Lobachevsky’s idea provides us
with a new model of Euclidean geometry.

The fact that the Euclidean parallel postulate holds in the horosphere geometry is
based on the following lemma, which is not proved in the Pangeometry, but which
is proved in §28 of the Geometrische Untersuchungen: It we have three planes in
hyperbolic 3-space that pairwise intersect each other in lines that are parallel,'?! then
the sum of the three dihedral angles that they pairwise make is equal to two right angles.

Beltrami gave a different proof of the fact that the horospheres in hyperbolic 3-
space are naturally equipped with a Euclidean structure. His proof is extracted from
differential geometry, and it consists in showing that the metric on horospheres induced
by the metric of hyperbolic 3-space has zero curvature. '

» The distance function from a variable point on a given line L to a line L’ that is
parallel to L decreases as the variable point moves on L in the direction of parallelism.
A related remark that was made by Lobachevsky in his Geometrische Untersuchungen
§33 is that parallel lines have the character of asymptotes.'*?

It is sometimes natural to talk about parallel rays instead of parallel lines. The
notion of direction of parallelism is inherent in the definition when one talks about
parallel rays.

* The sequence of lengths of pieces of equidistant horocycles bounded by two par-
allel lines that are axes of these horocycles is a geometric sequence, with multiplicative
factor < 1, if this sequence of horocycle pieces moves in the direction of parallelism.
The same property holds for the areas of the successive regions bounded by these
horocyclic arcs.

A consequence of the last result is that the total area of the surface contained between
two parallel lines, which is unbounded in the direction of parallelism and bounded on
the other side by a piece of horocycle, is finite. This contrasts with the situation
in Euclidean geometry, where the distance between two parallel lines is constant,'**

geometry.” [Il est permis de croire que Lobachevsky et Bolyai n’auraient jamais songé a I’oricycle et a
I’orisphere s’ils ne s’étaient pas propos€ avant tout de trouver une surface a laquelle puissent s’appliquer
tous les raisonnements de la Géométrie euclidienne]. We emphasize the fact that this kind of use of Euclidean
reasoning in hyperbolic geometry is intrinsic. It is done inside hyperbolic space, and it is not comparable to
the use of Euclidean notions that is made when one works in a Euclidean model of hyperbolic geometry.

131We note that Lobachevsky already proved, in §25 of the Geometrische Untersuchungen, that the paral-
lelism relation is transitive, so that in the present context we do not need to specify which pairs of lines are
mutually parallel.

132This is further discussed in the footnotes accompanying my translation of the Pangeometry.

1331t may be worth mentioning here that in the neutral plane (that is, the plane that satisfies all of Euclid’s
axioms except perhaps the parallel postulate), declaring the absence of asymptotic straight lines is equivalent
to accepting Euclid’s parallel postulate.

1341n the neutral plane, the property that given two disjoint lines, the distance from a point on one of them
to the other line is constant (that is, the property that this distance does not depend on the chosen point)
is equivalent to Euclid’s parallel axiom. The relation (or, rather, the confusion) between parallel lines and
equidistant lines was a source of mistakes since Antiquity. The Neoplatonic philosopher and mathemati-
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1. On the content of Lobachevsky’s Pangeometry 241

which implies that the area of a region bounded by two parallel lines and a common
perpendicular (playing the role of the hyperbolic geometry horocycle) is always infinite.

The previous result also implies that in the hyperbolic plane, the distance from a
point on a line L to a parallel line L’ tends to 0 exponentially if the point on the line L
moves to infinity in the direction of parallelism.

Lobachevsky then studied the parallelism function (also called the angle of par-
allelism function) in the hyperbolic plane. This is the function, denoted by IT, that
assigns to each segment of length p the acute angle that this segment makes with a
ray that starts at an endpoint of this segment and that is parallel to a second ray that
starts perpendicularly at the other endpoint of the segment (see Figure 36). The value
of the parallelism function only depends on the length p of the segment and not on
the segment itself. Thus, the parallelism angle of a segment of length p is denoted by

H(p).135

p | T(p)

Figure 36. The parallelism angle IT(p) corresponding to the segment p.

We note that the definition of the angle of parallelism uses the fact that the hyperbolic
plane is doubly homogeneous; that is, that any two segments of the same length are
congruent (i.e. they are equivalent through a motion of the plane). This fact is a

cian Proclus, in his Commentary on the first Book of Euclid’s Elements [122], mentioned that Posidonius
(135-51 B.c.), a philosopher, historian, physicist, astronomer and mathematician, native of Apamea (in
Syria), defined parallel lines as lines situated in the same plane and that “come neither near nor apart”; that
is, lines that are at a constant distance from each other. (The notion of distance was not used, and Posedonius
expresses this fact by saying that “all perpendiculars drawn from one line to the other one are equal”, see
[122], Ver Eecke’s edition, p. 153, or Morrow’s edition, p. 138.) This definition by Posidonius is considered
to be the result of a proof he attempted of Euclid’s parallel postulate, using the notion of equidistance;
cf. Pont [121], p. 150. Pont argues that it was observed since Greek Antiquity that Posidonius’s and Euclid’s
definitions of parallel lines are not equivalent. The medieval mathematician Ibn al-Haytham (965-1039)
again defined a parallel to a line D as the locus of endpoints of a segment of constant length moving on
D and perpendicular to D (see Pont [121], p. 169). We note that the notion of “motion” was not used
by Euclid, for philosophical reasons and following Aristotle’s ideas. (A discussion of this fact is beyond
our goal in this commentary; we refer the reader to the discussion in Rosenfeld [131], p. 111-112.) The
medieval mathematician Nasir al-Din at-Tusi (1201-1274) and, after him, the Renaissance mathematicians
Christopher Clavius (1538-1612), Giovanni Alfonso Borelli (1608-1679) and Giordano Vitale (1633-1711)
were aware of the relation of Euclid’s postulate to the notion of equidistance, and they tried to prove that
Euclid’s axioms, without the parallel postulate, imply that the equidistant set to a line is a line, cf. [26],
p. 13, and [121], pp. 200 and 368. Finally, we mention that Leonhard Euler (1701-1783) and Joseph Fourier
(1768-1830), in their attempts to prove Euclid’s parallel postulate, assumed the fact that an equidistant set
to a line is a line (cf. [121], pp. 281 and 554).

135Tn Lobachevsky’s writings, as in other writings of the same period, and following the tradition of Euclid’s
Elements, the word “line” (to which we have preferred the word “segment” in the present translation) is often
identified with the length of that line (i.e. of that segment). Thus, Lobachevsky says that IT is a function of
the line p, meaning that it is a function of the real number p.

241



242 1. On the content of Lobachevsky’s Pangeometry

consequence of the axioms of neutral geometry.

Given a point x in the hyperbolic plane and a line L that does not contain it, if p
denotes the length of the perpendicular from x to L, then the two parallel lines from x
to L make an angle equal to 2I1(p).

In Euclidean geometry, the parallelism function p — I1(p) is constant, and equal
to 7. In hyperbolic geometry, this function is strictly decreasing, and it establishes
an analytic one-to-one correspondence between the set of length values p that vary
between 0 and oo and the set of angle values that vary between 7 and 0.

Let us note a relation between the parallelism function and the angular deficit
function defined on triangles.

We recall that given a triangle with angles «, B, y, its angular deficit is defined
as T — (o + B + y). In the hyperbolic plane, the angular deficit of any triangle is
positive.

The parallelism function is related to the angular deficit function when this function
is extended so that it is also defined for triangles having vertices at infinity.

Indeed, consider a right triangle one of whose edges adjacent to the right angle
being infinitely long, and the length of other edge adjacent to the right angle being
equal to p. (The hypothenuse is then also infinite, and it is parallel to the infinitely-
long edge adjacent to the right angle.) Figure 36 represents such a triangle. The angle
at the vertex which is at infinity is equal to zero and the angle sum of this triangle is
/2 + I(p). Thus, the angular deficit of this triangle is 77/2 — I1(p).

The parallelism function is of paramount importance in hyperbolic geometry, in
particular because it establishes a natural correspondence between angle measure and
length measure. To see one important consequence of this fact, we first recall that
in neutral geometry, there is a canonical measure for angles. Such a measure can
be defined as the ratio of the given angle to the total angle at any point, this total
angle being equal to four right angles.!*® There is no canonical measure for lengths
of segments in Euclidean geometry; that is, one has to choose a unit of length before
talking about actual length. In contrast, in hyperbolic geometry, there is a canonical
measure for length, and precisely, this measure can be deduced from the canonical
measure for angles, via Lobachevsky’s parallelism function. J. H. Lambert, in his
Theorie der Parallellinien (1766) [139] already noticed (using arguments different
from those of Lobachevsky) that in (the still hypothetical) hyperbolic geometry, there
exists a canonical measure for length.'?’

136This can be made precise by using congruence. Indeed, using angle congruence, one can first define
values of rational fractions of total angles, and then of all fractions by using limiting arguments.

137The existence of a canonical measure of length in hyperbolic geometry is a property of paramount
importance. As a matter of fact, this property is equivalent to the negation of Euclid’s parallel postulate. In
his letter to Gerling, dated 11 April 1816 (see [52], Vol. VIIL, p. 168), Gauss also talked, in the following terms,
about the existence of this canonical measure of length, under the hypothesis of the failure of the parallel
postulate: “It would be desirable that Euclidean geometry were not true, for we would then have a universal
measure a priori. One could use the side of an equilateral triangle with angle = 59°59°59”.9999 ... as a unit
of length.” [Es wire sogar wiinschenswerth, dass die Geometrie Euklids nicht wahr wire, weil wir dann
ein allgemeines Mass a priori hitten, z. B. konnte man als Raumeinheit die Seite desjenigen gleichseitigen
Dreiecks annehmen, dessen Winkel = 59°59°59”,9999 ...] We mention (as an anecdotic remark) that Gauss
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Besides the conceptual importance of the function IT in hyperbolic geometry, this
function allows shorter trigonometric formulae (as we shall see below) and concise ex-
pressions for several geometric quantities. For instance, in Lobachevsky’s notation, the
circumference of a circle of radius r in the hyperbolic plane is equal to 27 cot TT(r).!

The parallelism function IT(p) was already introduced by Lobachevsky in his first
published memoir, the Elements of geometry (1829) [95], where it is denoted by F(p).
This function was used later on by several authors, with a reference to Lobachevsky. For
instance, it is mentioned in Beltrami’s Saggio di interpretazione della geometria non-
Euclidea [16] and in Klein’s Uber die sogenannte Nicht-Euklidische Geometrie [82].

The parallelism function is related to the hyperbolic cosine function by the formula

sin[1(p) =

coshp’

assuming the curvature of the space to be equal to —1.!%

Lobachevsky first defined the parallelism function for positive values of p, and
then, he defined a continuous extension of that function to all real values of p. For a
negative p, the value I1(p) is determined from the value I1(—p) by the relation

[(p) + (—=p) = 7.

This simple definition of an extension is usefully applied at several points in the Pan-
geometry.

After the discussion on the parallelism function, Lobachevsky established trigono-
metric formulae for triangles in spherical geometry. He proved that for a right spherical
triangle with edges a, b, ¢ and opposite angles A, B, 7 respectively, we have

sin A sinc¢ = sina,
cosbsin A = cos B, (32)
cosacosb = cosc.

was a member of a commission for weights and measures.

138Thus, one can define (although this is not the most natural definition) the parallelism function I1(r) as
cot™! (ﬁ C(r)), where C(r) is the circumference of a circle of radius r.

139For a space of curvature K = —1/k?Z, the formula becomes sin IT1(p) = 1/cosh % The existence
of the constant kK appears in the works of all three founders of hyperbolic geometry (Lobachevsky, Bolyai
and Gauss), although none of them did relate it to curvature. This constant appears in various forms, and we
mention in this respect a letter from Gauss to F. A. Taurinus, written on 8§ November 1824: “The assumption
that in a triangle the sum of three angles is less than 180° leads to a curious geometry, quite different from
ours, but thoroughly consistent, which I have developed to my entire satisfaction, so that I can solve every
problem in it with the exception of the determination of a constant, which cannot be designated a priori.
The greater one takes this constant, the nearer one comes to Euclidean geometry, and when it is chosen
infinitely large, the two coincide.” (Greenberg’s translation.) [Die Annahme, dass die Summe der 3 Winkel
kleiner sei als 180°, fiihrt auf eine eigene, von der unsrigen (Euklidischen) ganz verschiedene Geometrie,
die in sich selbt durchaus consequent ist, und die ich fiir mich selbst ganz befriedigend ausgebildet habe,
so dass ich jede Aufgabe in derselben auflosen kann mit Ausnahme der Bestimmung einer Constante, die
sich apriori nicht ausmitteln ldsst. Je grosser man diese Constante annimmt, desto mehr nihert man sich der
Euklidischen Geometrie und ein unendlich grosser Werth macht beide zusammenfallen.] ([52], p. 187.)
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244 1. On the content of Lobachevsky’s Pangeometry

More generally, for an arbitrary spherical triangle with edges a, b, ¢ and with
opposite angles A, B, C (Figure 37), we have

sina sin B = sinb sin A,

cosbh —cosacosc = sina sinc¢ cos B,
cotasinb = cot Asin C + cosb cos C,
cosasin BsinC = cos BcosC + cos A.

(33)

B a

Figure 37

An important remark that we can make here is that in Lobachevsky’s discussion,
the above formulae concern a geometric sphere embedded in hyperbolic 3-space, and
not a sphere in Euclidean 3-space, where spherical geometry is usually worked out.

Lobachevsky observed that the formulae he obtained for the geometry of a sphere
in hyperbolic 3-space coincide with those of “ordinary” spherical geometry, that is, of
the geometry of a sphere in Euclidean space. He considered this as a “truly remarkable
fact” saying that spherical trigonometry is part of neutral geometry. Lobachevsky
concluded that in this sense, spherical geometry is independent of Euclid’s parallel
axiom,!40

The spherical triangle on which Lobachevsky worked is realised on a sphere centred
at a vertex of a right hyperbolic rectilinear triangle that he started with, and these
formulae for spherical trigonometry are used in the proofs of the trigonometric formulae

140We note that a similar fact was highlighted by Beltrami, several years later, in his paper Teoria fondamen-
tale degli spazii di curvatura costante. Beltrami concluded this paper as follows: “The geodesic spheres of
radius p, in an n-dimensional space of constant negative curvature — ﬁ , are the (7 — 1)-dimensional spaces

2
of constant curvature ( . Therefore spherical geometry can be regarded as part of pseudo-spherical

1
R sinh %
geometry. [Le sfere geodetiche di raggio o nello spazio ad 7 dimensioni di curvatura costante negative —%

2
sono spazi ad # — 1 dimensioni di curvatura costante positiva ( ) . Quindi la geometria sferica pud

1
R sinh %
riguardarsi come contenuta nella pseudosferica.]
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for this right hyperbolic triangle. The proofs of the hyperbolic trigonometric formulae
also involve the consideration of a horospherical (Euclidean) triangle, drawn on the
horosphere passing through a vertex of the rectilinear triangle and tangent to the plane
of that triangle.

Thus, Lobachevsky’s proof of his hyperbolic geometry trigonometric formulae uses
at the same time spherical geometry and Euclidean geometry. We shall discuss this
in more detail below. It is because of such reasonings that hyperbolic geometry is
considered as a “pangeometry” (in the etymological sense of the word).

It is interesting to see how spherical geometry gradually developed from a sub-
ject with strong practical and computational aspects to an abstract independent field.
Spherical geometry is considered today at the same level as Euclidean and hyperbolic
geometry, being one of the three geometries that describe spaces of constant curvature.
The three planar geometrical systems, Euclidean, hyperbolic and spherical, are also
usually described as the geometries in which the angle sum of triangles is 27, < 27
and > 2m respectively.

It may be useful to say here a few words on the evolution of spherical geometry.

Spherical geometry was studied since antiquity, where it was intimately linked to as-
tronomy. Eudoxus of Cnidus (410-355 B.c. ca.), who was a student of Plato, worked on
that subject. A book by Menelaus of Alexandria (70-140 A.D. ca.), entitled the Spher-
ics, survived in an Arabic translation, and it is sometimes considered as an attempt by its
author to write a treatise on spherical geometry that would be the analogue of Euclid’s
Elements. In this treatise, Menelaus systematically studied spherical triangles whose
edges are segments of great circles, in the way Euclid studied triangles in the plane.
The treatise contains the first elements of spherical trigonometry. Ptolemy’s Almagest
(written in the second century A.D.) contains a systematic exposition of spherical
trigonometry. Spherical geometry has been further developed by the medieval Arabic
and Arabic-speaking mathematicians. According to Youschkevitch, the first treatment
of spherical trigonometry as a research field in itself, that is, without being subject to
astronomy, was done by Nasir al-Din at-Tusi ([157], p. 142). According to Rosenfeld,
the modern form of spherical trigonometry, as well as of all trigonometry, is due to
Euler; see [131], p. 31 ff., for a short account of Euler’s work on spherical geometry and
trigonometry. According to Bonola [26], p. 82, the recognition of spherical geometry
as the geometric system in which the angle sum of triangles is greater than two right
angles is an eighteenth-century invention, mainly due to J. H. Lambert, who is also one
of the most important precursors of hyperbolic geometry. Before Lambert, spherical
geometry was considered as a chapter in Euclidean geometry, namely, the study of the
geometry of a sphere in Euclidean space.'*!

Volume XIII of Gauss’s Collected works [52] contains notes on spherical trigo-
nometry.

1411 jkewise, since the discovery (made by Lobachevsky) that the geometry of the spheres in hyperbolic
3-space is the same as the geometry of the spheres in Euclidean 3-space, one can say that spherical geometry
can be studied as a chapter in hyperbolic geometry; see also Beltrami’s concluding remarks of his Teoria
fondamentale degli spazii di curvatura costante [17] mentioned in the preceding note.
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246 1. On the content of Lobachevsky’s Pangeometry

In the nineteenth century, spherical geometry formulae were developed by F. A. Tau-
rinus, who pointed out, in 1825, an interestingly simple passage between hyperbolic and
spherical trigonometry. Indeed, in his Theorie der Parallellinien, Taurinus obtained the
fundamental trigonometric formulae for hyperbolic geometry (which, from his point of
view, was purely hypothetical) by working on a sphere of “imaginary radius”, and he
called the hyperbolic geometry that he so obtained the logarithmic-spherical geometry
(“Logarithmisch-sphirischen Geometrie”), see the texts by Taurinus in the edition by
Stickel and Engel [139]; cf. also Bonola’s Non-Euclidean geometry, [26], p. 79.142 1n
the same way, Lobachevsky, in his Elements of geometry [95] (see the conclusion of
that paper, p. 65 of the German translation) and in his Geometric researches on the
theory of parallels (see p. 45 of the Appendix of Bonola’s edition [26]) noted a passage
between the equations of hyperbolic trigonometry and those of spherical trigonometry,
which consists in replacing, in the trigonometric equations of spherical geometry, the
edge lengths a, b, ¢ of a triangle by the imaginary quantities av/—1,by/—1,cv/—1,
and setting in these equations the terms sin I1(a), cos I1(a) and tan I1(a) to be equal to
1/cosa, v/—1tana and 1/+/—1sina respectively. A similar idea has been repeated
by several authors. Beltrami, in his Saggio di interpretazione della geometria non-
Euclidea [16] and in his Teoria fondamentale degli spazii di curvatura costante [17]
showed that the trigonometric formulae of the pseudo-sphere can be obtained from
those of the usual sphere by considering the objects on the pseudo-sphere as being on a
sphere of imaginary radius v/—1, and he attributed this observation to E. F. A. Minding
[112] and to D. Codazzi [32].!*® Klein, in his Uber die sogenannte Nicht-Euklidische

142Gauss corresponded with Taurinus on this subject, see Volume XIII of Gauss’s Collected works. It is
known that Taurinus was driven to despair after Gauss stopped answering his letters, and that he bought all
the remaining copies of a booklet he had published on the theory of parallels (reproduced in [139]) and burnt
them (see [155], p. 50, and [139], pp. 249-250).

13 Ernst Ferdinand Adolf Minding (1806—1885) was among the first important mathematicians who worked
on the differential geometry of surfaces in the way inaugurated by Gauss in his Disquisitiones generales
circa supeftficies curvas. Starting from 1840, Minding taught 40 years at the Russian University of Dorpat
(the university to which Bartels, who had been Lobachevsky’s teacher in Kazan, moved in 1821). Minding
became a member of the St. Petersburg Academy of Sciences. He studied the question of when a surface
can be developed onto another one, in terms of curvature. He considered surfaces of constant curvature, and
in particular he gave the equation of the famous pseudo-sphere, the surface that had to play a major role
in the work of Beltrami. One should also note here that this surface was already considered by Gauss, see
[52], Vol. VIII, p. 265. (But, of course, without the name pseudo-sphere, and the fact that it was a model of
hyperbolic geometry was not yet discovered.) Minding’s paper [112] contains trigonometric formulae for
geodesic triangles on a surface of constant negative curvature that coincide with Lobachevsky’s trigonometric
formulae, contained in his paper Géométrie imaginaire. Lobachevsky’s paper was published in Volume 17
(1837) of Crelle’s Journal, that is, three years before Minding’s paper. An important remark made by
Minding in his paper [112] is that the trigonometric formulae on a surface of constant negative curvature
have the same form as those on a sphere, up to replacing, in the spherical formulae, the radius R of the
sphere by the imaginary quantity R+/—1. A similar remark had already been made by Lobachevsky in his
1829 paper [95], concerning the passage from the spherical geometry formulae to his hyperbolic geometry
formulae. The importance of Minding’s paper [112] was pointed out 28 years after that paper appeared, by
Beltrami, in his Saggio di interpretazione della geometria non-Euclidea. Beltrami made the link between
Minding’s work on the intrinsic geometry of surfaces of constant negative curvature and Lobachevsky’s
work on non-Euclidean geometry. It may be interesting to note here that according to records transmitted by
Karimullin and Laptev in [80] p. 20, Lobachevsky borrowed from the Kazan University Library all volumes
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Geometrie [82] made the same observation. We note that it is because of such a “du-
ality” between the trigonometric formulae for spherical and for hyperbolic geometry
that Beltrami chose, for hyperbolic geometry, the name “pseudo-spherical geometry”.
Likewise, W. E. Story, in his paper On the non-Euclidean trigonometry [142], working
in Klein’s setting of projective geometry, showed that some trigonometric formulae of
hyperbolic geometry can be deduced from those of spherical geometry by replacing
each length by the corresponding length divided by 2ik and each angle by the corre-
sponding angle divided by 2ik’, where k and k" are two constants. (No mention of
Lobachevsky is made in that paper, written in 1881, in which the author refers to the
works of Cayley and Klein.)

It is always instructive to make parallels between results in hyperbolic geometry
and results in spherical geometry. There are striking analogies between the trigono-
metric formulae of these two spaces, and we can see this in Table 1, which contains
some formulae that are extracted from the survey paper by Alekseevskij, Vinberg and
Solodovnikov in [5]. One can develop the analogies by considering the so-called hy-
perboloid model of the hyperbolic plane, as the “upper-sheet” (z > 0) of the unit sphere

Hyperbolic plane Euclidean plane | Sphere

coshc = coshacoshh | ¢ =a? +b* | cosc = cosacosh
sinh b = sinc¢ sin 8 b=csinf sinb = sinc sin
tanh a = tanh ¢ cos a=ccospf tana = tanc cos f
cosh ¢ = cota cot B 1 =cotacotf | cosc = cotacotp
cosa = coshasin f cosa = sin cosa = cosasin B
tana = sinh b tan o a =btana tana = sinb tan o

Table 1. The table compares trigonometric formulae for a right triangle with angles «, 8, y and
oppositeedgesa, b, ¢, and withright angle at y, in the hyperbolic plane (of constant curvature —1),
in the Euclidean plane and on the sphere (of radius 1). We notice that the hyperbolic formulae are
obtained from the spherical formulae by replacing the functions sin and cos of side lengths by the
functions sinh and cosh of these side lengths. The formulae in the Euclidean plane are obtained
from the corresponding formulae in the other two geometries by taking Taylor expansions, as
the edges a, b, ¢ of the triangle tend to 0.

of Crelle’s Journal published during the period he was there, except Volumes 18 to 21. Minding’s paper is
contained in Volume 20 (1840). It is thought by some that Lobachevsky was sick during the period where
Minding’s paper appeared in print and that for that reason he did not notice it. (This was communicated
to me by G. M. Polotovsky). More probably, Lobachevsky saw Minding’s paper but remained silent about
it. The question of why it was so is raised and discussed by Laptev in his papers [90] and [92]. (The
last fact was communicated to me by S. S. Demidov.) In any case, these were unfortunate circumstances,
because Lobachevsky missed the occasion of using Minding’s results to prove rigourously that his geometry
is consistent, a fact which Beltrami did several decades later.
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of radius ~/—1 in R? equipped with a coordinate system (x, y,z) and the quadratic
form x2 + y2 — z2 and studying it in parallel with the space of spherical geometry
being the unit sphere of radius 1 in R? equipped with the quadratic form x? + y2 — z2.

Let us also note that this passage from the trigonometric formulae of hyperbolic
geometry to those of spherical geometry, made by replacing some real quantities by
imaginary ones, has the flavour of a passage, discovered later on, between formulae
for volumes of hyperbolic polyhedra and formulae for volumes of spherical polyhedra.
This was noticed by Coxeter in [33], who made a relation between computations of
Lobachevsky and formulae discovered by Schlifli.

Now we return to Lobachevsky’s Pangeometry.

After having proved the spherical trigonometry formulae, Lobachevsky established
the formula that we already mentioned for the angle of parallelism function:

1
tan EH(X) =e ¥,

from which he deduced

2
sinll(x) = ———
= 5o
and
X _ ,—X
cos I1(x) = L.
eX e X

As already noted, these formulae are valid for a special choice of a certain constant
that is undetermined. More precisely, there is a constant (the curvature constant) that
appears in the formulae, whose value does not follow from the axioms of hyperbolic
geometry alone. In the above formulae, the constant is taken to be one, which is
equivalent to assuming that the space has constant curvature equal to —1.

After that, Lobachevsky derived formulae for hyperbolic trigonometry. Their ex-
pression uses the parallelism function.'** For a right hyperbolic triangle with edges a,
b, c, and angles A, B, % opposite to a, b, ¢ respectively, he obtained the following
formulae:

sin [1(a) cos A = sin B,

sin [1(c) cos A = cos I1(b),

cos I1(c) cos B = cos I1(a), (34)
sin [T(a) sin [1(b) = sin T1(c),

tan I[1(c) = sin A tan [1(a).

One can note the formal analogy between some of the equations in (34) and Equa-
tions (32) for spherical trigonometry, where some of the arguments, in the passage

1%In modern textbooks, hyperbolic trigonometry formulae are expressed using the hyperbolic functions
sinh and cosh. Lobachevsky did not use the notation of hyperbolic functions sinhx = % and
coshx = % although the notation already existed. According to Cajori’s History of Mathematical
Notations, the hyperbolic functions were introduced in the 18th century by Vincenzo Riccati (1676-1754),
and their theory was further developed by J. H. Lambert (1728-1777), who, as we already recalled, was one

of the most important precursors of non-Euclidean geometry.
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from spherical to hyperbolic geometry, are replaced by the parallelism function of
these arguments.

For a general hyperbolic triangle with edges a, b, ¢ and opposite angles 4, B, C
(Figure 37), Lobachevsky obtained

sin A tan [1(a) = sin B tan I[1(D),
in I1() sin I1
1 —cos TI(h) cos TI(c) cos A = st ( ) sin IT(c) ,
sin I1(a)
sin B sin C (35)

sin [(a) ’

cot Asin C sin I[1(D) 4+ cos C = M_
cos I1(a)

Lobachevsky’s proof of the trigonometric formulae for right hyperbolic triangles
is based on a simple and ingenious construction, which associates to an arbitrary right
hyperbolic triangle a spherical and a Euclidean right triangle, whose angles and side
lengths are completely determined by those of the right hyperbolic triangle that we
started with. The right spherical triangle is constructed on a geometric sphere in hyper-
bolic 3-space centred at a vertex of the hyperbolic triangle (the plane of the hyperbolic
triangle being considered as sitting in hyperbolic 3-space). The right Euclidean triangle
is constructed on a horosphere with axis perpendicular to the plane of the hyperbolic
right triangle. The construction is explicit, and the formulae involve the parallelism
function. In the meanwhile, Lobachevsky associated to the right hyperbolic triangle
that we started with, a new right hyperbolic triangle whose angles and edge lengths are
also completely determined by those of the first one.

More precisely, to a hyperbolic right triangle with edges a, b, ¢ and with opposite
angles IT(«), T1(B), Z respectively, Lobachevsky associated:

cosA +cosBcosC =

1. Aright spherical triangle with edges I1(8), I1(c), I1(a) and with opposite angles
[(a’), TI(b), F respectively.

2. A right hyperbolic triangle with edges a, o’ and 8, and with opposite angles
I1(5"), T(c) and 7 respectively.

3. A right Euclidean triangle with edges p = rsin [1(«), ¢ = rcos II(«) and r,
and with opposite angles IT(er), IT(e’) and 7 respectively. (The sides of the
Euclidean triangle are only determined up to a positive constant r; this is related
to the fact that homotheties are allowed in Euclidean geometry.)

In these formulae, the following notation is used: aletter o’ (with the prime) denotes
a length whose angle of parallelism is the complement to a right angle of the angle of
parallelism of the length o (without the prime). In other words, we have
b4
M(a) + (o) = 3
The values obtained in 1., 2. and 3. are simple and explicit. One is tempted to
use these formulae to deduce, from the trigonometric formulae for right Euclidean and
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right spherical triangles, trigonometric formulae for right hyperbolic triangles. This is
indeed what Lobachevsky does. For me this method of proof is amazing.

We note that the trigonometric formulae (spherical and hyperbolic) are already
contained in Lobachevsky’s first memoir, the Elements of geometry [95], and in his
later works, such as the Geometrische Untersuchungen (§35 and 36 respectively) [100].

It is interesting to note here the remarks that Lobachevsky made, on the above
trigonometric formulae, at the end of his Elements of geometry, concerning the non-
contradiction issue of his newly discovered geometry (Rosenfeld [131], p. 223, She-
nitzer’s translation from the Russian; Equations (16) and (17) that are referred to in
this text are equivalent to our Equations (33) and (35) respectively):

After we have found Equations (17) which represent the dependence of
the angles and sides of a triangle; when, finally, we have given the general
expressions for elements of lines, areas and volumes of solids, all else in
the Geometry is a matter of analytics, where calculations must necessarily
agree with each other, and we cannot discover anything new that is not
included in these first equations from which must be taken all relations of
geometric magnitudes, one to another. Thus if one now needs to assume
that some contradiction will force us subsequently to refute the principles
that we accepted in this geometry, then such contradiction can only hide in
the very Equations (17). We note, however, that these equations become
Equations (16) of spherical trigonometry as soon as, instead of the sides
a, b, ¢ we put ax/—1, b/—1, cA/—1; but in ordinary Geometry and in
spherical Trigonometry there enter everywhere only ratios of lines; there-
fore ordinary Geometry, Trigonometry and the new Geometry will always
agree among themselves.

This is clearly an indication of Lobachevsky’s intuition that if there were a contra-
diction in hyperbolic geometry, then there would also be one in Euclidean geometry or
in spherical geometry, and vice-versa. The reason for this close relationship between
the three geometries is that, as we already noted, Lobachevsky’s method of proof of
the hyperbolic-trigonometric formulae involves transformations that go back and forth
between hyperbolic, spherical and Euclidean geometries.

It may be useful to note here that there have been subsequent proofs of the trigono-
metric formulae, that are also synthetic (that is, that do not use models), and that do not
require going into 3-dimensional hyperbolic space. I am thinking here of the important
variational method used by L. Gérard in his thesis, Sur la géométrie non euclidienne
(1892) [53].

After having derived his non-Euclidean trigonometric formulae, Lobachevsky, tak-
ing second-order approximations of the functions sin IT(x), cos IT(x) and tan IT(x)
for small values of x, proved that for infinitesimally small triangles, the trigonometric
formulae of hyperbolic geometry become those of Euclidean geometry. He also made
the fundamental remark that some of the trigonometric formulae that he obtained for
infinitesimal triangles lead to the fact that the angle sum of an infinitesimal triangle

250



1. On the content of Lobachevsky’s Pangeometry 251

is equal to two right angles, thus proving that at the infinitesimal level, hyperbolic
geometry is Euclidean.

These trigonometric formulae are at the foundations of the analytic theory of hy-
perbolic geometry, which is developed in the rest of the memoir.

It is important to note the passage, in the structure of the Pangeometry, from an
axiomatic and rather abstract approach of hyperbolic geometry (described in the first
and the second parts) to an approach based on the distance function, involving concrete
computations (in the third and the fourth parts).

The third part of the Pangeometry starts with an exposition of the general theory
of representation of curves in the hyperbolic plane using coordinates that resemble the
xy-coordinates of Euclidean analytic geometry. After presenting the general theory,
Lobachevsky derived formulae for equations of lines, of circles and of limit circles. In
such a representation, a point P in the hyperbolic plane is parametrised with reference
to an oriented line, called the x-axis, and equipped with an origin O. The x-coordinate
of the point P is taken to be the distance OM from the coordinate origin O to the
projection M of P on the x-axis (see Figure 38). The y-coordinate of P is taken to be

y
P
y N
1 ]
X [ X
o M
(1) (ii)

Figure 38. This figure is intended to show one difference between rectangular coordinates
in hyperbolic and in Euclidean geometry. On the left-hand side, x and y are the rectangular
coordinates of the point P. On the right-hand side are represented two perpendiculars to the x-
and y-axes that do not intersect.

the length of the segment PM . Coordinates are taken with the usual appropriate signs,
depending on which side of the x-axis the point P lies, and on which side of the origin
the projection M of P on the x-axis lies. Lobachevsky calls these (x, y)-coordinates
“rectangular coordinates”. Note that no y-axis is needed in that construction, and that
the y-coordinate, unlike the case in Euclidean geometry, is not equal to the distance
from the point P to some y-axis. This is related to the fact that there are no “rectangles”
(quadrilaterals with four right angles) in the hyperbolic plane. It may also be useful to
note that if we take two perpendicular axes in the hyperbolic plane, calling them an x-
and a y-axis, and if we try to mimic the way Euclidean coordinates are usually defined,
then one problem arises from the fact that two perpendicular lines erected at points on
the x- and the y-axes do not necessarily intersect (Figure 38 (ii)).
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252 1. On the content of Lobachevsky’s Pangeometry

In Lobachevsky’s rectangular coordinates, the parallelism function is again a useful
tool for writing concise formulae for equations of lines and curves. For instance, the
equation of a circle of radius r > 0 centred at the origin is

sin [T(x) sin [T(y) = sin I1(r).

This is also an equation that is used in transforming rectangular coordinates into polar
coordinates.

In polar coordinates, the point P in the hyperbolic plane is represented by a pair
(6,r), with r > 0 being the distance from P to the origin O, and 6 being the angle
between the rays Ox and OP. The following equations determine 6 in terms of x, y
and r:

_ tanTI(r)
~ tan TI(y)
and

cos IT(x)
cos = ———.
cos I(r)

From the equation of a circle given above, by making a small transformation and
after making r tend to infinity, Lobachevsky obtained the following equation of a limit
circle:

1
sin [1(y) = tan EH(x).

Equations of lines in the hyperbolic plane are non-linear, and their expression is
more complicated than that of equations of circles.'* One complication for writing
equations of lines stems from the fact that a perpendicular to the x-axis dropped from a
variable point x on a line L does not make a constant angle with L. Another difference
with the case of Euclidean geometry is that, in hyperbolic geometry, there are three
possibilities for the position of a line with respect to the x-axis: the line may intersect
the x-axis, or it may be parallel to it, or it may be hyperparallel (that is, it may be
neither parallel to nor intersecting that axis).

Let us give a concrete example of an equation of line. If we erect a perpendicular to
the x-axis at the point O, then the equation of a line L intersecting this perpendicular
at distance a from O and making an angle o with that perpendicular, as in Figure 39,
is

cos [1(y) = c'os—H(a) —sin I[1(a) cot TT(x) cot &,
sin IT(x)
x and y being the rectangular coordinates of an arbitrary point on L.

The equation of a line L that does not intersect the x-axis and that is not parallel
to it has a shorter expression. Taking the coordinate origin O to be the foot of the

1450One may recall here Lobachevsky’s remark made in the first pages of the Pangeometry, saying that from
the synthetic point of view, the notion of circle is more elementary than that of line.
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P

0 X
Figure 39

common perpendicular to L and the x-axis and denoting by b the length of the common
perpendicular segment, the equation of L is

cos I1(h) = cos TT(y) sin IT(x).

Using the (x, y)-representation of lines, Lobachevsky proved that in the hyperbolic
plane, if two lines are not parallel and do not intersect, then they have a common
perpendicular.

After the section on equations of curves in the hyperbolic plane, the Pangeometry
contains a section on arc length and on surface area.

Let me make here a remark on area.

The notion of area in hyperbolic geometry is delicate. Of course, it is easy (and
pleasant) to start with the definition of the area of a triangle as being the angular deficit
of this triangle. But this definition is highly non-intuitive, compared to the definition
of area in the Euclidean plane based on the definition of the area of a rectangle as the
product of its base and altitude. There are no rectangles in the hyperbolic plane. There
is no natural formula for the infinitesimal area element in the hyperbolic plane, because
there is no natural choice of coordinates. The work done by Lobachevsky on arclength,
area and volume is highly non-trivial. Lobachevsky obtained the following formulae
for the infinitesimal arc element, respectively in rectangular and in polar coordinates:

dx2
ds = dy2 + +
sin” I1(y)

and

ds = \/dr2 + dg? cot? TI(r).

These formulae were obtained by first writing a formula for the distance between
two points in the plane, and then neglecting high order terms.

With these formulae, Lobachevsky started a new set of ideas in non-Euclidean ge-
ometry, namely, the computation of length, area and volume by integrating infinitesimal
elements.
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254 1. On the content of Lobachevsky’s Pangeometry

It is important to emphasise the fact that Lobachevsky developed a differential
geometric theory that lives in a two and a three-dimensional vector space equipped
with a metric that is not the Euclidean metric. This theory may be considered as a
first example of an intrinsic Riemannian geometry that is not the Euclidean one. The
theory was worked out before Riemann developed the concept of differential geometry
on manifolds.

The formulae for the infinitesimal line element, and from there, the formulae for
the infinitesimal area and volume elements, were obtained by Lobachevsky using the
trigonometric formulae, and the first-order expansions for the (trigonometric functions
of) the parallelism function, namely,

cotI(x) = x,

1
sinl(x) =1— Exz
and

cos I[T(x) = x.

As a first application of his infinitesimal formulae, Lobachevsky made explicit
computations of lengths of circles and of limit circle arcs. Again, the expressions
obtained use the parallelism function IT, which permits economical notation.

After establishing the formulae for the circumference and area of a circle, Loba-
chevsky showed that these formulae lead at the infinitesimal level to the well-known
formulae of Euclidean geometry.

Integrating the infinitesimal length in the special cases of limit circle arcs and of
circles, Lobachevsky recovered the formulae that he had found earlier, using more
global methods. He made the computations in various coordinates: rectangular, polar
and limit circle coordinates. He obtained a formula for the infinitesimal area of a plane
region by using a subdivision of the plane by a network of infinitesimally close limit
circles having acommon axis. In the case where this axis is the x-axis, the area element
takes the particularly simple form

cot IT(y)dx.

From this formula, Lobachevsky obtained a formula for the area of a region contained
between two parallel lines, unbounded in the direction of parallelism and bounded by a
segment perpendicular to these parallel lines. He showed how to recover, starting with
the infinitesimal area form, the area of a circle. He then used this infinitesimal area
element to find an expression of the area of a triangle, and he showed that this area is
equal to the angular deficit, that is, to the difference between two right angles and the
angle sum of this triangle.

It is interesting to note that the fact that the area of a triangle is equal to its angular
deficit is obtained in Lobachevsky’s memoir as a theorem. In this respect, we recall
that it is possible to define area in hyperbolic geometry by starting with the notion of
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area of a triangle, as angular deficit, and then using additivity and a limiting procedure
to define the areas of some more general figures.'4¢

Another interesting formula that Lobachevsky gave in the Pangeometry is the one
for the area of a right rectilinear triangle in terms of the lengths of its edges.

He applied the formula for the area of a triangle to obtain a formula for the area of
a circle by a method different from the one he had previously given.

Lobachevsky then studied the notion of area of a curved surface in hyperbolic 3-
space. He defined the area of such a surface by taking limits of sums of areas of triangles
forming a decomposition of the surface (that is, a “triangulation” of that surface), as
the dimensions of all the triangles tend to zero.'*” He obtained the following formula
for the infinitesimal area element of a curved surface of equation z = f(x, y), in the
rectangular 3-space coordinates:

) dz\? 1 dz\? 1 dxdy
d=s = =) T\ T == ) - .
dx sin® I(y) \ dy sin® IT(y) sin* I1(z) 2 sin I1(z)
He then obtained the following formulae for the infinitesimal volume element, in

rectangular and in polar coordinates, respectively:

3p dxdydz
sin IT(y) sin® TI(z)’

1
d*P = 7 608 B(e" —e ") drdwd.

After establishing these formulae, Lobachevsky expressed areas and volumes of
some special figures by integrals.

Computing areas and volumes in various manners is the main theme of the fourth
part of the Pangeometry. Using different ways for measuring the area or the volume of
a given geometrical figure, Lobachevsky obtained new formulae for definite integrals.
One example is the computation of the area of a triangle by integrating the infinitesimal
area form, and then equating the result with the formula of the area being equal to the
angular deficit. This leads to formulae like

T __
24 tan wdw b1

+a=21
0 Vcos? A —sin® o 2

146This was for instance Lambert’s approach, when he worked out the (hypothetical) consequences of the
failure of Euclid’s parallel postulate. We also recall that Gauss, in a letter to Wolfgang Bolyai, dated 6 March
1832 (this was after Gauss read Jdnos Bolyai’s work on non-Euclidean geometry), wrote a proof of the fact
that the area of a triangle in the hyperbolic plane is equal to its angular deficit. Gauss’s proof is contained
in Volume VIII of his collected works [52], p. 220, and it is different from the one given by Lobachevsky
in the Pangeometry, although both proofs involve the inclusion of an arbitrary triangle in a triangle having
infinite-length edges. Gauss’s proof is presented in detail by Coxeter in [35], p. 296-299,

%7 This definition of the area of a surface is a natural generalisation of the definition of the length of a
curve. The Schwarz paradox that shows the shortcomings of such a definition in the case of surfaces appeared
several years after Lobachevsky’s writings, cf. Schwarz [135].

sin A
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Let us recall in this respect that Lobachevsky was interested from his early
works onwards in obtaining new formulae for definite integrals. His first published
memoir, the Elements of geometry (1829) [95] already contains integrals and com-
putations of volumes. In that memoir, Lobachevsky recovered some of the formu-
lae that were obtained by Legendre in his Exercices de calcul intégral. We also
recall that Lobachevsky’s Géométrie imaginaire (1837) [99] is almost exclusively
devoted to the computation of integrals. In that memoir, he obtained formulae for
volumes of pyramids and of simplices in 3-space. The last section of the Application
of imaginary geometry to certain integrals (1836) [98] contains a list of 50 integral
formulae.

In addition to his interest in integral calculus, Lobachevsky’s aim was to show
that his new geometry is useful in a domain other than geometry, namely, analysis.
Furthermore, although Lobachevsky did not have a proof in the sense we intend it today
that hyperbolic geometry is consistent,'*® drawing as many consequences as possible
of the new theory without meeting any contradiction was of course very reassuring.

Some of the integrals that Lobachevsky found are recorded in integral tables, see
for instance the tables by Bierens de Haan, Tables d’intégrales définies [22], and Grad-
shteyn and Ryzhik’s Table of integrals, series, and products [54].

Computations of areas and of volumes of figures in hyperbolic space were carried
out, after Lobachevsky’s work on the subject, by several authors. In 1852, Schlifli
worked on volumes of spherical polyhedra on the n-dimensional sphere, ' establishing
a formula for the differential of the volume. There is a relation between Schlifli’s
formula and the formulae of Lobachevsky, of which Schléfli was not aware. (It seems
that Schlifli was not altogether aware of Lobachevsky’s work.)

We also note that W. E. Story, in his paper On the non-Euclidean geometry (1881)
[142], computed areas of conics in the hyperbolic plane, and his results are expressed,
as in Lobachevsky’s work, as elliptic integrals.

An account of Lobachevsky’s integrals obtained as volumes of bodies in hyper-
bolic 3-space is given in Coxeter’s paper The functions of Schlifli and Lobatschefsky
[33]. In that paper, Coxeter made the relation between the formulae of Schlifli and
those of Lobachevsky. He also reported on an integral formula giving the volume of
a birectangular non-Euclidean tetrahedron in terms of its dihedral angles. This for-
mula is considered today as being of paramount importance. It was discovered by
Lobachevsky about 100 years before Coxeter’s paper was written, and it had remained
almost unnoticed during that whole period. One may also add to this that Coxeter’s
revival of Lobachevsky’s work did not get full attention until the work of Thurston in
the 1970s. Lobachevsky’s formulae for volume are treated in Chapter 7 of Thurston’s
Princeton Notes [143], and they are also reviewed in the appendix of Milnor’s paper,
Hyperbolic geometry: The first 150 years [110]. In that appendix, Milnor showed
how one can deduce from Lobachevsky’s work a formula for the volume of an ideal
tetrahedron. Milnor wrote an expanded version of volume computation in hyperbolic

148and in fact, there also was no proof at that time that Euclidean geometry was consistent!
1498 chlifli was among the first mathematicians who worked in dimensions > 3.
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1. On the content of Lobachevsky’s Pangeometry 257

geometry, in a paper published in Milnor’s Collected papers [111]. (The paper is only
published there.) It is also worth noting that before Milnor, Laptev wrote, in 1954,
a paper on volumes of pyramids, in which he described in modern terms ideas of
Lobachevsky [89]. Laptev’s paper was not mentioned by Milnor. The paper [151] by
Vinberg contains a survey of Lobachevsky’s computations of volumes of hyperbolic
tetrahedra, mentioning the works of Schlifli, Coxeter, Laptev and Milnor. Vinberg’s
paper is written in the pure model-free tradition of Lobachevsky.

In connection with the computation of volumes of tetrahedra, it may also be inter-
esting to recall that there is a letter dating from 1832 from Gauss to Wolfgang Bolyai, in
which Gauss proposed, as a problem for Wolfgang’s son Janos, to determine the volume
of a tetrahedron, ' cf. [52], p. 224. Supposedly, Gauss was unaware of Lobachevsky’s
calculations of volume, which were published two years before.'>!

Computing volumes of hyperbolic polyhedra is nowadays a very active field of
research, especially in dimension three. This subject, inaugurated by Lobachevsky, is
so vast that it would be unreasonable to try to report on its development in the present
commentary.

To conclude this circle of ideas, we note that in the nineteenth century, computing
elliptic integrals was fashionable in Russian mathematical circles, partly because of
Euler’s influence. Lobachevsky was the first mathematician to compute such integrals
using the differential calculus in hyperbolic space.

Lobachevsky concluded the Pangeometry with some considerations that have a
different character. They concern the fact that the world in which we live might be
hyperbolic. Lobachevsky tried to check this fact by using data that were available to
him on extremely large distances, namely, distances between stars.'>?

Using astronomical observations in order to test the physical validity of hyperbolic
geometry (namely, that the angle sum in an interstellar triangle is strictly less than two
right angles) has been a concern for Lobachevsky for a long period of time.

Already in his first written treatise (cf. the Elements of geometry (1829), Engel’s
translation [45], p. 23-24), Lobachevsky tried to use existing angle measurements of a
triangle with two vertices at opposite positions of the earth with respect to the sun (that
is, two positions that are six months apart) and with the third one at the star Sirius, to
determine whether the angle sum in interstellar triangles is equal to two right angles. It

1508ince in hyperbolic geometry the area of a triangle can be defined as the angular deficit of that triangle,
it is a natural question to try to express the volume of a tetrahedron in terms of its dihedral angles. It turns
out there is no straightforward formula for this, but there are formulae that make use of an integral function
which is now called the Lobachevsky function. This function is closely connected to the Euler dilogarithm
function. The known formulae for volumes of 3-dimensional tetrahedra involve the value the Lobachevsky
function at the dihedral angles.

151Gauss’s correspondence with W. Bolyai, published in Gauss’s Collected works [52], Vol. VIII, is also
reproduced in a paper by P. Stickel and F. Engel [140].

1521 obachevsky was also the head of Kazan’s University Observatory, a position he was appointed to in
1819, cf. [79]. We note by the way that Gauss, who was a co-discoverer of hyperbolic geometry, was also
the director of the Gottingen Observatory, a position he held from 1807 until his death in 1855. Let us
also mention that likewise, Nasir al-Din at-Tusi, who did valuable work on spherical trigonometry and on
the parallel postulate, and who, for that reason, is considered as an important forerunner of non-Euclidean
geometry, was the founder and the director of the observatory of Maragha (a city in contemporary Iran).
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258 1. On the content of Lobachevsky’s Pangeometry

is known that Lobachevsky consulted for that matter the observations made at Kazan
observatory, of which he was the director during several years. In the introduction to
his New elements of geometry with a complete theory of parallel lines, Lobachevsky
wrote the following (Halsted’s translation):

The futility of the efforts which have been made since Euclid’s time during
the lapse of two thousand years to perfect it awoke in me the suspicion that
the ideas employed might not contain the truth sought to be demonstrated,
and for whose verification, as with other natural laws, only experiments
could serve, as, for example astronomic observations.

Lobachevsky’s use of astronomical measurements is also mentioned in Milnor’s
paper [110].

After he made his computations, Lobachevsky’s conclusion was that with a high
degree of exactness, one cannot deduce the failure of Euclidean geometry, and thus,
either the world in which we live is Euclidean, or the distances that we are capable
of measuring are infinitesimal compared to the size of the world. Lobachevsky’s
measurements, in connection with his views on physics, are also reported on in an
interesting paper by N. Daniels, N. Lobachevsky: Some anticipation of later views
on the relations between geometry and physics [37]. Let us also note that it is told
that Gauss also tried to measure angular deficit of large physical triangles, though
he considered triangles that are smaller in size than those of Lobachevsky, namely,
triangles whose vertices are at the summit of three mountains.'>* It may also be
interesting to recall in this respect that Gauss, at some point, following Schweikart,
used the term “astral geometry” to designate hyperbolic geometry.

Finally, one may remark that such measurements might have shown in principle
that the sum of the values of a certain triple of angles is different from 180°, which

153Gauss’s biographers do not all have the same attitude towards the story of these measurements. K. Reich,
in [127] (p. 80 of the French translation) gives names of three mountains that Gauss used for such measure-
ments: Hoher Hagen, Inselsberg and Brocken. J. Gray (personal communication) believes that Gauss saw
very quickly that such measurements would be inconclusive. P. Dombrowski considers the fact that Gauss
made terrestrial or astronomical measurements as a test for the validity of Euclidean geometry in the space
that surrounds us as a “conjecture which cannot be proved with certainty”, see [39], p. 131. W. K. Biihler
considers the whole story about Gauss checking whether the three-dimensional space in which we live is
Euclidean or non-Euclidean by measuring distances between mountains is a myth, see [28], p. 100. It may
be useful to recall here that in any case, geodesy constituted a significant part of Gauss’s activity. This is
reported on by all his the biographers, see e.g. [43], [28] and [127]. Gauss was interested in measuring the
earth’s surface irregularities, and understanding their relation with the density of matter beneath this surface.
He was also interested in measuring latitudes, and their relation with the gravitational field strength. We also
mention that Gauss, who was a member of a commission for weights and measures, was personally involved
in a huge project (1818-1832) of measuring precisely the area of the Kingdom of Hanover, and the method
used was to cover this surface by a grid of triangles and to add the areas of these triangles. He invented a
machine (called “heliotrope”), based on optical signals and movable mirrors, for measuring distances be-
tween points on the earth’s surface, and he also invented a method for determining the angles of the triangles
so obtained. Gauss worked personally on these measurements, and he published theoretical articles on the
subject. It is not surprising that several theoretical scientists that were Gauss’s contemporaries considered
that he was losing valuable time in doing such measurements, see e.g. excerpts from his correspondence
with F. Bessel quoted in [43], p. 120, and from the one with W. Olbers quoted in [39], p. 129.
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would have implied that the physical space in which we live is not Euclidean, but that
measuring the actual angle sum of the (hypothetical) non-Euclidean triangle that has
the three given points as vertices requires the knowledge of the surface on which this
triangle lies in three-space. It seems that this issue was not addressed neither by Gauss
nor by Lobachevsky. This remark was made by Beltrami already in 1870 (see his letter
to Hotiel dated 4 January 1870 [23], p. 123).

One may question a posteriori the seriousness of these computations made by Gauss
and Lobachevsky. But the fact that these two mathematicians considered that the world
in which we live might not be Euclidean is important, and the idea was new.
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2. On hyperbolic geometry and its reception

The discovery of hyperbolic geometry may be considered as the most important ge-
ometrical discovery of the nineteenth century.154 In this section, I recall a few facts
about this event and its consequences, with a particular stress on the way hyperbolic
geometry was received in the few years that followed Lobachevsky’s death.

As is well known, the road to hyperbolic geometry was tortuous, and it involved a
gigantic amount of energy spent on trying to prove an erroneous statement, namely, that
Euclid’s parallel postulate follows from the other axioms. Proving this false statement
was the main concern of many first-rank geometers, for nearly twenty centuries. Some
of these geometers published their “proofs” and then retracted them, and others did not
retract their proofs. There are many known examples.

A case which is not so well known is that of Euler, who attempted two proofs of the
parallel postulate, reported on by his devoted student and relative Nicolaus Fuss, who
also was Euler’s assistant and the permanent secretary at St. Petersburg’s Academy of
Sciences during many years.'>> The first of Euler’s attempt is based on the assumption
that an equidistant locus to a line is a union of two lines, and the second one is based
on the existence of similar triangles. It is known that both assumptions are equivalent
to Euclid’s parallel postulate.

Let me also cite the case of Joseph-Louis Lagrange, who, by the end of his life,
presented to the French Academy of Sciences a memoir in which he “proved” the
parallel postulate, but who, at the last moment, interrupted the reading and withdrew
the manuscript, saying: “Il faut que j’y songe encore” [I have to think further]. This
story is related in Barbarin’s Géométrie non euclidienne [11], p. 15, and in Bonola’s
Non-Euclidean geometry [26], p. 52, who quotes de Morgan [115]. The same event
is told in more detail in Pont’s Aventure des paralleles [121], pp. 231-234, where
Lagrange’s manuscript is also analysed.

Finally, let me mention an unpublished 250 page manuscript by Joseph Fourier,
written between 1820 and 1827. This manuscript contains about twenty attempts to
prove the parallel postulate. Pont made a thorough analysis of this manuscript in [121],
pp- 531-586. Even though the attempts by Fourier were unsuccessful, it appears that
Fourier defined a line / to be parallel to another line I’ if  separates the lines that intersect
B from those that do not intersect /’. Thus, Fourier used (at about the same period, and
independently) the same definition of parallelism as Lobachevsky, Bolyai and Gauss.
Furthermore, Fourier’s manuscript contains the notion of horocycle; cf. [121], p. 541.

154Recall David Hilbert’s sentence: “Let us look at the principles of analysis and geometry. The most
suggestive and notable achievements of the last century in this field are, as it seems to me, the arithmetical
formulation of the concept of the continuum in the works of Cauchy, Bolzano and Cantor, and the discovery
of non-Euclidean geometry by Gauss, Bolyai, and Lobachevsky.” [74]

155The manuscripts, handwritten by Fuss, are kept in the St. Petersburg Academy of Sciences, and they
were disclosed in 1961. The titles of the two manuscripts are Euleri doctrina parallelismi and Euleri
elementa geometriae ex principio similitudinis deducta. They are analysed in Pont’s Aventure des paral-
leles [121], pp. 281-282. Pont quotes a paper by Y. A. Belyi, On an elementary geometry handbook by
L. Euler [15].
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It is also known that each of the three founders of non-Euclidean geometry, namely,
Lobachevsky, Bolyai and Gauss, spent several years trying to prove the parallel postu-
late.

P. Stickel and F. Engel, in their paper on Gauss and the Bolyais, [140], quoted a
passage from Jands Bolyai’s autobiography in which he stated that until the year 1820,
he was seeking a proof of the parallel postulate. A. Chatelet, in [31], p. 136, claimed
that J. Bolyai, a few years after his famous Science of absolute space'® appeared in
print, came back to working on a proof of Euclid’s parallel postulate, and that for some
time he even thought he had succeeded in finding one.

Regarding Gauss, we can quote a letter he sent to Wolfgang Bolyai in 1799:

It is true that I have come upon much which by most people would be held
to constitute a proof [of the parallel postulate]: but in my eyes it proves as
good as nothing.'’

G. B. Halsted, who published an English translation of Bolyai’s Science of absolute
space, wrote on page ix of the Preface to his translation (see [26]), and after citing
excerpts from Gauss’s correspondence:

“From this letter we clearly see that in 1799 Gauss was still trying to prove
that Euclid’s is the only non-contradictory system of geometry, and that it
is the system regnant in the external space of our physical experience. The
first is false, the second can never be proven.”

Rosenfeld concluded from Gauss’s correspondence that Gauss, up to the year 1816,
was still trying to prove the parallel postulate, and that it is only in 1817 that he started
being convinced of the non-provability of this axiom (see [131], p. 215).

Now we come to Lobachevsky.

It seems that during his studies, and at least until the year 1820, Lobachevsky was
trying to prove the parallel postulate (see Engel [45], p. 381).

A. V. Vasiliev published in 1909 a set of class-notes that were taken by a student
at Kazan University, Mikhail Temnikov, at geometry lessons that Lobachevsky gave
during the academic years 1815-1816 and 1816—1817. These notes contain “proofs”
of the parallel postulate by Lobachevsky. In one of these proofs, Lobachevsky used
a lemma which is true in Euclidean geometry but not in hyperbolic geometry, and
which he thought he proved using the axioms of neutral geometry. The lemma says
the following (see Figure 40): Given a line A B, if we take successive lines AC, CD,
DE, EF suchthat AC L. AB,CD 1 AC,ED 1 CD and EF 1 ED, and all of the
successive lines turn in the same direction (say to the right, as in Figure 40), then the

156]. Bolyai’s work was published in 1832 as a 28-page Appendix to his father’s Tentamen juventutem
studiosam in elementa matheseos purae elementaris ac sublimioris methodo intuitiva evidentiaque huic
propria introducendi, cum appendice triplici, cf. [24]. Note that there is no general agreement on whether
to use as short title for Bolyai’s Appendix “Science of absolute space” or “Absolute science of space”; see
the various translations in item [24] of the bibliography.

157Gauss’s Collected works, Vol. VIII [52], pp. 159-160 [... aber was in meinen Augen so gut wie NICHTS
beweist ...]. The English translation is borrowed from [131], p. 214.
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C

Figure 40. All the intersections in this picture are perpendicular. In the Euclidean plane, the line
EF necessarily cuts the line AC. In his early class-notes, Lobachevsky wrote (mistakenly) that
in neutral geometry, the line EF necessarily cuts either AB or AC.

line EF necessarily intersects either AB or AC. Another lemma that Lobachevsky
thought (mistakenly) was valid in neutral geometry is the following: Any line that
cuts perpendicularly one of the sides of a 45° angle cuts the other side. Lobachevsky’s
proofs are reported on by Pontin [121], p. 252 ff. Lobachevsky realised in the year 1823
or before that all these proofs were unsuccessful, and he made in his book Geometry
(written in 1823, but published posthumously) the remark that all the existing proofs
of the parallel postulate are false.'>

The date at which Lobachevsky stopped his attempts to prove the parallel postulate
and started working on a new geometry in which this postulate is not satisfied, is an
important date, but unfortunately it is only approximately known.'® On p. 415 of
[152] and on p. 472 of [153], Vucinich wrote the following: “B. L. Laptev, on the
basis of new documentary material, shows that as early as 1822, Lobachevsky was
convinced of the futility of all efforts to adduce proofs for the parallel postulate and
that most probably by 1824 he was preoccupied with constructing a new geometry”.
Hougzel, in [77], quoted Laptev [88] for saying that Lobachevsky gave in 1823 a course
in geometry in which he declared (Houzel’s translation from the Russian):

Up to now, one has not succeeded to find a rigorous proof of that truth.
Those which were given may be named only explanations, but do not
deserve to be considered, in the full sense, mathematical proofs.

Houzel considers this as an indication of the fact that at that date Lobachevsky was

158 quoted by Pont [121], p. 251.

1591t is also conceivable that Lobachevsky went back and forth several times between the two convictions,
namely, that the parallel postulate is a consequence of the other axioms of Euclid, and thatitis not. Developing
a theory where this postulate is denied was useful in both cases, either to look for a contradiction (in the first
case) or to obtain a coherent theory where this axiom does not hold (in the second case).
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still working on a proof of Euclid’s parallel postulate. It is true that the text shows
that Lobachevsky does not exclude such a proof. Laptev, in his 1976 book [91] affirms
however that Lobachevsky already in 1817 abandoned all efforts to deduce the parallel
postulate from the other postulates.

Stories like the above, about first-rank mathematicians, including the founders of
hyperbolic geometry, writing “proofs” of the parallel postulate, can be amusing, but
as always, there is an unfortunate effect on mathematics. Each time a mathematician
of the stature of Legendre, whose Geometry was considered as the modern version
of Euclid’s Elements, announces that he had settled the parallel problem (Legendre
included a proof of this fact in the third edition of his Geometry (1800)), then the natural
short-term consequence is to freeze further research on the subject. Lobachevsky, in
his New elements, before starting the exposition of his new theory, spent several pages
explaining where the arguments of his predecessors (namely Legendre and Bertrand)
failed. There is also a sad aspect in the story of non-Euclidean geometry. The sad
aspect is that the first results, which laid the basis of the theory, took an incredibly long
time to be acknowledged, and caused much more depression than joy for their authors.
The three founders of the theory, namely, Gauss, Bolyai and Lobachevsky, never got
any significant credit for the work they did on the subject until after their death (and
they lived a relatively long period of time after they made their discoveries). Gauss,
of course, was a formidable mathematician, and during his lifetime, he was generally
considered as the greatest living mathematician. But non-Euclidean geometry did not
contribute in any sense to Gauss’s fame, and in his early biographies, his work on
hyperbolic geometry is hardly mentioned. As a matter of fact, Gauss never sought
credit for his work on hyperbolic geometry, and the reason (or, at least, the reason he
gave in his correspondence with some of his friends) seems to be that he simply wanted
to avoid controversy. '

Jan6s Bolyai practically stopped publishing mathematics just after his work on non-
Euclidean geometry appeared in print, with the bitter feeling that Gauss had plagiarised
his work. When he came across Lobachevsky’s memoir published in German, Bolyai
was convinced that Gauss, having stolen his ideas, published them under the false name
of Lobachevsky. Bolyai left several thousands of pages of handwritten notes, which
were disclosed and studied after his death. They contain results (which were new at the
time he wrote them) on various subjects, including number theory, the axiomatisation of
mathematics, and the use of complex numbers in geometry. Bolyai is now considered
as a genius. But this recognition was posthumous.

Likewise, Lobachevsky had a difficult lifetime, and the full acknowledgement of
his work came only several years after his death. His memoir On the elements of
geometry, which he submitted for review to the St. Petersburg Academy of Sciences in

1607, Gray noted that P. Dombrowski has suggested that it might be that Gauss never published his ideas on
hyperbolic geometry because he did not get the foundations of the subject to his satisfaction. In this respect,
Gray remarks that Gauss barely published his work on elliptic functions, which was in much better shape.
We refer to Gray’s article [57] for a discussion of Gauss’s role in the discovery of hyperbolic geometry. It is
also conceivable that Gauss, after reading Bolyai’s Appendix, considered that the problem was completely
settled and therefore he did not really pursue research in the field.
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1832, received a negative report, written by M. V. Ostrogradsky, an influential member
of the Academy. When he read Lobachevsky’s memoir, Ostrogradsky, who was a
specialist in integral calculus, ignored its geometric content, and he based his opinion
on a computation made by Lobachevsky of two definite integrals. In Rosenfeld’s
History of non-Euclidean geometry[131], p. 208 (quoting Kagan), we find the following
translation of Ostrogradsky’s review, that is extracted from the St. Petersburg Academy
Archives:

“Having pointed out that of the two definite integrals Mr Lobachevsky
claims to have computed by means of his new method one is already known
and the other is false, Mr Ostrogradsky notes that, in addition, the work
has been carried out with so little care that most of it is incomprehensible.
He therefore is of the opinion that the paper of Mr Lobachevsky does not
merit the attention of the Academy.”

Vucinich, in [152], p. 314, wrote that beyond that report, Ostrogradsky continued
his harsh criticism of Lobachevsky’s work until his death.

After the negative report written by Ostrogradsy, Lobachevsky’s work was pub-
lished in a local journal, the Kazan Messenger (Kazansky Vestnik) [95], and it remained
unnoticed for years.

E. B. Vinberg wrote in his Note on Lobachevsky [150] that the geometric works of
Lobachevsky were derided and were regarded as an eccentricity of a respected professor
and university rector.

Rosenfeld reported, in [131], p. 219, on one single Russian mathematician, P. I.
Kotelnikov, professor at Kazan University, who recognised the value of Lobachevsky’s
work, and who praised him during his lifetime. Rosenfeld and his translator cited as
follows an excerpt from an address, entitled “On bias against mathematics”, delivered
by Kotelnikov at Kazan University in 1842:

In this connection I cannot pass over in silence that the futile millennial
attempts to prove with all mathematical rigour one of the fundamental
theorems of geometry, to the effect that the angle sum in a rectilinear
triangle is equal to two right angles, inspired Mr Lobachevsky, a revered
and meritorious professor of our university, to undertake the prestigious
task of building a whole science, a geometry based on the new assumption
that the angle sum in a triangle is less than two right angles — a task that is
bound to gain recognition sooner or later.

Kotelnikov’s case of support for Lobachevsky is really the “exception that proves the
rule”.

Lobachevsky continued nevertheless working and publishing on geometry. Ac-
cording to Kagan, it is probable that a very heavy teaching load and his complete
involvement in administrative tasks prevented Lobachevsky from falling into profound
mental depression, as did J. Bolyai and F. A. Taurinus for the reason that their work on
non-Euclidean geometry was not acknowledged.
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After the hostility, disdain, and mockery with which his geometrical writings were
received in Russia, Lobachevsky decided to write memoirs in French and in German,
and he sent his manuscripts to Western European journals, seeking for recognition
in the West. Strangely enough, these works remained unnoticed for several years
following their publication. There was however one exception: Gauss came across
Lobachevsky’s paper published in German, and he was so much impressed that he
decided to read his works written in Russian.!®! Of course, this exception is a major
one, because of Gauss’s fame, but Lobachevsky was not aware of Gauss’s interest, and
Gauss, in his writings, never mentioned the name of Lobachevsky, except in private
correspondence. Lobachevsky died with the feeling that his geometrical works were
completely unacknowledged.

Let us now review some of the developments that occurred after the decade that
followed Lobachevsky’s death.

The publication, in the period 1860-18635, of Gauss’s correspondence with Schu-
macher, was certainly the first major factor that drew the attention of the mathematical
world to the work of Lobachevsky, or at least to his name.

In 1865, A. Cayley published a Note on Lobatchewsky’s imaginary geometry [30],
in which he reported on Lobachevsky’s trigonometric formulae for hyperbolic geom-
etry, making a comparison between these formulae and the trigonometric formulae of
spherical geometry. Although Cayley failed to understand Lobachevsky’s main ideas
(see Rosenfeld [131], p. 220, and Yaglom [155], p. 168), the note helped to make some
of Lobachevsky’s work known to the mathematical community.

In 1872, V. V. Bunyakovsky (1804—-1889), a member of the St. Petersburg Academy
of Sciences, wrote a paper in French, in the Memoirs of that Academy [29], in which
he claimed to establish a contradiction between Lobachevsky geometry and the visual
notion of space. As Rosenfeld puts it in [131], p. 210, although Bunyakovsky’s paper
contains a critique of Lobachevsky’s work, the difference between his report and the
previous reports, written by the academician Ostrogradsky and his students, is that
Bunyakovsky spoke respectfully of Lobachevsky’s talents.

161Cf. Gauss’s letter to J. E. Encke, February 1841, published in his Collected works, [52], Vol. VIIL, p. 232:
“I am making reasonable progress in learning to read Russian and this gives me a great deal of pleasure.
Mr Knorre sent me a small memoir of Lobachevsky (in Kazan), written in Russian, and this memoir, as well
as his small German book on parallel lines (an absurd note about it has appeared in Gersdorft’s Repertorium)
have awakened in me the desire to find out more about this clever mathematician.” The translation is from
the English version of Rosenfeld’s History of non-Euclidean geometry. The original text says: [Ich fange
an, das Russische mit einiger Fertigkeit zu lesen, und finde dabei viel Vergniigen. Hr. Knorre hat mir
eine kleine in russischer Sprache geschriebene Abhandlung von Lobatschewsky (in Kasan) geschickt und
dadurch so wie durch eine kleine Schrift in deutscher Sprache iiber Parallellinien (wovon eine hochst alberne
Anzeige in Gersdorfs Repertotium steht) bin ich recht begierig geworden, mehr von diesem scharfsinnigen
Mathematiker zu lesen]. Vucinich, in his Science in Russian culture ([152], p. 309) mentioned that Gauss
learned Russian by reading Bunyakovsky’s Foundations of mathematical probability, “an extremely well
written work”. G. Waldo Dunnington [42] claimed that the reason why Gauss learned Russian was his desire
to read Lobachevsky’s work on non-Euclidean geometry in the original. Biihler [28], p. 155, and Rosenfeld
[131], p. 219, made the same assertion. Polotovsky wrote in [120] that this is a myth. In any case, Yaglom
noted that “Gauss had outstanding linguistic abilities and the learning of a foreign language often served as
a pastime for him” ([155], p. 167).
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Full recognition of Lobachevsky’s work and credit for his discovery of non-Eu-
clidean geometry were given in G. Battaglini’s paper Sulla geometria immaginaria di
Lobatschewsky [14] (1867), in E. Beltrami’s famous paper Saggio di interpretazione
della geometrianon-Euclidea [16] (1868), and in F. Klein’s Uber die sogenannte Nicht-
Euklidische Geometrie [82] (1871). The paper by Beltrami is usually referred to for
establishing the relative consistency of non-Euclidean geometry with respect to the
Euclidean one. It was translated into French by Houél, and published in the same year
in the Annales Scientifiques de I’Ecole Normale Supérieure. Klein had learned about
Lobachevsky’s work at a seminar conducted by Weierstrass, at the University of Berlin,
in 1870.

Beltrami, in the introduction of his Saggio di interpretazione della geometria non-
Euclidea, explaining the goal of his paper, wrote the following:

We tried, to the limit of our capabilities, to make for ourselves an idea of
the results to which the doctrine of Lobachevsky leads; and following a
method which seems to us completely conformal to the good traditions of
scientific investigation, we tried to provide that doctrine with a firm basis,
before we admit for that theory the necessity of a new order of entities and
of concepts. We believe that we succeeded in our goal with respect to the
planar part of this doctrine, but we believe that this goal is impossible to
attain for what concerns the rest.'®?

The French translation of Beltrami’s paper by Hoiiel (a translation that was approved
by Beltrami)'® is more precise, for what concerns the last sentence quoted. Translated
into English, the sentence says the following:

We believe that we succeeded in our goal for what concerns the planar
part, but it seems to us that it is impossible to attain this goal in the case of
dimension three.'®

The fact that Beltrami was dubious about Lobachevsky’s three-dimensional ge-
ometry posed in particular the question of the validity of Lobachevsky’s proofs of
his trigonometric formulae (which Beltrami knew were the same as the trigonometric

192[ Abbiamo cercato, per quanto le nostre forze lo consentivano, di dar ragione a noi stessi dei risultati a cui
conduce la dottrina di Lobatschewsky; e, seguendo un processo che ci sembra in tutto conforme alle buoni
tradizioni della ricerca scientifica, abbiamo tentato di trovare un substrato reale a quella dottrina, prima di
ammettere per essa la necessita di un nuovo ordine di enti e di concetti. Crediamo d’aver raggiunto questo
intento per la parte planimetrica di quella dottrina, ma crediamo impossibile di raggiungerlo in quanto al
resto.] Stillwell’s translation of the first sentence reads (cf. [141], p. 7): “In this spirit we have sought, to
the extent of our ability, to convince ourselves of the results of Lobachevsky’s doctrine; then, following the
tradition of scientific research, we have tried to find a real substrate for this doctrine, rather than admit the
necessity for a new order of entities and concepts.” Stillwell’s translation of the second part of the sentence
seems more logical, but I did not follow it because it is not faithful to the original in this particular case.

163Beltrami and Hoiiel exchanged several letters concerning this translation, see [23].

164[Nous croyons y avoir réussi pour la partie planimétrique ; mais il nous semble impossible d’y parvenir
dans le cas de trois dimensions.]
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formulae of the pseudo-sphere), since these proofs involved constructions in the three-
dimensional hyperbolic space. In this respect, Beltrami made the following remark, in
his letter to Hotiel dated 18 November 1868 (pp. 65-66 of [23]):

. and even more the reflection (which never left me) that the pseudo-
spherical trigonometry was deduced by Lobachevsky from his stereomet-
ric theorems and was nevertheless really correct, led me to postpone the
publication of my researches until all my difficulties were resolved.'

In the following year, Beltrami published another paper on the same question, the
Teoria fondamentale degli spazii di curvatura costante [17], in which he settled the
question regarding the validity of Lobachevsky’s three-dimensional geometry.

One can follow the fascinating evolution of Beltrami’s ideas during that period in
reading his letters to Hoiiel, and the invaluable notes accompanying them in [23].16

Beltrami wrote in the Teoria fondamentale degli spazii di curvatura costante:

... One can check that Lobachevsky’s theory coincides, except for nomen-
clature, with the geometry of 3-dimensional space of negative constant
curvature. %’

Beltrami declared at several occasions that his pseudo-sphere model gave him such
a satisfying and convincing picture of the existence of Lobachevsky’s planar geome-
try that (curiously enough) it made him doubt the existence of Lobachevsky’s three-
dimensional geometry. For instance, Beltrami wrote, in the conclusion of his Saggio
di interpretazione della geometria non-Euclidea [16] (p. 26 of Stillwell’s translation):

The preceding seems to confirm at every point the interpretation of noneu-
clidean planimetry by means of surfaces of constant negative curvature.
The nature of this interpretation is such that there cannot be an analogous,
equally real, interpretation of noneuclidean stereometry. '

We also quote in this respect a passage from a letter written by Beltrami to Hotiel, dated
18 November 1868:

That paper (the one called Saggio etc.) has been written during last year’s
fall, after reflections that made life difficult for me at the time of the pub-
lication of your translation of Lobachevsky.'®

1651 et encore plus la réflexion (qui ne m’avait jamais quitté) que la trigonométrie pseudosphérique
était déduite par Lobatschewsky des théorémes de sa stéréométrie, et se trouvait cependant bien exacte me
porterent a différer la publication de mes recherches jusqu’a la solution de toutes mes difficultés.]

166The book [23] contains 65 letters sent by Beltrami to Hoiiel, between the years 1868 and 1881. Among
these letters, 17 were written in the important year 1869.

167[Si puo verificare che la teoria di Lobatschewsky coincide, salvo nei nomi, colla geometria dello spazio
a tre dimensioni di curvatura costante negativa. |

168[Da quanto precede ci sembra confermata in ogni parte 1’annunciata interpretazione della planimetria
non-euclidea per mezzo della superficie di curvatura costante negativa. La natura stessa di questa interpre-
tazione lascia facilmente prevedere che non ne puo esistere una analoga, egualmente reale, per la stereometria
non-euclidea.]

19Beltrami refers here to Hoiiel’s translation of the Geometrische Untersuchungen zur Theorie der Paral-
lellinien, cf. [100].
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I think that at that time, the idea of constructing non-Euclidean geom-
etry on a perfectly real surface was very new. However, I will confess
that, dragged somehow too far by the complete explanation that my sur-
face gave of non-Euclidean planimetry, I was first tempted to question the
stereometric researches of Lobatschewsky, and to see in them only a kind
of “geometric hallucination” (it was the way I qualified them; of course, in
my mind) which I was hoping to reduce, after some more mature thoughts,
to their true meaning. In other words, I thought at that time that the con-
struction of non-Euclidean planimetry on a surface I call pseudo-spherical
would exhaust the range of this transcendental planimetry, in almost the
same way as the ordinary construction of complex variables on a plane
entirely exhausts all their arithmetic significance.'””

We remark incidentally that at the time of this discussion led by Beltrami, only 2-
and 3-dimensional (Euclidean or non-Euclidean) geometries were conceived. Higher-
dimensional spaces were still not considered.

B. Riemann, in his 1854 Habilitationsvortrag, Ueber die Hypothesen, welche der
Geometrie zu Grunde liegen (On the hypotheses that lie on the foundations of ge-
ometry), in which he dwell upon the three kinds of constant curvature geometries on
surfaces, never mentioned the name of Lobachevsky, despite the fact that his mentor,
Gauss, knew about Lobachevsky’s work. This can appear as a surprise, especially if
one notices that Riemann mentioned Legendre and his unsuccessful attempts to prove
the Euclidean parallel postulate, as an example of what Riemann considered as the
“darkness” by which geometry was covered since the times of Euclid. But the situa-
tion becomes somehow clearer if one recalls that the identification of Lobachevsky’s
non-Euclidean plane with a surface of negative constant curvature was done only later
on, namely, in the works of Beltrami [16], [17] and of Klein [82]. One must also note
in this respect that Riemann was not interested in deriving a geometry in the fashion of
Lobachevsky (that is, in an axiomatic way, following Euclid).!”! Riemann’s Habilita-

170 Le dit écrit (celui qui a pour titre “Interprétation etc.”) a été rédigé en ’automne de 1’année passée,
d’apres des réflexions qui avaient pollué en moi a I’époque de la publication de votre traduction de Lo-
batschewsky. Je crois qu’alors I’idée de construire la géométrie non-euclidienne sur une surface parfaitement
réelle était tout-a-fait nouvelle. Je vous avouerai cependant que, entrainé un peu trop loin par I’explication
complete en tous points que ma surface donnait de la planimétrie non-euclidienne, je fus tenté d’abord de
ne pas croire a la partie stéréométrique des recherches de Lobatschewsky et de n’y voir qu’une espece de
“hallucination géométrique” (c’est ainsi que je la qualifierais; dans ma pensée, bien entendu) que j’espérais
pouvoir, apres des réflexions plus mires, réduire a sa vraie signification. En d’autres termes, je croyais alors
que la construction de la planimétrie non-euclidienne sur la surface que j’appelle pseudo-sphérique épuisait
entiérement la portée de cette planimétrie transcendentale, a peu pres comme la construction ordinaire des
variables complexes sur un plan épuise toute entiere leur signification arithmétique.] (cf. [23], p. 65-66.)

171 According to J. Gray (personal communication), the fact that Riemann was so surprised by Gauss’s
choice of the topic for his Habilitation examination indicates that it is likely Gauss and Riemann never talked
about the foundations of geometry. As a matter of fact, it seems that Gauss and Riemann almost never
talked at all. In this respect, Yaglom reported in [155], p. 168 that “Gauss was not a good teacher and rarely
appreciated the merits of his pupils. [...] Riemann took Gauss’s course on the method of least squares, but
apparently they had no personal contacts.” Of course, this does not contradict the fact that Riemann was
highly influenced by Gauss’s work on the differential geometry of surfaces.
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tionsvortrag was published in 1867, the year following Riemann’s death [129], which
was one year before Beltrami published his Saggio and his Teoria fondamentale [16],
[ 1 7] . 172

As part of the story, we also mention Beltrami’s paper Sulla superficie di rotazione
che serve di tipo alle superficie pseudosferiche (On the rotation surface that serves as
a model for pseudo-spherical surfaces) [18] in which the author studied the pseudo-
sphere, the surface that served as a model for Lobachevsky’s geometry. The pseudo-
sphere is a surface of revolution in Euclidean 3-space, whose meridian is a tractrix. The
word “interpretation” in the title of Beltrami’s paper Saggio di interpretazione della
geometria non-Euclidea (Essay on the interpretation of non-Euclidean geometry) refers
to the pseudo-sphere as being a model of Lobachevsky’s geometry in the sense that the
geodesics on the pseudo-sphere, in the sense of differential geometry, have the same
behaviour as that of the straight lines in the hyperbolic plane. This discovery was a
very important step in the history of non-Euclidean geometry, since it provided the
first concrete example of a surface embedded in Euclidean three-space that is locally
isometric to the hyperbolic plane. But some problems remained of course, because the
pseudo-sphere is not a faithful representation of the hyperbolic plane, since this surface
is not simply connected (it is homeomorphic to a cylinder). Moreover, the universal
cover of the pseudo-sphere is a horodisk (a surface bounded by a horocycle) in the
hyperbolic plane, and a horodisk is not isometric to the hyperbolic plane, since it is
not complete. Beltrami was aware of these facts. The question of the existence of a
surface in Euclidean space whose intrinsic geometry is that of the complete hyperbolic
plane remained open for several years. It was eventually solved in 1901, that is, after
Beltrami’s death, by David Hilbert, who showed that there does not exist any analytic
non-singular surface embedded in Euclidean three-space whose intrinsic geometry is
that of the hyperbolic plane.!”3

Regarding the later development of non-Euclidean geometry, it is worth mention-
ing another work that probably has not received the attention it deserves. This is the
work of Joseph-Marie de Tilly (1837-1906), a member of the Royal Belgian Academy

"2Hoiiel translated Riemann’s Habilitationsvortrag into French, but no French journal agreed to publish
it. Concerning this question, Beltrami wrote in a letter to Hotiel dated 4 December 1868 (cf. [23], p. 68—69):
“I regret the bad mood of French journals towards the translation of Riemann’s posthumous Memoir, and
I cannot resign myself to consider that this decision is final. If I am not mistaken, there is, in that work,
amid many obscure passages, some true light shafts, and I do not know whether some of the most important
concepts that we encounter there have ever been presented in such a clear way”. [Quant a la traduction du
Mémoire posthume de Riemann, je regrette la mauvaise disposition des journaux frangais, et je ne puis me
résigner a la considérer comme définitive. Si je ne me trompe, il y a dans ce travail, au milieu de nombreuses
obscurités, des véritables traits de lumiere, et je ne sais si quelques unes des conceptions les plus importantes
qu’on y rencontre, ont été jamais présentées d’une facon aussi lucide.] Hoiiel’s translation was eventually
published in the Italian Journal Annali di Matematica cf. [129], at the insistance of L. Cremona, who was
the journal’s editor (see Beltrami’s letter to Hotiel dated 8 January 1869, [23], p. 72).

173The analyticity condition was soon after shown to be unnecessary by G. Liitkemeyer, in his Gottingen
thesis Uber den analytischen Charakter der Integrale von partiellen Differentialgleichungen (1902). As a
matter of fact, there is no C 2 differentiable embedding of the hyperbolic plane in R3. N. Kuiper showed in
1955 that there exists a C ! -embedding of the hyperbolic plane in R3. We also mention that there exist C >
embeddings of the hyperbolic plane in R, cf. D. Blanu¢a (1955). Jeremy Gray communicated to me that
the existence of such an embedding is much older, cf. [114].
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of Science, who was an officer in the Belgian army and who taught mathematics
at the Military School. In the 1860s, de Tilly, who was not aware of the work of
Lobachevsky, developed independently a geometry in which Euclid’s parallel postu-
late does not hold. He introduced the notion of distance as a primary notion in the three
geometries: hyperbolic, Euclidean and spherical. He developed an axiomatic approach
to these geometries based on metric notions, and he highlighted some metric relations
between finite sets of points; see for instance his Essai sur les principes fondamen-
taux de la géométrie et de la mécanique [144] and his Essai de géométrie analytique
générale [145].

It is also important to note that after the first period of fancy for hyperbolic geom-
etry, several of the earlier attempts to prove Euclid’s postulate (e.g. those of Wallis,
Saccheri, Lambert and Legendre) began to be regarded as containing valuable mathe-
matical results. Several of these approaches were by contradiction, that is, their authors
searched for a contradiction in the consequences of the negation of Euclid’s parallel
postulate, and it turned out later on that some of the consequences that were obtained
were among the important results proved by Lobachevsky, Bolyai and Gauss. It is in
this sense that Wallis, Saccheri, Lambert, Legendre and others are considered as the
predecessors of hyperbolic geometry. In this respect, we recall that Beltrami wrote in
1889 a paper, Un precursore italiano di Legendre e di Lobatschewski [19], that reha-
bilitated Saccheri’s Euclides ab omni naevo vindicatus, giving excerpts from that book
that contained various theorems which had been previously attributed to Legendre,
Lobachevsky and Bolyai.!”* Beltrami’s paper was soon followed by translations of
Saccheri’s works into English by Halsted (published in instalments in the American
Mathematical Monthly, starting from 1894), into German by Stédckel and Engel (1895)
[139], and into Italian by Boccardini (1904) [134]. In 1887, Gino Loria published a
paper entitled Il passato e il presente delle principali teorie geometriche (The past and
present of the main geometric theories) [106], which was translated into German by
F. Schutte and published in 1888. Loria eventually expanded his article into a 476
page book with the same title, in which he reviewed the development of geometry from
antiquity until the first years of the twentieth century. Of major importance are also
the compilations by Stickel and Engel, Die Theorie der Parallellinien von Euklid bis
auf Gauss [139] and by Bonola, Geometria non-euclidea, esposizione storico-critica
del suo sviluppo [26].

Despite all these developments, non-Euclidean geometry continued to be a con-
troversial subject until the end of the nineteenth century. Its main ideas were not
understood by a large number of mathematicians, and the bases of the theory were put
into doubt by several others. For instance, it was difficult, even for many geometers,
to conceive the fact that the area of a triangle is uniformly bounded, that there exist
triangles whose angle sum is arbitrarily small, that there are disjoint straight lines with
no common perpendicular, that there exist triples of points that are not on the same
circle, and so on. The common mathematician regarded hyperbolic geometry as a mere

174Saccheri’s book was published in 1773, the year of Saccheri’s death, and it was soon forgotten, until
Angelo Manganotti, who, like Saccheri, was a Jesuit priest, found by accident a copy of that book and
communicated it to Beltrami.

270



2. On hyperbolic geometry and its reception 271

logical curiosity, but there were also harsh opponents of the subject. Let me give a few
examples.

J. Barbarin, in his paper La correspondance entre Hoiiel et de Tilly [13], pp. 50-61,
reported that around the year 1870, the French Academy of Sciences was truly flooded
by attempts to prove the Euclidean postulate, and that these attempts were so numerous
that the Academy appointed a special commission, called “Commission des paralleles”,
to deal with this matter. In 1869, a public conflict took place at the Academy, between
supporters and detractors of non-Euclidean geometry. After that conflict started, all the
notes on the subject that were submitted to the Academy were systematically returned
to their authors [154].17°

In that conflict, the detractors of non-Euclidean geometry included Joseph Bertrand,
who was a professor of Physics and of Mathematics at College de France and who was
a member of the Academy of Sciences since 1856,!7% and Charles Dupin, who was a
member of the Academy since 1818.!77 The conflict became an open one when Bertrand
and Dupin claimed that a proof of the parallel postulate by Jules Carton, presented at the
Academy, was correct, cf. [3].!7® Joseph Liouville and Irénée-Jules Bienaymé partici-
pated in the battle, supporting the fact that it is not possible to give a proof of the parallel
postulate.!”® Some episodes of that conflict are related by Pont, [121], pp. 652—-660.

1751t seems that the suspension of discussions on the parallel postulate at the Academy of Sciences was first
asked by the supporters of a proof of the parallel postulate, see Beltrami’s letter to Hotiel dated 23 December
1869 [23], p. 110. We recall by the way that there have been other instances of subjects whose discussion
was banned from the French Academy. For instance, discussions of papers related to squaring the circle or
on the possibility of perpetual motion were prohibited, being considered as useless and time-consuming. As
a matter of fact, discussions about squaring the circle were already banned in 1775, that is, long before the
proof of impossibility of such a construction, due to the large amount of noise that was made around this
problem. We recall that the solution of the problem was obtained in 1882 by Ferdinand von Lindemann, as a
corollary of his proof that 7 is transcendental. Itis also worth noting in this respect that the first major step in
the proof that 7z is transcendental was obtained by Lambert, who is mentioned several times in this book, and
who is often considered as the precursor of hyperbolic geometry who came closest to its discovery. Lambert
gave the first proof, in 1761, of the fact that 7 is irrational, and he conjectured that 7 is transcendental.

176 Joseph Bertrand (1822-1900) became the permanent secretary of the Academy of Sciences for mathe-
matics in 1874, and he was elected at the Académie Francaise in 1884.

177 Charles Dupin (1784-1873) was also a famous politician.

178Besides his note to the Academy of Sciences, Carton wrote a book on the subject, entitled Vrais principes
de la géométrie euclidienne et preuves de 'impossibilité de la géométrie non euclidienne, cf. [4]. Carton’s
proof was refuted by Hoiiel in his Note sur I’impossibilité de démontrer par une construction plane le
principe de la théorie des paralléles dit Postulatum d’Euclide, cf. [75]. Eventually, it turned out that this
proof by Carton of the parallel postulate was a forgery. In a letter to Hoiiel, dated 6 January 1870, Beltrami
reported that Carton’s proof was copied from a “proof” by C. Minarelli, that had appeared 20 years before,
in the Nouvelles Annales de Mathématiques, No. 8, pp. 312-314, and that Minarelli’s “proof” had already
been refuted several times (see [23], p. 121).

179Regarding Liouville’s implication in the conflict, let me note an amusing remark by Beltrami, in his
letter to Hotiel dated 30 December 1869 ([23], p. 111): “I am very happy that a geometer with the force and
the (very rightly deserved) authority of Liouville shares the ideas that we consider as correct. Nevertheless,
from my point of view, a little bit egoistic for what concerns truth, I would have preferred somebody else
instead; because I know that Mr Liouville has a very determined antipathy for Italy and the Italians, and this
will probably prevent him from considering with care anything that comes from that side.” (and Beltrami
developed that remark in the rest of the letter). [Je suis bien content qu’un géometre de la force et de I’ autorité
(bien justement acquise) de M. Liouville partage les idées que nous croyons exactes. Seulement, 2 mon point
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During that conflict, Beltrami was hesitant about the opportunity of publishing
in France the translations made by Hotiel of his two fundamental papers Saggio di
interpretazione della geometria non-Euclidea [16] and Teoria fondamentale degli spazii
di curvatura costante [17]. In a letter to Hoiiel dated on 23 December 1869 ([23],
p- 109-11), Beltrami wrote, commenting an article that appeared in the same year in
the magazine Cosmos: Revue encyclopédique hebdomadaire des progres des sciences
et de leurs applications, relating the events that took place at the Academy of Sciences
that accompanied the publication of J. Carton’s note:

Nevertheless, I am happy that this fact highlighted again that subject in
France. At the same time, I must make for you a further declaration: that
is, if you think that the insertion of the translation of the two Memoirs in
the Ecole Normale Supérieure Collection (a collection which is somehow
official) might hurt the beliefs of some high-ranking persons in science
and in teaching, or be a source of annoyance, or alter your good relations
with eminent scientists that were your old masters, I will completely free
you from your promise, no matter how much it is dear to me, and I will
advise you to postpone the thing to a later moment, when the debate will
be pacified and until we get right to the bottom of the matter. Or else |
would ask you to confide the translations that you kindly prepared to an
independent Science journal.'8°

While the Academicians were discussing proofs of the parallel postulate, most of
them had not heard about Lobachevsky’s work. In January 1875, in a letter to Holiiel,
mentioned in [121], p. 636, Darboux wrote:

I know nothing about Pangeometry, and nobody in Paris knows about it. I
am perfectly sure, at least among the members of the Institute, nobody has
ever heard about it.!8!

Several years passed before the conflictended. In his book La science et I’hypothese
Poincaré mentioned that by the time in which the book was written (1902), the French
Academy received “only” one or two proofs of the parallel postulate every year.

de vue, un peu égoiste de la vérite, j’aurais préféré que ce flit un autre; car je sais que M. Liouville a une
antipathie trés-décidée pour I'Italie et pour les Italiens, et cela I’empéchera probablement de faire un peu
attention a ce qui vient de ce coté.]

180Quoi qu’il en soit, je suis content que ce fait ait rappelé en France Iattention sur le sujet en question.
En méme temps je dois vous faire une ample déclaration : c’est que s’il vous paraissait que I’insertion de la
traduction de mes deux Mémoires dans le Recueil de 1’Ecole Normale Supérieure (Recueil officiel en quelque
sorte) pit froisser les convictions de quelques personnes haut-placées dans la science et dans I’enseignement,
donner lieu a des désapprobations, ou altérer vos bons rapports avec des savants éminents qui ont été vos
maitres d’autrefois, je vous dégagerais complétement de votre promesse, quelque chere qu’elle fiit pour moi,
et je vous conseillerais de remettre la chose a plus tard, quand le débat serait calmé et lumicre faite. Ou bien
je vous prierais de confier les traductions que vous avez bien voulu préparer a quelque journal indépendant
de Science.]

181[Je ne connais pas la Pangéométrie et personne ne la connait & Paris. J’en suis parfaitement sir, au
moins parmi les membres de I’Institut on n’en a jamais entendu parler.]
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Of course, the fact that there exists a geometry which is not the Euclidean one opened
the way to the assumption that the geometry of the space that surrounds us might not be
Euclidean. This dispute between supporters and detractors of non-Euclidean geometry
had also ramifications in the physical sciences. Ethical and philosophical arguments
were also used in this debate. Morals were shaken by the appearance of non-Euclidean
geometry, because some rules that had been considered as irrefutable for centuries
(they were mathematical rules!), were said to be obsolete.

From the philosophical point of view, the opponents of non-Euclidean geometry
included Rudolf Hermann Lotze and Gottlob Frege. We refer to the book by Gray [55]
(in particular p. 190 and 328) for a short account of this subject and in reference to
these two philosophers.

The mathematician Jules Andrade recounted in a paper published in 1900 in I’En-
seignement Mathématique [6] that at an important meeting (on which he does not give
further details), he heard the following affirmation:

Ethics is concerned about the proof of Euclid’s postulate, because if cer-
tainty deserts even mathematics, then, alas, what could happen with moral
values 1182

Let us also quote a passage from Dostoyevsky’s novel The brothers Karamazov
(written in 1880) in which the existence of non-Euclidean geometry raises theological
problems:

(Ivan talking to his brother Alyosha, [40], p. 218) I tell you that I accept God
simply. But you must note this: If God exists and if He really did create
the world, then, as we all know, He created it according to the geometry of
Euclid and the human mind with the conception of only three dimensions
in space. Yet there have been and still are geometricians and philosophers,
and even some of the most distinguished, who doubt whether the whole
universe, or to speak more widely the whole of being, was only created
on Euclid’s geometry; they even dare to dream that two parallel lines,
which according to Euclid can never meet on earth, can meet somewhere
atinfinity. I have come to the conclusion that, since I can’t understand even
that, I can’t expect to understand about God. I acknowledge humbly that
I have no faculty for settling such questions, I have a Euclidean, earthly
mind, and how could I solve problems that are not of this world?'8?

When did the conflict between supporters and opponents of non-Euclidean geometry
end? The answer is not completely clear. In his 1895 biographical note on Lobachevsky
[62], G. B. Halsted wrote the following:

182[1] y a quelques années, dans une réunion que je ne préciserai pas davantage, j’ai entendu, formulée
gravement, cette opinion “que la morale elle-méme est intéressée a la démonstration du postulatum d’Euclide;
car, disait-on, si la certitude déserte méme les mathématiques, que deviendront, hélas, les vérités morales!]

183 Jeremy Gray quotes this too in his Worlds out of nothing [55], and he thinks that the reference to parallel
lines meeting at infinity surely suggests that projective geometry is at issue (personal communication). Of
course, Dostoyevsky’s doubts also concern the existence of a geometry in dimensions higher than three.
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[non-Euclidean geometry’s] day of probation is safely passed, and one
might better square the circle and invent perpetual motion than make the
slightest objection on non-Euclidean geometry.

This claim has to be taken with care, because at the time where Halsted wrote it,
there were still fierce opponents to hyperbolic geometry. Let me give a few examples.

In the first five volumes of the American Mathematical Monthly (starting in 1894),
Halsted published in instalments a paper entitled Non-Euclidean geometry: Historical
and expository. The paper consists essentially of his translation of Saccheri’s Euclides
ab omni naevo vindicatus [134]. The same issues contain several articles whose aim
was to point out contradictions in non-Euclidean geometry. For instance, in Volume 1 of
that journal (1894), in a short note entitled Easy corollaries in non-Euclidean geometry
[61], Halsted wrote that “in Lobatschewsky’s geometry, there may be a triangle whose
angle-sum differs from a straight angle by less than any small given angle however
small”. In a later issue of the same year (pp. 247-248), J. N. Lyle wrote a note which
starts with Halsted’s sentence as a hypothesis, and then he argued for a dozen of
lines, and concluded with the following words: “Since the conclusion is absurd, the
hypothesis from which it is deduced must be absurd.” The same author, in another
article of the same volume (pp. 426-427) wrote that “Lobatschewsky in his Theory of
parallels argues from false premises with such plausibility and subtle sophistry as to
allure many into accepting both premises and conclusions as sound geometry.”

It would be easy to give other excerpts of this kind, that is, excerpts from papers
written by opponents of non-Euclidean geometry that were published in serious mathe-
matical journals. Such a situation lasted until the end of the first decade of the twentieth
century.

Michel Frolov, a mathematician who was also a general in the French army, and the
author of a book entitled La théorie des paralléles démontrée rigoureusement, Essai
sur le livre I des éléments d’Euclide (Basel, 1893; a second edition was published
in 1899), wrote several articles against non-Euclidean geometers in L’Enseignement
Mathématique. 1 will quote now a long excerpt from one of these articles, because it
gives a quite good idea of how some mathematicians regarded hyperbolic geometry, at
the beginning of the twentieth century.

Non-Euclidean geometry, created by Gauss and his collaborators, and
which, according to the famous Mr J. Bertrand, had no seriously convinced
disciple thirty years ago, is very fashionable today. Among its supporters,
we can find members of Sciences Academies, university professors and
school teachers. It is used for the integration of differential equations; it is
even hoped that it will be used in the solution of the three-body problem.
Hundreds of writings are published by its followers, with the aim of prop-
agating this doctrine, whose most characteristic feature is a most complete
confusion between straight and curved lines.!®* As a consequence of this

184Frolov’s remark is justified in some sense, but this is the fate of hyperbolic geometry; when we draw
pictures of disjoint hyperbolic lines on a (Euclidean) piece of paper, we draw them as curved lines, for
otherwise, these lines would appear as either equidistant or intersecting.
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confusion, the notion of straight line is completely lost, and without such a
firm notion, the study of Geometry becomes unrealistic. It is like studying
music while having no ear. That is not all: Some people invoke the Geom-
etry of beings without width and of inhabitants of empty spheres.'®> They
present doctoral theses on that doctrine. They distribute special prizes and
honourable mentions for books written on that doctrine.'%® Finally, some
people attribute to it a large philosophical significance, because according
to its followers, by showing the inanity of Kant’s ideas on space, this doc-
trine has basically ruined the metaphysics of criticism (a sentence quoted
from P. Mansion’s, Métagéométrie, Mathesis, October 1896, p. 41).

There are very worrying symptoms that make us fear that this doctrine will
soon acquire a place in the teaching curricula, all the more so since it has
already penetrated a few treatises on geometry. It is not sufficient to affirm
that the neo-geometers have no other goal than to train themselves on the
analysis of various hypotheses. It seems that hypotheses should never be
admitted in mathematics, and that it is urgent that specialised journals de-
voted to the teaching of mathematics address the important issue that can
be summarised in the following question: Is non-Euclidean geometry true
or false?

[...] Non-Euclidean geometry is a doctrine that is only hypothetical. It
is based on the negation of Euclid’s Axiom XI, or postulatum, which was
rightly considered, for more than twenty centuries, as an evident truth,
confirmed by all the physical facts.

This hypothesis, which nothing justifies, immediately led to a chain of
paradoxes, which appeared to its inventors as containing no contradiction.
They thought they had discovered a marvellous doctrine, which would
change the face of mathematics and which would throw upon it abundant
light.

Its partisans multiplied the proofs that establish that Euclid’s postulatum
is unprovable, and it seems that on the contrary, the professional mathe-
maticians did nothing to defend the Geometry of Euclid and Archimedes
against the invasion of this subversive doctrine that reverses all the geo-
metrical facts of the physical world.'®’
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185Reference is made here to a famous passage by Poincaré in his article Les géométries non euclidiennes
[117], repeated in his La science et I’hypotheése [118].

186Reference is probably made to the Lobachevsky Prize and to its three accompanying “honourable
mentions” that were awarded in 1897.

1871 La géométrie non euclidienne, créée par Gauss et ses collaborateurs Lobatschevsky et Bolyat, et qui,
selon I’illustre M. J. Bertrand n’a eu, il y a trente ans, aucun disciple sérieusement convaincu, est trés en vogue
de nos jours. Elle compte, parmi ses partisans, des membres des académies des sciences et des professeurs
des universités et des colleges. On s’en sert pour intégrer des équations différentielles ; on espere méme
résoudre le probleme des trois corps, en I’envisageant dans son domaine. Des centaines d’écrits sont publiés
par ses adeptes, dans le but de développer et de propager cette doctrine, dont le trait le plus caractéristique
est la plus grande confusion des lignes droites et des lignes courbes, de sorte qu’on y perd facilement toute
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The article from which the quotes are extracted and translated was published in
Volume 2 (1900) of L’Enseignement Mathématique [51]. We note that the newly
founded journal (1899) had a prestigious list of sponsors that included Appell, Cre-
mona, Klein, Mittag-Leffler, Picard and Poincaré. There are other papers by the same
author, in the same journal, in which he presented what he considered as contradictions
in non-Euclidean geometry. Responses to these writings by other mathematicians were
published during the first decade of the twentieth century, in L’Enseignement Mathé-
matique and in other journals. In connection with these articles, in Volume 4 (1902) of
L’Enseignement Mathématique, p. 330, there is the following Note from the Editorial
board of the journal:

We recall to our readers that I’Enseignement Mathématique is at the dis-
posal of the Euclideans and the non-Euclideans. Without taking sides in
one sense or another, this Journal is a platform which is open to all math-
ematicians.'®8

Frolov gave the following interesting example in his support to the claim he made,
that confusion reigns in non-Euclidean geometry. The example is based on a letter
from Gauss to Schumacher, dated 12 July 1831,'"® in which Gauss claims that if we
start with an equilateral triangle of centre O in the hyperbolic plane, and if we make
the three vertices of that triangle tend simultaneously to points a, b and ¢ at infinity
while staying on the angle bisectors, we obtain, as a limiting figure, an infinite tripod,
formed by the rays Oa, Ob, Oc (see Figure 41). Frolov wrote on that example:

notion de ligne droite, sans laquelle 1’étude de la Géométrie devient illusoire. Autant vaudrait étudier la
musique sans avoir d’oreille. Ce n’est pas tout : on invoque la Géométrie des étres sans épaisseur et de ceux
qui habitent des spheres creuses. On présente des theses de doctorat sur cette doctrine. On distribue des prix
d’encouragement et des mentions honorables pour des ouvrages qui contribuent a son perfectionnement.
Enfin, on lui attribue une grande portée philosophique, car selon ses adeptes, en montrant l'inanité des idées
de Kant sur l’espace, elle a ruiné, par la base, la métaphysique du criticisme (phrase citée de M. Mansion,
Meétagéométrie, Mathesis, Octobre 1896, p. 41).

Ce sont des symptomes trés inquiétants, qui font craindre que cette doctrine ne tardera pas a conquérir une
place dans I’enseignement, d’autant plus qu’elle a déja pénétré dans quelques traités de géométrie. On a
beau affirmer que les néogéometres n’ont d’autre objet que de s’exercer a des analyses mathématiques sur
des hypotheses variées. Il semble que les hypothéses ne devraient jamais étre admises en mathématiques
et qu’il est urgent que les revues spéciales, consacrées a I’enseignement mathématique, s’occupent de la
question qui se résume en une évidente alternative : la Géométrie non euclidienne est-elle vraie ou fausse ?
La Géométrie non euclidienne est une doctrine toute hypothétique, reposant sur la négation de 1’axiome XI
ou du postulatum d’Euclide, qui fut, avec raison, considéré pendant plus de vingt siecles comme une vérité
évidente, confirmée par tous les faits physiques.

Cette hypothese, que rien ne justifie, conduisit immédiatement a un enchainement continu de paradoxes
qui a paru a ses inventeurs ne contenir en lui aucune contradiction. On a cru avoir découvert une doctrine
merveilleuse, appelée a changer la face de la Mathématique et a verser sur elle des flots abondants de lumiere.
Ses partisans s’empresserent aussitot de la rendre inattaquable en multipliant les preuves pour établir que le
postulatum d’Euclide est indémontrable. Au contraire, les mathématiciens de profession paraissent n’avoir
rien fait pour défendre la Géométrie d’Euclide et d’Archimede de I’invasion de cette doctrine subversive
renversant tous les faits géométriques du monde physique.]

188 [Nous rappelons 2 nos lecteurs que I’Enseignement Mathématique est 2 la disposition des euclidiens et
des non-euclidiens. Sans prendre de parti dans un sens ou dans un autre cette Revue est une tribune ouverte
a tous les mathématiciens. ]

189 Collected works [52], Vol. VIIL p. 216.

276



2. On hyperbolic geometry and its reception 277

Gauss’s adepts, who were more daring, if not more clever than him, ex-
plained that the master was mistaken, and that the equilateral triangle does
not, at the limit, become equal to its angle bisectors, but to the union of
straight lines QR, ST, UV, which are pairwise asymptotic. This correc-
tion was necessary, because it would have been strange that the edges of the
triangle break by themselves. But such an explanation assumes an occult
force which suddenly separates the edges of the triangle from each other,
because even if one can easily conceive lines that do not intersect, it is diffi-
cult to understand what could prohibit us from connecting the three points
a, b, c, taken on the angle bisectors of the triangle as far as wished from
the centre O. Gauss’s conception appears to be clearer than the one of his
disciples. But instead of trying to making clear this useless confusion, one
would better acknowledge that enlarging the triangle does not change the
value of its angles, and that the angle sum remains constant, which amounts
to rejecting the hypothesis and accepting Euclid’s postulatum. '*°

~

Figure 41. The figure is drawn after a figure contained in Gauss’s letter to Schumacher. It shows
a tripod which, according to Gauss, appears as the limit of hyperbolic triangles.

We must admit that strictly speaking, Frolov is right in pointing out what can be
considered as a mistake by Gauss, since the limit of the triangle, in the most natural
sense that can be given to the word limit, is not the tripod, but a figure that is called
today an “ideal triangle”, viz. a triangle whose three vertices are at infinity and whose
angles are all equal to zero. By the way, a modern geometer will notice that Gauss’s
intuition fits well in the context of coarse geometry, that was developed during the last
two decades of the twentieth-century by M. Gromov. We also note that Lobachevsky,
in the Pangeometry, made use of triangles with zero angles.

Frolov then expounded what he considered to be contradictions in Lobachevsky’s
writings, and after these and other similar attacks on non-Euclidean geometry, Frolov

1901Ce sont ses adeptes, plus hardis sinon plus judicieux que lui, qui ont expliqué que le maitre s’était
trompé et que le triangle équilatéral se transforme, a la limite, non pas en ses bissectrices, mais en trois
droites QR, ST, UV, asymptotes réciproques deux a deux. Cette correction devenait nécessaire, car il
serait étrange que les cotés du triangle rectiligne se brisent d’eux-mémes. Mais une telle explication suppose
une force occulte qui détache brusquement les c6tés du triangle 1’un de I’ autre, car s’il est facile de concevoir
des droites qui ne se rencontrent pas, il est difficile de comprendre ce qui empécherait de joindre entre eux
les points @, b, ¢ pris sur les bissectrices du triangle équilatéral, aussi loin que I’on veut du centre O. La
conception de Gauss semble plus claire que celle de ses disciples. Mais, au lieu de débrouiller cette confusion
inutile, il vaut mieux reconnaitre qu’avec 1’agrandissement du triangle ses angles ne varient pas et que leur
somme reste constante, ce qui revient a rejeter I’hypothese et a accepter le postulatum d’Euclide.]
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concluded his paper with the following words:

We have the right to wish that this paradoxical and contradictory doctrine
will not be introduced in teaching, where it can distort the students’ intel-
ligence.”!

The mathematician C. Vidal concluded as follows a paper that also appeared in
L’Enseignement Mathématique (1902) [147]:

From all the preceding discussions, it seems to us that it should follow at
least the impression that the non-Euclidean doctrine is not as firm as people
tend to say. And it is possible that soon will come the day in which the
non-Euclideans will no more dare feigning, regarding their adversaries, a
self-confidence and a spirit of conciliation which are always accompanied
by some irony. Besides, it is understandable that some geometers, having
been cheated by ingenious sophisms, and being thoroughly engaged in the
non-Euclidean adventure, find it difficult to put aside their errors. But
whether they wish it or not, we think that they will be defeated by logic.'*?

In 1908, Klein wrote in his Elementary mathematics from an advanced viewpoint'®3

([851, p. 177 of the English translation of Part IT (Geometry)):

Today, every person of general culture has heard of the existence of a non-
Euclidean geometry, even though a clear understanding of it can be attained
only by experts.!**

On page 185 of the same book, Klein wrote:

Every teacher certainly should know something of non-Euclidean geome-
try. Thus, it forms one of the few parts of mathematics which, at least in
scattered catch-words, is talked about in wide circles, so that any teacher
may be asked about it at any moment.'®

At the same time, there were still papers against non-Euclidean geometry, published in
mathematical journals. In a survey on the parallel axiom, written in the 1913 issue of
the Mathematical Gazette [50], W. B. Frankland wrote:

191[On a le droit de souhaiter que cette doctine paradoxale et contradictoire ne soit pas introduite dans
I’enseignement, ou elle pourrait fausser I’intelligence des éleves.]

192IDe toutes les discussions qui précedent doit se dégager, ce nous semble, au moins cette impression
que la doctrine non-euclidienne n’est pas aussi ferme qu’on veut bien le dire. Et peut-étre le jour n’est-il
pas €loigné ou les non-euclidiens n’oseront plus affecter, vis-a-vis de leurs adversaires, une assurance et un
esprit de conciliation qui ne vont point sans quelque ironie. On comprend, d’ailleurs, que certains géometres,
trompés par d’ingénieux sophismes et engagés a fond dans 1’aventure non-euclidienne, aient quelque peine
arevenir de leur erreur. Mais, qu’ils le veillent ou non, ils seront, croyons-nous, vaincus par la logique.]

193Klein wrote that book for school teachers.

194Theute hat wohl sogar jeder allgemein Gebildete schon einmal etwas von der Existenz einer nicht-
euklidischen Geometrie gehort, wenn auch ein klares Verstindnis fiir sie doch nur der Fachmann erreichen
kann.]

195 [Jeder Lehrer mup notwendig etwas von der nichteuklidischen Geometrie kennen; denn sie gehdrt nun
einmal zu den wenigen Teilen der Mathematik, die zum mindesten in einzelnen Schlagworten in weiteren
Kreisen bekannt geworden sind; nach ihr kann daher jeder Lehrer jeden Moment gefragt werden.]
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I want to come now to the latter half of the eighteenth-century, when
Bertrand of Geneva proved the parallel axiom finally and completely.!%®

and, further, in the same paper,

This real demonstration, as it seems to me, after more than ten years of
reflection [...] excludes Lobachevsky’s hypothesis.

All this shows that even though hyperbolic geometry is for us today not only a
geometry which is as natural as Euclidean geometry, but also a geometry that offers
the most active and the most rewarding subjects for research, its birth was probably
the most painful one of any mathematical subject, and its acceptance was incredibly
prolonged.

Let me add that there is something paradoxical in this story. On the one hand,
the absolute reign of Euclidean geometry ended with the discoveries of Lobachevsky,
Bolyai and Gauss. But on the other hand, these three authors showed that Euclid was
right in treating the parallel postulate as a postulate and not as a theorem, and in this
sense their works led to a rehabilitation of a statement made by Euclid, that had been
controversial for 2000 years.

196The author refers to the Swiss mathematician Louis Bertrand (1731-1812), a disciple of Euler, who also
published a “proof™ of the parallel postulate. Bertrand’s proof has been analysed by several mathematicians,
including Lobachevsky, Kagan, Buniakovski, and Gérard in his thesis. Gauss also discussed this proof in
his correspondence with Schumacher. (See the detailed account on Bertrand’s work by Pont in [121],
pp. 303-330). Louis Bertrand is not to be confused with the French mathematician Joseph Bertrand
(1822-1900), who is mentioned elsewhere in this book, and who was a fierce opponent of non-Euclidean
geometry.
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Lobachevsky’s Pangeometry is a foundational essay on abstract, postulational hyper-
bolic geometry, that is, hyperbolic geometry without models. Nowadays, students and
researchers in hyperbolic geometry work in models, and it is safe to say that a large pro-
portion of these students never realise that hyperbolic geometry can be studied without
models, simply because they never did a computation or worked out an exercise without
using a model. In the following lines I would like to say a few words on models versus
model-free hyperbolic geometry whose study, in my opinion, deserves more attention
than it actually has received.

We already recalled that the first model of hyperbolic geometry was produced by
Beltrami in 1868, in his Saggio di interpretazione della geometria non-Euclidea [16],
that is, thirteen years after Lobachevsky’s death. In this paper, Beltrami described the
“pseudo-spherical model” of the hyperbolic plane, a non-simply connected surface of
constant negative curvature embedded in Euclidean 3-space. Furthermore, by making
a special choice of coordinates, Beltrami found a representation of the hyperbolic plane
as the open unit ball in the Euclidean plane, in which the Euclidean chords play the
role of hyperbolic lines, and where the projective transformations of the plane that
preserve the ball play the role of the hyperbolic isometries. This model was later on
called the Klein—Beltrami model, because Klein added to it some extra structure, that
gave an interpretation within non-Euclidean geometry to the points in the Euclidean
plane that lie outside the unit ball.'”” This model made hyperbolic geometry, at a
very early stage, subject to projective geometry: non-Euclidean geometry happens
on a subset of projective space and its isometry group is a subgroup of the projective
group.'?® Perpendicularity in the hyperbolic plane can be expressed in terms of polarity
in projective geometry, and so on. We can quote here F. Klein, who already in 1871,

1971t is true that Beltrami’s pseudo-sphere had already been described by Gauss and Minding, as a surface
of negative constant curvature (cf. [52], Vol. VIII, p. 265, and [112]) and that a surface of constant negative
curvature which is identical to the Poincaré disk model is implicitly contained in Riemann’s Habilitationsvor-
trag (mentioned by J. Gray in [55], p. 192). But neither Gauss nor Minding did state a relation between these
surfaces and the parallel postulate or the non-Euclidean geometry discovered by Lobachevsky. Beltrami was
the first to do that, although Minding came close to that conclusion.

198Klein’s Lectures on non-Euclidean geometry [84] despite their name, are almost entirely dedicated to
projective geometry. Klein included the study of the three geometries (Euclidean, hyperbolic and spherical)
in the context of projective geometry in much the same way as Beltrami included them in the context of
differential geometry (in the sense inaugurated by Gauss). As a matter of fact, Klein, after Cayley, included
all geometry in the context of projective geometry. We quote Klein, from his Elementary mathematics from
an advanced viewpoint ([85], p. 134 of the English translation of Part IT (Geometry)): “This whole manner of
viewing the subject was given an important turn by the great English geometer A. Cayley in 1859. Whereas,
up to this time, it had seemed that affine and projective geometry were pooper sections of projective geometry,
Cayley made it possible, on the contrary, fo look upon affine geometry as well as metric geometry as special
cases of projective geometry. “Projective geometry is all geometry”.” [Diese ganze Art der Betrachtung
hat nun durch den grofien englischen Geometer A. Cayley 1859 eine wichtige Wendung erfahren: wihrend
es bisher schien, als ob die affine und projektive Geometrie drmere Ausschnitte der metrischen seien, macht
es Cayley moglich, umgekehrt die affine sowohl als die metrische Geometrie der projektiven als besondere
Fiille einzuordnen: “projektive geometry is all geometry”.]
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considered, following a similar idea of Cayley concerning Euclidean geometry, that
hyperbolic geometry should be taught as a chapter in projective geometry. In his Uber
die sogenannte Nicht-Euklidische Geometrie [82], Klein wrote the following:

We shall not further pursue the philosophical speculations [of Gauss, Lobachevsky
and Bolyai] which led to the works in question; rather, it is our purpose to present
the mathematical results of these works, insofar as they relate to the theory of
parallels, in a new and intuitive way, and to provide a clear general understand-
ing.

The route to this goal is through projective geometry. By the results of Cayley,
one may construct a projective measure on ordinary space using an arbitrary
second degree surface as the so-called fundamental surface. Depending on the
second degree surface used, this measure will be a model for the various theories
of parallels in the above-mentioned works. But it is not just a model for them; as
we shall see, it precisely captures their inner nature. (Stillwell’s translation).'®

Since the appearance of Thurston’s Notes on hyperbolic geometry in 1976 [143],
which put the subject at the forefront of all research in the geometry and topology of
low-dimensional manifolds, several good textbooks have been written on that subject.
Most of these books treat hyperbolic geometry in models, mainly in the Poincaré ball
and upper half-space models, in the Klein—Beltrami projective model, and sometimes
in the Minkowski model.

The three founders of hyperbolic geometry, namely, Bolyai, Lobachevsky and
Gauss, made their computations without models. This means that the proofs of the
results they obtained use qualitative arguments, in purely geometric terms, rather than
arguments from linear algebra, as it is done in most of the modern textbooks on hyper-
bolic geometry, where the subject is worked out in models.

Models are useful, in several ways. First of all, as we already noted, the existence
of models was used to prove the consistency of hyperbolic geometry. Indeed, the
Beltrami model (as do the Poincaré and the other models), shows the consistency
of hyperbolic geometry relative to Euclidean geometry. Roughly speaking, having a
model of hyperbolic space sitting inside Euclidean space, in which the primary notions
of hyperbolic geometry are Euclidean notions, shows that if the axioms of Euclidean
geometry are consistent, then those of hyperbolic geometry are also consistent.?’ Klein
proved that projective geometry is independent of the parallel axiom. In considering the

199[Sie sollen indes nicht etwa die philosophischen Spekulationen weiterverfolgen, welche zu den genann-
ten Arbeiten hingeleitet haben, vielmehr ist ihr Zweck, die mathematischen Resultate dieser Arbeiten, soweit
sie sich auf Parallelentheorie beziehen, in einer neuen anschaulichen Weise darzulegen und einem allge-
meinen deutlichen Verstindnisse zugdnglich zu machen. Der Weg hierzu fiihrt durch die projectivische
Geometrie. Man kann nidmlich, nach dem Vorgange von Cayley, eine projektivische Mafbestimmung im
Raume konstruieren, welche eine beliebig anzunehmende Fliche zweiten Grades als sogenannte fundamen-
tale Flidche benutzt. Je nach der Art der von ihr benutzten Fliche zweiten Grades ist nun diese MaB3bestim-
mung ein Bild fiir die verschiedenen in den vorgenannten Arbeiten aufgestellten Parallellentheorien. Aber
sie ist nicht nur ein Bild fiir dieselben, sie deckt geradezu, wie sich zeigen wird, deren inneres Wesen auf.]

200We also recall that Lobachevsky knew that the consistency of plane Euclidean geometry would follow
from the consistency of hyperbolic geometry, when he realised the Euclidean plane as a horosphere in
hyperbolic 3-space.
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three geometries (Euclidean, hyperbolic and spherical) as part of projective geometry,
Klein reduced the problem of the consistency of these three geometries to that of
projective geometry. Hilbert was the first to raise the consistency problem in precise
terms, and he reduced the consistency of the axiom set of Euclidean geometry (and of
hyperbolic and spherical geometries) to that of the real number system.?’! To conclude
this circle of ideas, we recall that Godel, in 1931, showed that the consistency of the
real number system cannot be proved. To be a little more precise, we also recall that
Godel showed that arithmetic with multiplication is not provably consistent. Without
entering into the precise meanings of these statements, I am mentioning them here in
order to highlight the fact that the consistency question was a long and difficult project,
and therefore it is not surprising that Lobachevsky, who constantly worried about the
consistency of his geometry, did not succeed in proving it.

Another aspect of models is that working in them turns out to be efficient for doing
computations. Indeed, it is relatively easy to write formulae for distances, areas and
volumes of some simple objects using the Poincaré models, and it is rather straight-
forward to write proofs of the trigonometric formulae of hyperbolic geometry in these
models (especially if the formulae are known in advance).

Models of hyperbolic geometry also have applications in other fields. For instance,
the Poincaré models have applications in number theory, in complex analysis and in
the theory of differential equations; the Beltrami—Klein model served as a basis of the
definition of the Hilbert metric on an arbitrary convex body; the Minkowski model has
applications in physics, and so on.

However, I personally find that from an aesthetic and from a more conceptual
viewpoint, working with models can be frustrating. In the Poincaré models, in which
the hyperbolic lines are the Euclidean circles orthogonal to the boundary, and where
angles coincide with Euclidean angles, the results on hyperbolic geometry are usually
proved using the underlying Euclidean geometry. This may be reassuring in some sense,
but it can be intellectually unsatisfactory, once we know that all the computations can be
done without reference to any model. Furthermore, all Euclidean models of hyperbolic
space suffer a lack of symmetry; they either distort angles or distances. On the other
hand, models also usually have some superfluous symmetry. For instance, the Poincaré
disk model has a centre, and this centre plays no role from the hyperbolic viewpoint.
In conclusion, all the usual models fail to give a satisfying vision of the homogeneity
and the isotropy of hyperbolic space. Finally, some effort is needed to realise that a
result obtained in a model follows from the axioms of hyperbolic geometry alone, and
not from the extra structure contained in the model. For instance, it is safe to say that

201To get an idea of the relation between the Euclidean plane and the real number system, recall that in
the Euclidean plane, a point is described by a pair (x, y) of real numbers, and that a line is described by a
class of equivalent equations of the form ax 4+ by + ¢ = 0 where a, b, ¢ are real numbers. The notions of
segment, angle, congruence, alignment, betweenness, and so on, can be defined using these analytic forms.
From this, one can see that there is also a three- (and a multi-) dimensional analogue. The definitions and
the results of Euclidean geometry can be formulated in terms of definitions and statements concerning real
numbers, and it is not difficult to imagine that the consistency of Euclidean geometry can be deduced from
that of the real number system. Note also that the real number system can be defined using the integer
system.
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most students of hyperbolic geometry are unaware of the fact that the fine structure
of the boundary at infinity, which is usually treated in the Poincaré model, equipped
with actions of isometry groups of hyperbolic space (I am thinking here about notions
of tangential convergence, etc.) is independent from the choice of the model, and that
there is no need of any model in order to formulate and study these questions.

Let me also mention that one advantage of the model-free point of view is that several
arguments in hyperbolic geometry that are done in this setting can be transported with
very little changes to the realm of spherical geometry. For instance, there are proofs
of the hyperbolic trigonometric formulae that are based on monotonicity properties of
edge lengths of trirectangular quadrilaterals, properties that follow from the fact that
the angle sum in a hyperbolic triangle is less than 2. (See e.g. [1], [2] and [53].)
These arguments can easily be transported to the setting of spherical geometry, again
using monotonicity properties in trirectangular quadrilaterals, based this time on the
fact that the angle sum in a spherical triangle is greater than 27. The proofs of the
hyperbolic formulae that are done in the Poincaré models cannot be transported to the
realm of spherical geometry.

It is also important to recall in this respect that some of Lobachevsky’s arguments
make use of Euclidean geometry (and also of spherical geometry), but in an intrinsic
manner (as opposed to the extrinsic manner, that is involved in the model point of view).
This holds in particular in the Pangeometry and in Lobachevsky’s previous memoirs,
where Lobachevsky, in his proof of the hyperbolic trigonometric formulae, associated
to a triangle in the hyperbolic plane a spherical triangle sitting on a geometric sphere
centred at a vertex, and a Euclidean triangle sitting on a horosphere. (We recall that
for this, it is necessary to consider the hyperbolic plane as embedded in hyperbolic 3-
space.) In the same memoirs, Lobachevsky proved that hyperbolic geometry becomes
Euclidean at the infinitesimal level, and he recalled this fact whenever he found an
occasion for doing so, by showing that the first-order approximations of the formulae
that he obtained give the usual formulae of Euclidean geometry. Lobachevsky did not
need any Euclidean model for doing so. It is important to make this point clear, because
it may seem, to a reader of a modern textbook on hyperbolic geometry, that the proof
of the fact that hyperbolic geometry becomes Euclidean at the infinitesimal level uses
some Euclidean space underlying a model.

For several years, I taught hyperbolic geometry using models, and like every other
teacher of the subject, I noted, insisted on, and abundantly used the fact that in the
Poincaré models, hyperbolic angles coincide with Euclidean angles, that hyperbolic
lines are Euclidean circles, that horocycles are also Euclidean circles, that hypercycles
are again Euclidean circles, and so on. All this is irrelevant for hyperbolic geometry.
After having read some of the original texts, I became convinced that the treatment and
the teaching of hyperbolic geometry from a synthetic and model-free point of view is
more interesting and intellectually more satisfying, despite the fact that it is not always
the quickest way to obtain results. Of course, one should not fall in the opposite trap
of giving a course based on axioms, where geometry becomes an abstract exercise in
logic. Lobachevsky, in his Pangeometry, worked in coordinates, and he developed a
differential and integral calculus, in a model-free way. The reference to axioms is only
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made at the beginning of the memoir. Geometry is in large part a process of visual
thinking, and Lobachevsky’s Pangeometry is a wonderful example of how to do it,
without the help of any Euclidean model.
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4. A short list of references

In this section, I give a list of references on non-Euclidean geometry and on its history,
with a few comments on the references.

The list is obviously incomplete in every sense of the word, and a complete list
would be unreasonably long. Already in 1878, G. B. Halsted compiled a bibliography
of non-Euclidean geometry that includes 174 titles [60]. This bibliography was updated
and inserted in Lobachevsky’s 1883 Collected geometric works edition [103], and it
included there 272 titles. In 1887, P. Riccardi published a bibliography of more than
1000 entries of works related to Euclid’s parallel postulate, written between 1482 and
1890 [128]. The bibliography of the volume Die Theorie der Parallellinien von Euklid
bis auf Gauss (The theory of parallel lines, from Euclid to Gauss), edited by P. Stickel
and F. Engel (1895), includes about 300 items on the theory of parallel lines published
between 1482 and 1837. D. M. Y. Sommerville published in 1911 a list of more than
4000 items, with an author and a subject index, the items being chronologically ordered
and covering the period from the beginning of the work on the theory of parallels (IVth
century B.C.) until the year 1911.

In any case, a long bibliography would probably be redundant, given the electronic
tools that are available today. Thus, I restricted myself to a short list of references
that I personally like. As a matter of fact, there are two lists, one on the history of the
subject, and the other one on the techniques. For the latter, I chose only references on
model-free hyperbolic geometry, in order to be consistent with the rest of the book.

A. Works on the history

For the history, and the historical documents, I recommend the following:

(a) R. Bonola, Non-Euclidean geometry: A critical and historical study of its devel-
opment, 1912, reprinted by Dover, 1955 [26]. This book contains excerpts from
foundational texts, comments on their developments and several historical notes
and technical remarks. The book was originally written in Italian (1906), and
the Italian edition reproduces, with some additions, a chapter that appeared as
part of a book published in Bologna in 1900 and edited by F. Enriques, Questioni
riguardandi la geometria elementare. The 1906 book edition was published after
its author’s death, with an introduction written by Enriques, who was a friend of
Bonola. This book, together with the one of Pont [121] referenced below, consti-
tute in my opinion the best references on the history of the work done in relation
with the parallel postulate.

(b) P. Stickel and F. Engel, Die Theorie der Parallellinien von Euklid bis auf Gauss,
eine Urkundensammlung zur Vorgeschichte der Nicht-Euklidischen Geometrie
(Theory of parallel lines, from Euclid to Gauss, a collection of sources for the
prehistory of non-Euclidean geometry) (1895) [139]. This book contains impor-
tant excerpts from works done during the period 1482—-1837 by Wallis, Saccheri,
Lambert, Gauss, Schweikart and Taurinus. The editors, Stickel and Engel, also

285



286

(c)

(d)

(e)

®

(2)

(h)

4. A short list of references

published (separately) other historico-critical editions of works on non-Euclidean
geometry. In particular, Engel published a translation of Lobachevsky’s Elements
of geometry (1829) and of his New elements of geometry with a complete theory
of parallel lines [45]. Stickel published a critical edition of the correspondence
between Gauss and Wolfgang and Janos Bolyai [140] as well as works on the lives
and works of the two Bolyais, see [25].

Vol. VIII of C. F. Gauss’s Werke [52] contains Gauss’s notes and correspondence
on non-Euclidean geometry. We recall that Gauss did not publish anything on the
subject, and that these notes and letters were published posthumously.

B. A. Rosenfeld, A history of non-Euclidean geometry, translated from the Russian
by A. Shenitzer [131]. This is an extremely interesting book.

M. J. Greenberg, Euclidean and non-Euclidean geometries [58]. This is a geometry
textbook that follows a historical approach.

J.-C. Pont, L’aventure des paralléles / Histoire de la géométrie non euclidienne:
Précurseurs et attardés (1986) [121]. This is an invaluable reference, for the docu-
ments it contains and the analysis that is made there of most of the known attempts
to prove the parallel postulate, from Greek antiquity until the early twentieth cen-
tury.

R. Rashed’s translations and editions of works of the Arabic predecessors of non-
Euclidean geometry. Of particular interest are Rashed’s works on Nasir al-Din
at-Tusi, Thaibn Qurra, Ibn al-Haytham and Omar Khayyam, cf. for instance [123]
and the impressive 5 volume edition Les mathématiques infinitésimales du IXeme
au XIeme siecle [124]. We note by the way that a Latin translation of Nasir al-Din
at-Tusi’s commentary on Euclid, as well as his “proof” of the parallel postulate,
are contained in John Wallis’s Collected works (Volume 2), Oxford 1693. Saccheri
knew this proof, and he quoted it in his Euclides ab omni naevo vindicatus [134].
At-Tusi’s proof might have been written by one of his students. See the comments
by Rosenfeld and Youschkevitch in [132], p. 469. The paper by R. Rashed and C.
Houzel, Thabit ibn Qurra et la théorie des paralléles [125] is easily available, and it
contains a translation and a commentary on Thabit ibn Qurra’s work on the parallel
postulate. Some of the Arabs’ work on the parallel postulate is also reviewed in
Heath’s edition of Euclid’s Elements. Russian translations and commentaries of
several Arabic texts on the parallel postulate were published in Russia by B. A.
Rosenfeld and A. P. Youschkevitch, in the second half of the twentieth century.
This work was further highlighted in the last quarter of the twentieth century, due
in large part to the work of Rashed in France.

K. Jaouiche, La théorie des paralleles en pays d’Islam. Contribution a la préhis-
toire des géométries non euclidiennes [78]. This book contains translations and
critical editions of several attempts of proofs and of equivalent forms of the parallel
postulate, done by Arabic and medieval Islamic authors.
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(i) C. Houzel, The birth of non-Euclidean geometry [77]. This article is an excellent
concise introduction to the subject. In particular, Houzel analyses the reasons that
led Gauss, Bolyai and Lobachevsky (and certainly others), at about the same time
(the first third of the nineteenth century), to switch from the effort to prove Euclid’s
parallel axiom, to the one of developing a new geometry in which this axiom is not
satisfied.

(G) Jeremy Gray’s books and papers on Gauss, on Bolyai and more generally on the
history of geometry. His book Worlds out of nothing. A course in the history of
geometry in the 19th century [55] is most suitable for a course on the history of
non-Euclidean geometry; see also [56].

(k) Finally, I would like to mention the important edition of the Letters from Beltrami
to Hoiiel [23]. Reading these letters, with the introduction, comments and notes
written by L. Boi, L. Giacardi and R. Tazzioli, gives a very good idea of the devel-
opment of non-Euclidean geometry during the period that started about ten years
after Lobachesvky’s death. One of the interesting aspects of these letters is that
at several occasions, Beltrami answered there some mathematical questions that
Hotiel asked him, concerning his two epoch-making papers Saggio di interpre-
tazione della geometria non-Euclidea [16] and Teoria fondamentale degli spazii
di curvatura costante [17], which Hoiiel translated into French. The editors of
the book [23] made a remarkable work in commenting these letters and in high-
lighting at that occasion important relations between the mathematical works of
Lobachevsky, Gauss, Riemann, Beltrami and several of their contemporaries.

B. Technique

The following is a selection of texts on model-free non-Euclidean geometry, which I
find particularly interesting for learning this point of view.

(a) L. Gérard, Sur la géométrie non euclidienne [53]. This is the text of the author’s
thesis defended in Paris in 1892, and it is a profound and important text on hyper-
bolic geometry without models. It is written in the pure tradition of Euclid, and
the sequence of propositions that are proven there are accompanied by ruler and
compass constructions. The author wrote in the introduction: “I stuck to the rule of
reasoning only on constructible figures. This condition, which Euclid imposed on
himself as an inflexible rule, is no longer followed today; it has even been claimed
that this rule is unworthy of Geometry”,?%? and for the last statement, he quotes a
paper published in the Memoirs series of the London Mathematical Society. Part
of Gérard’s thesis is on the analytic aspect of non-Euclidean geometry. It contains
a synthetic proof of the so-called ‘“Pythagorean theorem” for hyperbolic triangles,
and of other trigonometric formulae. The text of Gérard’s thesis is not easy to

202[Je me suis astreint 2 la condition de ne raisonner que sur des figures que I’on sache construire. Cette
condition, qu’Euclide s’est imposée comme une reégle inflexible, n’est plus guere observée aujourd’hui ; on
a été jusqu’a dire que c’est une pure regle de jeu indigne de la Géométrie].
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obtain, but some important arguments are repeated in the books by Turc and by
Barbarin cited below. Gérard’s thesis obtained an “honourable mention™ at the
occasion of the 1897 Lobachevsky Prize.?%?

(b) P. Barbarin, La géométrie non euclidienne [11]. This is an excellent introductory
textbook on hyperbolic geometry, although it presents some of the results without
complete proofs. The book also contains interesting historical remarks. The third
edition of the book (1928) contains supplementary chapters by A. Buhl on the
relation between non-Euclidean geometry and physics. It is interesting to note that
Barbarin, one of the best French geometers of the last quarter of the nineteenth
century, admits in the introduction to his paper, Sur un quadrilatere trirectangle
[12] that he first thought he had a proof of the parallel postulate. It is not unusual
to find attempts to prove Euclid’s postulate made by outstanding mathematicians,
until the end of the nineteenth century. Barbarin was a high-school teacher in
Bordeaux. We owe him several results on hyperbolic geometry, in particular, the
first complete classification of conics and quadrics in the non-Euclidean plane,
and new formulae for volumes of tetrahedra. Barbarin was second to Hilbert for
the third award of the Lobachevsky Prize. G. B. Halsted wrote an interesting
biographical note on Barbarin in the American Mathematical Monthly [68].

(c) A.Turc, Introduction élémentaire a la géométrie lobatschewskienne [146]. Albert
Turc (1847-1913) was a linguist besides being a mathematician. This book is
an excellent introduction to model-free hyperbolic geometry. It was published
posthumously in 1914, and reprinted in 1967.

(d) N. A’Campo, Géométrie hyperbolique [1]. This is a set of notes from a course
that A’Campo gave at Orsay in 1976. The interest in that subject arose that year

203The Lobachevsky prize for 1897 was awarded to S. Lie, for the third volume of his work “Theorie der
Transformationsgruppen,” written in 1893. In the same year, three other works were discerned an “hon-
ourable mention”: L. Gérard’s thesis, E. Cesaro’s Lezioni di geometria intrinseca, 1896, and G. Fontené’s
L’hyperespace a (n — 1) dimensions, written in 1892. Both Gérard and Fontené were high-school teachers.
The three memoirs are reviewed by E. O. Lovett in [107]. It is appropriate here to say a few words on the
Lobachevsky prize, which is an interesting element of this story. The prize was created in 1896, by the
Physico-Mathematical Society of Kazan, on the suggestion of A.V. Vasiliev, who at that time was a professor
at Kazan University. The prize was established as a reward for a work on geometry, preferably non-Euclidean,
done within the six years preceding the award. Winners of this famous prize include S. Lie, W. Killing,
D. Hilbert, L. Schlesinger, F. Schur, H. Weyl, E. Cartan, V. V. Wagner, N. V. Efimov, A. D. Alexandrov,
A. V. Pogorelov, L. A. Pontryagin, H. Hopf, P. S. Alexandrov, B. N. Delaunay, S. P. Novikov, H. Busemann,
A. N. Kolmogorov, F. Hirzebruch, V. I Arnol’d, G. Margulis, Y. Reshetnyak, A. P. Norden, B. P. Kom-
rakov, M. Gromov and S. S. Chern. It is always interesting to learn some of the details about establishment
and awarding of prizes. For instance, we learn the following from G. B. Halsted’s paper Supplementary
report on non-Euclidean geometry [67]: “On October 22 (Old style) 1900, the Commission of the Physico-
Mathematical Society of Kazan found the scientific merit of the works of A. N. Whitehead and W. Killing
equal for the great Lobachevsky prize, and had to decide between them by drawing of lots.” More details on
this event are recounted in T. Hawkins’ Emergence of the theory of Lie groups [71], p. 179-180. After the
1937 prize (awarded that year to V. Wagner), there was an interruption in further awards by the Society. In
that year, the Soviet authorities deprived Kazan University of the privilege of this tradition that this univer-
sity had so famously established. The prize was replaced, starting in the year 1951, by a similar one under
the auspices of the Soviet Union Academy of Sciences. In 1992, Kazan University was able to restore its
Lobachevsky prize, and as a result there now co-exist two Lobachevsky prizes.
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in Orsay with the appearance of Thurston’s Princeton Notes [143]. An extended
version of A’Campo’s note is contained in [2].

(e) N.V.Efimov, Higher geometry [44]. Efimov was also a winner of the Lobachevsky

prize.

(f) H. P. Manning, Non-Euclidean geometry [108]. This is a concise and clear intro-
duction to the subject, intended for school-teachers. It is probably the first such
book written in English.

(g) The books and papers by H. S. M. Coxeter, cf. e.g. [34], [35] and [33].

(h) A.Ramsay and R. D. Richtmyer, Introduction to hyperbolic geometry [126]. This
is an excellent textbook on synthetic hyperbolic geometry, and, compared to the
older ones that are in this list, it is easy to obtain.
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5. Some milestones for Lobachevsky’s works
on geometry

In this last section, I have collected some of the important elements of information that
are available on Lobachevsky’s works on geometry.

Before talking about the written works, let me say a few words about Lobachevsky’s
teaching of the subject.

The date on which Lobachevsky gave his first course on geometry is not known
with certainty, but we can reasonably assume that it was in 1812. Indeed, Lobachevsky
received his firstdegree in 1810 and his “master’s” degree in 1812. It was notunusual for
graduated students to start to teach before obtaining an official position as an “assistant
professor” (which Lobachevsky obtained in 1814). One can add here a remark by Duffy
[41], saying that in the early years of Kazan University, there was a lack of teachers,
and that in some classes, students were taught by students.

Unpublished and posthumously published works

We already mentioned the existence of a set of class-notes that have reached us from
Lobachevsky’s geometry teaching in the years 1815-1816 and 1816-1817. The notes
were published in 1909 by A. V. Vasiliev and are kept in the Archives of Kazan Uni-
versity. In 1951, B. L. Laptev published an edition of these class-notes, with his own
comments. Laptev also reported on these notes in his Theory of parallel lines in the
early works of Lobachevsky [88]. A short report on them is also contained in Duffy’s
paper [41]. The notes contain, among other things, “proofs”, by Lobachevsky, of the
parallel postulate. These proofs are also discussed by Pont in his book [121].

In 1898, amanuscript on geometry, written by Lobachevsky in 1823, was discovered
in the archives of the University of Kazan. The manuscript was published in its original
form in Kazan, in 1909, under the title [eomeTpus (Geometry), with a foreword by A.
V. Vasiliev. It is a book on elementary geometry, of high-school level. The book
is included in Lobachevsky’s Complete works, [104], Volume 2, pp. 43—107, with
an Introduction and commentary by V. F. Kagan. Although the subject of this book
is not hyperbolic geometry, the importance of the research on the parallel postulate
is highlighted there. The book contains three “proofs” of Euclid’s parallel postulate.
Vucinich, in his paper [152], p. 318, following Vasiliev, wrote thatin 1823 Lobachevsky
sent the manuscript of that book to the Academician N. Fuss, asking his opinion for
possible publication. The book was not published, first because Fuss recommended
rejection, but also because Lobachevsky himself was not satisfied with it, considering
that the proofs of the parallel postulate that it contained were non-conclusive. Engel,
in [45], p. 368, reported on the same fact. According to Pont, the book contains errors,
and its structure is unusual and differs substantially from that of Euclid’s Elements (see
[121], p. 251). In this respect, Yaglom wrote the following ([155], p. 54):
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Fuss the traditionalist disliked the book because its author tried to represent
geometry not in Euclid’s spirit, i.e., not as a series of scholastically inter-
preted deductions from stated axioms, but as a science concerning (real)
space, in which measurements of geometric magnitudes play a leading
role and in which transformations (“motions”) are freely used in proofs of
theorems.

In the same book, Yaglom wrote ([155], p. 165):

Fuss’s harsh verdict on Lobachevsky’s Geometry (the name of the author
was unknown to Fuss) was partly due to a basic mistake Lobachevsky
made in assessing the purpose of the manuscript, which unfortunately had
no author’s introduction. Fuss regarded the Geometry as a textbook for
beginners, while Lobachevsky had obviously intended it as a refresher
course in school mathematics.?*

G. D. Crowe [36], based on [113], has the following comments on the history of
this book:

. Magnitskii [a controversial and reactionary figure, who was the aca-
demic inspector of the Kazan district] helped Lobachevskii towards his
discovery in a second, more direct way as well. In September 1822, Mag-
nitskii wrote to rector Nicol’ski that it would be a good thing if each of
the university’s professors were required to produce a work for publication
each year. Lobachevskii responded in the summer of the following year
with his textbook Geometria. It was in the course of preparing this text-
book and evaluating the criticism it received from the Imperial Academy
of Sciences that Lobachevskii became firmly convinced in the validity of
a non-Euclidean approach to the theory of parallel lines.

N. Parfeniev discovered in 1930 a manuscript by Lobachevsky, writtenin 1822—-1823
and known by the name of “Konspect” (which means “outline”). This manuscript con-
stitutes a companion guide to the 1823 geometry book (see [113]).

Both the 1815-1816 notes and the book on geometry were reported on in a note
written by Vasiliev in the 1894-1895 Jahresbericht der Deutschen Mathematiker-
Vereinigung, cf. [148].2° In this note, Vasiliev wrote that it was not possible for
him to obtain a copy of a textbook on geometry that was “written by Lobachevsky
in 1823 for high schools and which was harshly criticised by Academician Fuss”.2%
Regarding the 18151816 notes, Vasiliev wrote the following: “I was very pleased
that I was brought an old notebook that contained the lectures Lobachevsky held in
18151816 at the university. In these lectures there are three accounts of a systematic

204Fuss’s report is quoted in Engel’s biography of Lobachevsky contained in [45] (p. 368).

205 thank Manfred Karbe who brought this report to my attention.

206Es war auch nicht moglich, eine Copie eines Lehrbuches der Geometrie, das von Lobatschefskij im
Jahre 1823 fiir die Gymnasien geschrieben wurde und von dem Akademiker Fuss einer schroffen Kritik
unterzogen worden war, aufzufinden.
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treatment of elementary geometry, and in each of them there are three completely dif-
ferent approaches to the theory of parallels.”?’” And then Vasiliev continues explaining
the three approaches.

It is possible that around the year 1823, Lobachevsky had already shifted his efforts
from the attempt to prove Euclid’s parallel postulate to the opposite direction, that
is, he started developing a geometry that satisfies Euclid’s axioms except the parallel
postulate, and that does not satisfy that postulate.

We already recalled that on the 12th (Old style; 23th New style) of February 1826,
Lobachevsky read to the Physical and Mathematical Section of Kazan University a pa-
per in French, entitled Exposition succinte des principes de la géométrie avec une dé-
monstration rigoureuse du théoréme des paralléles (A brief exposition of the principles
of geometry with a rigorous proof of the theorem on parallels). Lobachevsky prepared
a manuscript of that lecture for publication. The manuscript was sent to three uni-
versity professors to be reviewed, and it was never published, because Lobachevsky’s
colleagues failed to understand this work. The manuscript did not reach us, and the
reviewers, who did not want to write a negative report, claimed that they had lost it
(see Yaglom [155], p. 54). Even though the fact that this paper constitutes the opening
era of hyperbolic geometry cannot be asserted with certainty, one can safely say that
the paper contains the germs of Lobachevsky’s work on geometry. Indeed, according
to Lobachevsky himself, the main ideas of that paper are repeated in his 1829 memoir,
the Elements of geometry. A footnote on the first page of the Elements of geometry
[95] indicates that this work is

Extracted by the author himself from a paper which he read on the 12th
of February, 1826, at a meeting of the Section for Physico-Mathematical
Sciences, with the title Exposition succinte des principes de la Géométrie,
avec une démonstration rigoureuse du théoreme des paralleles.

Likewise, in the Introduction to the New elements of geometry (1836) [96], Lobachevsky
wrote the following:

Believing myself to have completely solved the difficult question, I wrote
a paper on it in the year 1826: Exposition succinte des principes de la
Géométrie, avec une démonstration rigoureuse du théoréme des paral-
leles, read on the 12th of February, 1826, in the séance of the Physico-
Mathematics faculty of the University of Kazan but nowhere printed.

207Deshalb war ich sehr erfreut, als man mir ein altes Heft brachte, das die Vorlesungen, welche Loba-
tschefskij in den Jahren 1815-1816 an der Universitit gehalten hatte, enthilt. In diesen Vorlesungen finden
sich drei Abrisse einer systematischen Bearbeitung der elementaren Geometrie, und in jedem von diesen
Abrissen finden sich drei ganz verschiedene Auffassungen der Parallelentheorie.”
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Elements of geometry

Lobachevsky’s first published work on hyperbolic geometry that reached us is his
memoir entitled On the elements of geometry (O nHauanax reometpun, O nachalakh ge-
ometrii). It was printed in instalments, in the Kazanckuit Bectauk (Kazan Messenger)
in the years 1829 and 1830 [95].

This memoir contains, as we already noted, part of Lobachevsky’s 1826 unpublished
lecture, and a section on the applications of the new geometric theory to the computation
of definite integrals. The memoir already contains, at least in germ, all the ideas on
geometry that Lobachevsky worked on and published in more detail and in more precise
forms during the rest of his life: the theory of parallels and the bases of axiomatic non-
Euclidean geometry, the trigonometric formulae, the differential geometry of curves
and surfaces, and the computations of areas and volumes.

The Elements of geometry was translated into German and published in 1898 by
F. Engel in [45], under the title Ueber die Anfangsgriinde der Geometrie, and it is
also contained in Lobachevsky’s 1883—1886 Collected geometric works edition [103],
Vol. I, pp. 1-67.

In 1832, Lobachevsky submitted his Elements of geometry to the St. Petersburg
Academy of Sciences. The memoir was examined by the academician M. V. Ostro-
gradsky who recommended rejection. One may consider the failure of Ostrogradsky to
acknowledge the importance of Lobachevsky’s work as a major factor in the enormous
delay that occurred before this work was noticed by the mathematical community.

In 1834, the literary magazine®®® Crin otedectsa u CeBepHslii apxuH (Syn otecestva
i Severnyl’ arhiv; Son of the fatherland and Northern archive) published a critic of
Lobachevsky’s Elements of geometry, which looked more like a mockery. Extracts are
quoted in Rosenfeld [131]:

Glory to Mr. Lobachevsky who took upon himself the labor of revealing,
on one hand, the insolence and shamelessness of false new inventions, and
on the other the simple-minded ignorance of those who worship their new
inventions.

These articles are considered as having been written by some of Ostrogradsky’s stu-
dents, cf. Rosenfeld [131], p. 209, see also the discussion by Polotovsky in [120]. It
is interesting to note that Gauss was aware of the critic that appeared in the Son of the
fatherland *®

208Rosenfeld ([131], p- 209) mentions two magazines, Syn otecestva and Severnyi arhiv; as a matter of
fact, in the year 1829 these two magazines merged into one, which, until the year 1835, appeared under the
name Syn otecCestva i Severnyi arhiv.

2091n his letter to Gerling dated 8 February 1844, Gauss wrote: “At the same time, one must emphasise that
a very offensive critic of these ideas appeared in No. 41 of the journal Son of the fatherland Crin otedectBa
in 1834, which led Lobachevsky to send a counter-critic that, however, was not accepted until the beginning
of 1835.” [Zugleich wird dabei bemerkt, dass eine sehr krinkende Kritik dieser Abhandlung in No. 41 eines
andern russischen, wie ich vermuthe in Petersburg erscheinenden, Journals “Sohn des Vaterlandes” Cbia
oredyecTBa von 1834 stehe, wogegen Lobatschewsky eine Antikritik eingeschickt habe, die aber bis Anfang
1835 nicht aufgenommen sei. ]
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The Elements of geometry was translated in Esperanto by C. E. Sjostedt, who pub-
lished in 1968 a collection of important works on the theory of parallels, translated into
this language, that includes writings by Wallis, Saccheri, Lambert, Gauss, Schweikart,
Taurinus, Beltrami, Houel, von Helmholtz, Klein, Clifford, Poincaré, Hilbert and
others.

A Greek translation by K. Philippides and K. Philippidou of extracts of the Elements
of geometry is contained in the Greek—Russian Selected works edition [105] published
in 2007 by the State University of Nizhny Novgorod.

The New elements of geometry, with a complete theory of parallels

In 1835, Lobachevsky revised part of his Elements of geometry and wrote a new version
which is 470 pages long, entitled New elements of geometry, with a complete theory
of parallels (HoBble Hayala TEOMETPUH C TOJHOW TeopHer mapayienbHbix). This
memoir was printed in instalments, in the newly founded periodical Yuensie 3anuckn
Kazanckoro Mmneparopckoro Yausepcutera (Uchenye zapiski Kazanskogo Impera-
torskogo Universiteta; Scientific memoirs of Kazan Imperial University). This journal
was founded in 1834 by Lobachevsky himself, and it was purely dedicated to science.
It replaced the Kazanckuit Bectauk (Kazan Messenger), in which he had published his
Elements of geometry. The Kazan Messenger was not specifically devoted to science
and was rather a cultural publication.

The New elements of geometry, which has thirteen chapters, contains a detailed
exposition of Lobachevsky’s geometrical system. It is written in the spirit of Euclid’s
Elements, where the use of the individual axioms is highlighted in each proof, and with
an attempt to use the smallest possible number of axioms. In the introduction to that
work, Lobachevsky analysed previous “proofs” of the parallel postulate (namely, those
by A.-M. Legendre and by L. Bertrand), exhibiting the gaps in their arguments.

In a note in the first page of his later work, Geometrical researches on the theory
of parallels (1840), Lobachevsky wrote the following, referring to his New elements

of geometry:

I published my first essay on the foundation of geometry in the Kazan
Messenger in the year 1829. In the hope of having satisfied all the require-
ments, I undertook hereupon a treatment of the whole of this science, and
published my work in separate parts in the Scientific Memoirs of Kazan
University in the years 1836, 1837, 1838, under the title New elements of
geometry, with a complete theory of parallels.

An English translation of Lobachevsky’s Introduction of the New elements of ge-
ometry, with a preface, was published in 1897 by G. B. Halsted [64].

The 1898 volume by Engel [45] includes a translation of the New elements (with the
exception of the last two chapters), under the title Neue Anfangsgriinde der Geometrie
mit einer vollstindigen Theorie der Parallelinien.
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A French translation, by F. Mailleux, was published in 1899 under the title Nouveaux
principes de le géométrie avec une théorie compléte des paralléles, in the Mémoires
de la Société Royale des Sciences de Liége.*"°

The New elements of geometry is also contained in Lobachevsky’s Collected geo-
metric works, [103], Vol. 1, pp. 219-486, and in the 1946—1951 Complete works edition,
[104], Vol. 2, pp. 147-457.

Finally, a Greek translation by K. Philippides and K. Philippidou of extracts of the
New elements of geometry is contained in the Greek—Russian Selected works edition
[105] published in 2007 by the State University of Nizhny Novgorod.

The Imaginary geometry

In 1835, the Russian version of Lobachevsky’s Imaginary geometry (Boobpaxaemas
reometpusi, Voobrazaemaya geometriya) [97] appeared in the Scientific Memoirs of
the Imperial University of Kazan. This memoir is a more detailed version of the
memoir Geométrie imaginaire [99], published in Crelle’s Journal in 1837 (and sent
to that journal in 1835). The Russian version was written after the French one. It is
reproduced in the 1883 edition of Lobachevsky’s Geometric works [103].

A German translation with notes, entitled Imagindre Geometrie, was published by
H. Liebmann, in 1904, see [97].

The French version was published in the Geometric works edition [103], Vol. 2,
pp- 581-613 and in the 1946-1951 Complete works edition [104], Vol. 3, pp. 16-70.

A Greek translation by K. Philippides and K. Philippidou of the Imaginary geometry
is contained in the Greek—Russian Selected works edition [105] published in 2007 by
the State University of Nizhny Novgorod.

The Application of imaginary geometry to certain integrals

In 1836, Lobachevsky published, again in the Scientific Memoirs, a memoir entitled
Application of imaginary geometry to certain integrals (Il]pumeHeHe BooOpaxkaeMon
reOMETPUHU K HEKOTOpBIM MHTerpajitaMm). A German translation was published in 1904
by H. Liebmann, in his Anwendung der Imagindren Geometrie auf einige Integrale,
see [98].

The memoir was printed in Lobachevsky’s 1883 Geometric works [103], Vol. 1,
pp- 121-218, and in his 1946-1951 Complete works [104], Vol. 3, pp. 181-294.

The Geometrical researches on the theory of parallels

In 1840, Lobachevsky published a 61-page memoir in German, whose complete title
is Geometrische Untersuchungen zur Theorie der Parallellinien, Von Nicolaus Lo-
batschewsky, Kaiserl. russ. wirkl. Staatsrathe und ord. Prof. der Mathematik bei der
Universitdt Kasan. Berlin 1840. In der Finckeschen Buchhandlung, see [100].

210Mailleux was a lawyer, and he became interested in Lobachevsky’s works while he was preparing a
doctoral thesis in philosophy.
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The memoir received in the same year a very negative review in Gersdorft’s Reper-
torium der gesamten Deutschen Litteratur, a review that Gauss described in his letter
to J. F. Encke on February 1841 as being “absurd”.

This memoir may be considered as the first clear account that Lobachevsky gave of
his geometrical system. According to Hotiel [76], this memoir reproduces a manuscript
entitled Beitrige zu der Theorie der Parallellinien, that was submitted in 1840 to
Crelle’s Journal, and that has not been published there.

In 1866, J. Hoiiel published a French translation of the Geometrische Untersuchun-
gen, with the following title: Etudes géométriques sur la théorie des paralléles, par
Lobatschewsky, conseiller d’Etat de I’ Empire de Russie et Professeur a I’ Université de
Kasan ; traduit de I’allemand par J. Hoiiel, professeur de mathématiques pures a la
Faculté des Sciences de Bordeaux ; suivi d’un extrait de la correspondance entre Gauss
et Schumacher. Paris, Gauthier-Villars. The same translation was also published, in
the same year, in the Mémoires de la Société de sciences physiques et naturelles de
Bordeaux, t. 1V, pp. 83—182, and it was reprinted by Hermann (Paris, 1900).

A Russian translation by A. V. Letnikov was published in 1868, in the Matemati-
cheskit Sbornik, Vol. 3, pp. 78-120.

A facsimile reprint of the German original edition appeared in 1887 (Berlin, Mayer
and Miiller).

The Geometrische Untersuchungen was translated into English, by G. B. Halsted,
under the title Geometrical researches on the theory of parallels, by Nicholas Lo-
batschewsky (Austin, Texas, 1891). A second edition of the English translation was
published in 1914 by the Open Court Publishing Company, Chicago. A facsimile of
this edition is contained in Bonola [26].

The Geometrische Untersuchungen was also published in Lobachevsky’s Collected
geometric works [103], Vol. I, pp. 553-578.

Finally, a Greek translation by K. Philippides and K. Philippidou of the Geometrical
researches on the theory of parallels is contained in the Greek—Russian Selected works
edition [105] published in 2007 by the State University of Nizhny Novgorod.

The Pangeometry

In 1855, Lobachevsky wrote the two versions of his memoir Pangeometry, one in
Russian and one in French. The Russian version, [Tanreomerpust appeared in the
Scientific Memoirs of the Imperial University of Kazan. The French version carries the
title Pangéométrie ou précis de géométrie fondée sur une théorie générale et rigoureuse
des paralleles, and it appeared as part of a collection of memoirs written by professors
of Kazan University which were ordered at the occasion of the fiftieth anniversary of
that university [102]. The volume title is Recueil d’articles écrits par les professeurs
de I’Université de Kazan a l’occasion du cinquantenaire de sa fondation (Collection of
memoirs written by professors of the University of Kazan on the 50th anniversary of its
foundation). This collection appeared in print in 1856, after the death of Lobachevsky
(although the year indicated on the cover page of the publication is 1855).
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Although the Pangeometry was, strictly speaking, a journal publication rather than
a book, reprints of that publication were sold. The French version was also sold as a
brochure published in Paris by Hermann, in 1895.

The two versions of the Pangeometry are reproduced in the first edition of the Col-
lected geometric works (1883—1886), [103], and only the Russian version is reproduced
in the second edition (1946-1951) [104].

A German translation (translator unknown) entitled Pangeometrie oder die auf einer
allgemeinen und strengen Theorie der Parallelen gegriindeten Hauptsditze der Geo-
metrie was published in 1858, as part of Georg Reimer’s Archiv fiir wissenschaftliche
Kunde von Russland.

An Italian translation appeared in 1867, in the Giornale di Matematiche. The
translator’s name is not indicated in that article, but it is known that the translation was
done by Battaglini himself, the editor of the journal (see the letters from Battaglini to
Hotiel, quoted in [23], p. 62).

A second German edition by H. Liebmann, appeared in 1902. See [102] for exact
references.

An English version of a small part of this work, translated by H. P. Manning,
appeared in D. E. Smith’s Source book in mathematics [137].

Conclusion

Going through Lobachevsky’s works in chronological order, one realises that most of
his ideas are already contained in his first two published memoirs. He repeated them
several times, in general with increasing clarity, concision and force. Had his first
ideas been accepted by the mathematical community, one can reasonably assume that
Lobachevsky would have moved to other development of the theory.

This also leads me to a question (or, rather, a comment) on Milnor’s introduction
of his paper Hyperbolic geometry: The first 150 years [110]. Milnor wrote:

The mathematical literature on non-Euclidean geometry begins in 1829
with publications by N. Lobachevsky in an obscure Russian journal. The in-
fant subject grew very rapidly. Lobachevsky was a fanatically hard worker,
who progressed quickly from student to professor to rector at his university
of Kazan, on the Volga.

The first and the third sentences are correct. I have doubts about the second one. It
seems to me that it does not give a fair description of the childhood of a theory on
which one person worked in isolation, repeating the same ideas during more than 25
years because nobody heard them. The theory was rather stagnant for decades after
Lobachevsky’s death. At Lobachevsky’s death, his ideas were buried with him for
several years, followed by several decades of work on the foundations (which was
largely motivated by the discovery of hyperbolic geometry but which had little to do
with the development of that theory). During that period, many of the good geometers
were still asking the question of whether Lobachevsky’s theory exists or not.

297



298 5. Some milestones for Lobachevsky’s works on geometry

During and after this work on the foundations, important connections were made
between hyperbolic geometry and other fields of mathematics (projective geometry,
physics, group theory, representation theory, etc.)

The real substantial progress that was made on the subject itself is due to Thurston,
and it came about 150 years after Lobachevsky’s first works appeared in print.
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